ISSN (Print): 2077-9879
ISSN (Online): 2617-2658

Eurasian
Mathematical
Journal

2023, Volume 14, Number 3

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples’ Friendship University of Russia (RUDN University)
the University of Padua

Starting with 2018 co-funded
by the L.N. Gumilyov Eurasian National University
and
the Peoples’ Friendship University of Russia (RUDN University)

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy
Vice-Editors—in—Chief
K.N. Ospanov, T.V. Tararykova

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (Kazakhstan), O.V. Besov (Russia),
N.K. Bliev (Kazakhstan), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud
(France), A. Caetano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov
(Russia), A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia),
M.L. Goldman (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany),
A. Hasanoglu (Turkey), M. Huxley (Great Britain), P. Jain (India), T.Sh. Kalmenov (Kazakhstan),
B.E. Kangyzhin (Kazakhstan), K.K. Kenzhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin
(Great Britain), V.I. Korzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova (Kazakhstan),
P.D. Lamberti (Italy), M. Lanza de Cristoforis (Italy), F. Lanzara (Italy), V.G. Maz’ya (Sweden),
K.T. Mynbayev (Kazakhstan), E.D. Nursultanov (Kazakhstan), R. Oinarov (Kazakhstan), I.N. Para-
sidis (Greece), J. Pecari¢ (Croatia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden), E.L. Presman
(Russia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia), M. Reissig (Germany), M. Ruzhansky
(Great Britain), M.A. Sadybekov (Kazakhstan), S. Sagitov (Sweden), T.O. Shaposhnikova (Swe-
den), A.A. Shkalikov (Russia), V.A. Skvortsov (Poland), G. Sinnamon (Canada), E.S. Smailov (Kaza-
khstan), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia), D. Suragan (Kazakhstan), I.A. Taimanov
(Russia), J.A. Tussupov (Kazakhstan), U.U. Umirbaev (Kazakhstan), Z.D. Usmanov (Tajikistan),
N. Vasilevski (Mexico), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor
A.M. Temirkhanova

(© The L.N. Gumilyov Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research papers
in all areas of mathematics written by mathematicians, principally from Europe and Asia. However
papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of the EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,
MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal — Matematika, Math-Net.Ru.

The EMJ is included in the list of journals recommended by the Committee for Control of
Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education and
Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted electronically in
DVI, PostScript or PDF format to the EMJ Editorial Office through the provided web interface
(www.enu.kz).

When the paper is accepted, the authors will be asked to send the tex-file of the paper to the
Editorial Office.

The author who submitted an article for publication will be considered as a corresponding author.
Authors may nominate a member of the Editorial Board whom they consider appropriate for the
article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the EMJ.
Manuscripts are accepted for review on the understanding that the same work has not been already
published (except in the form of an abstract), that it is not under consideration for publication
elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors’ names (no degrees).
It should contain the Keywords (no more than 10), the Subject Classification (AMS Mathematics
Subject Classification (2010) with primary (and secondary) subject classification codes), and the
Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.

References. Bibliographical references should be listed alphabetically at the end of the article.
The authors should consult the Mathematical Reviews for the standard abbreviations of journals’
names.

Authors’ data. The authors’ affiliations, addresses and e-mail addresses should be placed after
the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in the
paper being published in a later issue.

Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publication see
http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic thesis or as
an electronic preprint, see http://www.elsevier.com /postingpolicy), that it is not under consideration
for publication elsewhere, that its publication is approved by all authors and tacitly or explicitly by
the responsible authorities where the work was carried out, and that, if accepted, it will not be
published elsewhere in the same form, in English or in any other language, including electronically
without the written consent of the copyright-holder. In particular, translations into English of papers
already published in another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent
data, incorrect interpretation of other works, incorrect citations, etc. The EMJ follows the Code
of Conduct of the Committee on Publication Ethics (COPE), and follows the COPE Flowcharts
for Resolving Cases of Suspected Misconduct (http://publicationethics.org/files/u2/NewCode.pdf).
To verify originality, your article may be checked by the originality detection service CrossCheck
http://www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be
chosen in such a way that there is no conflict of interests with respect to the research, the authors
and /or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will
only accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clarifications, retractions and apologies when needed. The acceptance of
a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure

1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject to
mandatory reviewing.

1.2. The Managing Editor of the journal determines whether a paper fits to the scope of the EMJ
and satisfies the rules of writing papers for the EMJ, and directs it for a preliminary review to one
of the Editors-in-chief who checks the scientific content of the manuscript and assigns a specialist for
reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly qualified scientists and specialists of the
L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other universities of
the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at creating
conditions for the most rapid publication of the paper.

1.5. Reviewing is confidential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education and
Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES). The
author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.

1.7. A positive review is not a sufficient basis for publication of the paper.

1.8. If a reviewer overall approves the paper, but has observations, the review is confidentially
sent to the author. A revised version of the paper in which the comments of the reviewer are taken
into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is confidentially sent to the author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The final decision on publication of the paper is made by the Editorial Board and is recorded
in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor
informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial Office for three years from the date of publica-
tion and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review

2.1. In the title of a review there should be indicated the author(s) and the title of a paper.

2.2. A review should include a qualified analysis of the material of a paper, objective assessment
and reasoned recommendations.

2.3. A review should cover the following topics:

- compliance of the paper with the scope of the EMJ;

- compliance of the title of the paper to its content;

- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words and
phrases, bibliography etc.);

- a general description and assessment of the content of the paper (subject, focus, actuality of
the topic, importance and actuality of the obtained results, possible applications);

- content of the paper (the originality of the material, survey of previously published studies on
the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);



- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of biblio-
graphic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and understanding
of the presented scientific results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The final part of the review should contain an overall opinion of a reviewer on the paper
and a clear recommendation on whether the paper can be published in the Eurasian Mathematical
Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of the EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in the EMJ (free access).

Subscription
Subscription index of the EMJ 76090 via KAZPOST.
E-mail

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EMJ)

The Astana Editorial Office

The L.N. Gumilyov Eurasian National University
Building no. 3

Room 306a

Tel.: +7-7172-709500 extension 33312

13 Kazhymukan St

010008 Astana, Kazakhstan

The Moscow Editorial Office

The Peoples’ Friendship University of Russia
(RUDN University)

Room 473

3 Ordzonikidze St

117198 Moscow, Russia



EURASIAN MATHEMATICAL JOURNAL
ISSN 2077-9879
Volume 14, Number 3 (2023), 75 — 111

NEW 2-MICROLOCAL BESOV AND TRIEBEL-LIZORKIN SPACES
VIA THE LITLLEWOOD - PALEY DECOMPOSITION

K. Saka

Communicated by D. Yang

Key words: wavelet, Besov space, Triebel-Lizorkin space, pseudo-differential operator, Calderon—
Zygmund operator, atomic and molecular decomposition, 2-microlocal space, p—transform.

AMS Mathematics Subject Classification: 42B35, 42B20, 42B25, 42C40.

Abstract. In this paper we introduce and investigate new 2-microlocal Besov and Triebel-Lizorkin
spaces via the Littlewood - Paley decomposition. We establish characterizations of these function
spaces by the p—transform, the atomic and molecular decomposition and the wavelet decomposition.
As applications we prove boundedness of the the Calderon—Zygmund operators and the pseudo—
differential operators on the function spaces. Moreover, we give characterizations via oscillations and
differences.

DOI: https://doi.org/10.32523/2077-9879-2023-14-3-75-111

1 Introduction

It is well known that function spaces have increasing applications in many areas of modern analysis,
in particular, harmonic analysis and partial differential equations. The most general function spaces,
probably, are the Besov spaces and the Triebel-Lizorkin spaces which cover many classical concrete
function spaces such as Lebesgue spaces, Lipschitz spaces, Sobolev spaces, Hardy spaces and BMO
spaces (|37], [38]).

D. Yang and W. Yuan in [41], [42] and W. Sickel, D. Yang and W. Yuan in [36], introduced
a class of Besov type and Triebel-Lizorkin type spaces which generalized many classical function
spaces such as Besov spaces, Triebel-Lizorkin spaces, Morrey spaces and (-type spaces. Recently
the Besov type and Triebel-Lizorkin type space with variable exponents was investigated by many
authors (e.g. [43], [44]).

The 2-microloal space is due to Bony [3] in order to study the propagation of singularities of
the solutions of nonlinear evolution equations. It is an appropriate instrument to describe the local
regularity and the oscillatory behavior of functions near singularity (Meyer [32]). The theory has
been elaborated and widely used in fractal analysis and signal processing. For systematic discussions
of the concept and further references of 2-microlocal spaces, we refer to Meyer|31], [32], Levy-Vehel
and Seuret [30], Jaffard ([17], [18], [19], [20]), Jaffard and Mélot [21], and Jaffard and Meyer [22].

The 2-microlocal spaces have been generalized by Jaffard as a general pointwise regularity associ-
ated with Banach or quasi-Banach spaces [19], [20]. In this paper we introduce new inhomogeneous
2-microlocal spaces based on Jaffard’s idea (See [33] for the homogeneous 2-microlocal spaces) and
we will investigate the properties and the characterizations of these new 2-microlocal Besov and
Triebel-Lizorkin spaces which unify many classical function spaces such as the Besov type and
Triebel-Lizorkin type spaces, the 2-microlocal spaces in the sense of Meyer [32|, the Morrey space
and the local Morrey spaces. These new function space are very similar to the classical 2-microlocal



76 K. Saka

Besov and Triebel-Lizorkin spaces studied recently by many authors ([1], [6], [8], [13], [14], [15], [16],
[25], [26], [39], [40]).

The plan of the remaining sections in the paper is as follows:

In Section 2 we give the definitions of our new 2-microlocal spaces via the Littlewood-Paley
decomposition and the notations which are used later and we give examples for these spaces.

In Section 3 we define corresponding sequence spaces for our function spaces. Furthermore, we
give some auxiliary lemmas which are needed in later sections.

In Section 4 we will characterize our function spaces via the corresponding sequence spaces by
the p—transform in the sense of Fraizer—Jarwerth [10], the atomic and molecular decomposition and
the wavelet decomposition. Moreover, we investigate the properties for these function spaces and we
also study relations between our 2-microlocal spaces and the classical 2-microlocal spaces.

In Section 5, as applications, we give the conditions under which the Calderén—Zygmund operators
and the pseudo-differential operators are bounded on the function spaces.

In Section 6 we give the characterizations via differences and oscillations.

Throughout the paper, we use C' to denote a positive constant. But the same notation C' are not
necessarily the same on any two occurrences. We use the notations iVj = max{i, j}, iAj = min{i, j},
and a; = a V0. The symbol X ~ Y means that there exist positive constants C; and C such that
X S Cly and Y S OQX

2 Definitions

We consider the dyadic cubes in R™ of the form Q = [0, 27))" + 27k for k € Z" and | € Z, and
use the notation [(Q) = 27! for the side length and zg = 27k for the corner point. Throughout the
paper, we use the notations P, @), R for the dyadic cubes of the form [0, 271" 4+ 27k in R", and
when the dyadic cubes () appear as indices, it is understood that () runs over all dyadic cubes of
this form in R™. We denote by D the set of all dyadic cubes of this form. For a dyadic cube @) and
a constant ¢ > 1, () denotes the cube of same center as () and ¢ times larger. We denote by xg the
characteristic function of a set £ in R™.

We set N ={1,2,---} and Ny = NU{0}. Let S = S(R") be the space of all Schwartz functions
on R™ and &’ its dual.

We use (f, g¢) for the standard inner product [ fg of two functions and the same notation is
employed for the action of a distribution f € &’ on g € S.
Let ¢ be a Schwartz function and q§0 its Fourier transform satisfying

(1.1) supp ¢ C {{ € R™: [¢] <2},

(1.2) do(¢) = 1if & < 1.

We set

P(x) = do(x) — 2 (27 x), @) = 27"¢o(2x), S;f = f* ¢} for j € Ny, and ¢;(z) = 27"¢(272) for
jeN.

Then we have

(1.3) supp ¢ C {€¢ € R": L <|¢| <2}, and

(1.4) there exist positive numbers ¢ and a sufficiently small € such that gB(&) >cinl—e<|¢ <
1+e.

It holds that ) ieNo qgj = 1. Let f € &', then we have the Littlewood-Paley decomposition
f=2en, f* & (convergence in &') [36, Triebel 2.3.1(6)].

Let s € R. For f € &', we define some sequences indexed by dyadic cubes P:

C(B;q)(p) = (Ziz(flogQI(P))VO |2 f = ¢iH%P(P))1/q7 0 <p,q < o0,
C(F]fq)(P> = H{Ziz(flogg l(P))V0(2w|f * (bi‘)q}l/qHLp(P)’
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0<p<oo, 0<qg<oo,
(F2g) (P) = 1P) I i oy a0 21 87 g,
0<qg< oo,

with the usual modification for ¢ = oo.

We shall use the notation Ej with either B, or Fj. We say the B-type case when E;’; = B;;,
and the F-type case when E;'q = Fp‘”’;.

Definition 1. Let s, s', 0 € R, 0 <p,q < oo and zy € R".
The space A*(E5.) is defined to be the space of all f € &’ such that

o

1/l as (s, = sup UQ)™7 sup [(P)~*c(EL)(P) < .

D3Q>3x¢ D>PC3Q

The following abbreviation AY(E5)7 = (Es)5, A*(Es)S = A*(Es) and A°(Es)0 = Ei =
E’;;(]R”) will be used in the sequel. We note that the space AS(E;;) is the inhomogeneous Besov type
space or the inhomogeneous Triebel-Lizorkin type space in the sense of Yang—Sickel-Yuan [26| and
the space E;; = E;;(]R") is the classical inhomogeneous Besov or inhomogeneous Triebel-Lizorkin
space.

Let f € &', then we define some sequences indexed by dyadic cubes P:

co(By)s,(P) = |
(ZiZ(flogQI(P))VO 12 f * @i ()| (27" + |20 — x|>_UH%P(P))1/q7
0 <p, g <00,
c(F)e(P) = |
{5 togy 10Pyvo (27 1 @a(@) (277 4 o — @)= )1} 4 | Loy,
0<p<oo,0<g< oo,
c(Fig)3,(P) =

l(P)_EH{ZiZ(—IOgQl(P))VO(2i8/|f * () [(27" + w0 — x|>_0)q}1/q||Lq(P)a
0 <g< oo,
with the usual modification for ¢ = cc.

We shall use the notation E;; with either B;; or F;(;. We say the B-type case when E;; = B¢
and the F-type case when E’;; = Fps(;.

Definition 2. Let s, s’, 0 €R, 0 <p,q < oo and zy € R".
The space A*(E5.)7 is defined to be the space of all f € &’ such that

1 Fllaecegys, = SR IP) el B )5, (P) < oe.

The space AS(E;;)gO is the classical 2-microlocal Besov or Triebel-Lizorkin space.

We use the abbreviation AO(EZ;)ZO = (E’;;)go
Examples.

(i) The spaces AO(E;;)g .= AO(E;;)g .= E;;(]R”) are the inhomogeneous Besov spaces or inhomo-
geneous Triebel-Lizorkin spaces [37], [38].
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(ii) The Besov type spaces B, (R") and the Triebel-Lizorkin type spaces F};;"(R") introduced by
D. Yang , W. Sickel and W. Yuan [36] , are contained in our definition as

Es ,S(Rn) — Ans(Es )20 — Ans(Esq)(a):O

(ili) The Besov-Morrey spaces N sp» and the Triebel-Lizorkin-Morrey spaces &, studied by Y.
Sawano and H. Tanaka [34], or Y. Sawano, D. Yang and W. Yuan [35] are realized in our

definition as

J\/;fquAnE_ﬂ)(Bs) if0<p<u<ooand0<q< oo,

SS

B n(y—w) (FS) if0<p<u<ooand0<q < oo.

The Morrey space M, is realized as
M = A" (FO

e, if 1< p<u<oo.

(iv) The B,-Morrey spaces B,(L,.) studied by Y. Komori-Furuya et al. [28], are contained in our
definition as

BU(LW\) = AAJF%(FI?Q)S, 1 <p< .

(v) The 2-microlocal Besov spaces B;;JS/(U ) studied in H. Kempka [23, 24|, are realized in our
definition as

B;’qSI(U) (BSJ“S) " when U = {z0}.

Zo

(vi) The local Morrey spaces LM, y introduced by V.I. Burenkov and H.V. Guliyes [6] and studied
in Ts. Batbold and Y. Sawano [2| and a number of papers, are realized in our definition as

LM, = (F%)y”, 1<p < oc.

(vii) The spaces C5* studied in Y. Meyer [31], [32], are realized in our definition as
O = (B = (B -

3 Sequence spaces

For a sequence ¢ = (¢(R)) with [(R) < 1 we define some sequences indexed by dyadic cubes P:

by )(P) = (ZiZ(—logzl(P))vO | Zl(R):2*i 2is|C(R)|XR||%p(p))l/q7
0<p, q¢< o0,

s s 1/
(fpg)(P) = |’{ZiZ(—logQl(P))\/O(Zl(R):2—i 2 |C(R)|XR>q} Meree)

0<p<oo, 0<qg<oo,and

s -z S 1/
c(foeg) (P) = UP) {5 rogy spyvo (Cigmy=a—s 2°le(B) [ xr)" } I 1ap)

0 < g < oo, with the usual modification for ¢ = oo

The notation e, is used to denote either by, or f7 . We say the B-type case when e = b;q, and

the F-type case when e;; =

S/
pq-
Definition 3. Let s, s, 0 € R, 0 <p,q < oo and x9 € R".

We define the sequence space a (ep;) to be the space of all sequences ¢ = (c¢(R))yr)<1 such that

ey = sup UQ)T sup  U(P)e(e)(P) < oo.
Pa’ro D3Q>zo D3PC3Q
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We use the abbreviation a°(e3, )7, = (e5,)7,, a*(e5,)%, = a*(es,) and

ao(e;;)go = e;; = e;; (R™). We note that the space as(e;;) is the sequence space of the inhomogeneous
Besov type space or the inhomogeneous Triebel-Lizorkin type space in the sense of Yang-Sickel-
Yuan [36] and the space e;; = ef,'q (R™) is the sequence space of the classical inhomogeneous Besov or

inhomogeneous Triebel-Lizorkin space.

Remark 1. It is easy that when o < 0, we have A*(E5)7 = {0} and a*(e5,)7, = {0} for
0 < p,q < oo (See Proposition 4.1 below).

We define that for a sequence (c(R))i(r)<1,

c(bp)5, (P) = | |
(ZiZ(—log2l(P))\/O I ZZ(R):W 2 ]e(R)|(27" + [mo — I|)_UXR||%p(p)>1/q7
0<p, qg<o0,

e(f3)z,(P) = ) |
I 5 togy 100 (Xumy—a—s 2% 1(R) (277 + [0 — =)= xR) " H|| o (p),
0<p<oo,0<qg<oo,

(foq)2,(P) = 1(P) "« x

0oq/xo

I s togy 100 (i my=as 2% [e(R) (27 + |0 — =) =7 xR) "} | Loy,
0<q<o0,

with the usual modification for ¢ = cc.

The notation éf,; is used to denote either E;/q or ~ps;. We say the B-type case when é;; = l;;/q, and
the F-type case when é;; = pS;.

Definition 4. Let s, s, 0 € R, 0 <p,q < oo and o € R™.

We define the sequence space as(éf)/q)go to be the space of all sequences ¢ = (c¢(R))yr)<1 such that

~s' \o

A %ggl(P)’sc(epq)xo(P) < 0.

lle

We use the abbreviation a°(&5,)7 = (€5,)7,-
Definition 5. Let ry, ro > 0 and L > 0. We say that a matrix operator A = {agp}qp, indexed by

dyadic cubes @) and P, is (71, r2, L)-almost diagonal if the matrix {agp} satisfies

lage| < C(FR)" (1+1(P) g — zp)~F it 1(Q) < U(P),
lage| < C(EEN™(1 4+ 1(Q) " Jeg — xp) " i UQ) > I(P).

The results about the boundedness of almost diagonal operators in [9: Theorem 3.3|, also hold
In our cases.

Lemma 3.1. Suppose that s, s', o0 €R, zg € R" and 0<p, q < oc. Then,
(i) an (r1, 72, L)—almost diagonal matriz operator A is bounded on a*(eS, )7, for ry > max(s', o+

s+s —2), 12> J—5 and L > J where J = n/min(l, p, q) in the case ezs)'q = Zf(; , and
J =n/min(1, p) in the case efo; = b;;, respectively,

(ii) an (ry,ra, L)-almost diagonal matriz operator A is bounded on as(é;/q)go for ry > max(s’ +
(cVv0), (eVO)+s+s —2), r2>J—5+(0A0) and L > J where J =n/min(1, p, q) in the

ss' __ g _ : : ss' s
case &, = fo, and J =n/min(1, p) in the case &, =b

g respectively.
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Proof : (i) We may assume
almost diagonal. Let ¢ = (¢(R
Ac = Agc + Aic + Aye with

>0 by Remark 1. We assume that A = (aggr) is (11,79, L)
) € a*(es,)?,. For dyadic cubes P and R with R C P, we write

)

(A)(R) = > arwc(R),

WR)<I(R)<U(P)

(Aie)(Ry= " > arre(R),

WR)<U(R)<U(P)

(Aye)(R) = > arrc(R).

I(R)<I(P)<I(R)<1

We claim that
||A7;CH(13(€‘;/ o < CHCHCLS es g07 1= 07 172

We will consider the case of F-type for 0 < p < 00, 0 < ¢ < oo. Since A is almost diagonal, we see
that for dyadic cubes P with [(P) =277,

(Agc)( _||{Z Z (2] (Aoc)(R )qXR}l/qHLP(P)

123V I(R)=2""¢

< CI{), Z 25 Y Z !aRR/H RO} N

1>2jVOI(R i2k>jVO0 [(R)=
is'q
< C||{§ § 2054 %
2>]V0[

Z Z 2707Rm (1 + 28 |zp — ap])” L|C(R/)|)qXR}1/q||LP(P)-

i>k>5V0 [(R')=
Using the maximal function M, f(z), 0 <t < 1, defined by

|t 1/t

M f(x) = i

(cf. [28: Lemma 7.1] or [9: Remark A.3|), we have for L > n/t,

(AOC) < CH{ Z Z 215 99—ir1q o

1>23VO (R
( T ghng +n/tM( Z (B xw) ) xn} aoce)
1>k>35V0 I(R)=2"F
<o{ 3 (S (S (e®)))
i>5V0 i>k>5V0 I(R)=2—F
< CI{YS 25 (D e ®)xr) " )
i>5V0 I(R)=2"1

< OIL Y 2990 ST Je(R)xw) "} ey = Celf2)(P),

i>5V0 I(R)=2-

where these inequalities follow from Hardy’s inequality if ; > s’ and the Fefferman-Stein inequality
if 0 <t < min(p, q).
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For the B-type case we have the same estimate for r; > s’ and 0 < ¢t < min(1, p).
Therefore, we get the estimate

Age(es)(P) < Celes)(P)

ifry >, 0<p<oo,0<qg<o0, L>J.
In the sane way we will get the estimate for (A;c)(f5,)(P). We have that for dyadic cubes P with
I(P) =27,

(Alc = H{ Z Z 2” A C ) XR} ’Lp(p

12jVO(R)=2""

< A Z 2 X el e} e

i>jVO (R 1<k |(R)=
< (> Z 2 x
i>jVO (R
Z Z 9= (k=i)rz( (1+22r — 2r/|) *|c(R) )qXR}l/qHLP(P)'

i<k I(R)=

Using the maximal function M, f(x) as above, we have

(Are)(fo)(P) < CII{ D Z 91s'49ir2d 3

12jVOI(R
(Zz st oag( 5 o)) )
< W(R)—2*
< O Y 2/
i>5V0
(32t 0, Z (R xw)) '} oo
i<k R)=27k
< C’||{ZQ’S‘1M Z (R xw) "} || or
1>35V0 )=2"
< O Y 2 R i = CHLENP
i>5V0 I(R)=2"1

where these inequalities follow from Hardy’s inequality if 79 + ' — n/t > 0 and the Fefferman-Stein
inequality if 0 < ¢ < min(p, q).
In the same way we get the same estimate for the B-type case that

(A1) (by,)(P) < Ce(by,)(P)
if ro+s —n/t>0,0<t<min(1,p). Therefore, we get the estimate

Are(ep,)(P) < Celep,)(P)

ifro>J—5,0<p<oo,0<qg<oo, L>J.
When p = oo, we get the same estimate. Thus, we get

||A;c

as( esq)" < CHC

as(e;f);)g()? L= 07 1
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ifri>s,ro>J—8¢, L>J,0<p<ooand0<q<oo.
Next, we will give the estimates for the A, case.
We note that if L > n ,

> 4+ 2)er—ap)F <oo
I(P)=2—7

(cf. |4, Lemma 3.4]), and if ¢ € a®(e then

Pq)Io’

[e(R)] < C(lzo — zr| + UR))TUR) 77|l 4o ey

pq)go

for a dyadic cube R C 3Q and zy € Q. Hence, we obtain, for dyadic cubes P with [(P) = 277,
0<p<oocand(0<qg< oo,

(Azc)( =1{>_ Z 2| (Ase) (R)) X} "I o )

127 (R
<ClI{d_ > 2¥x
i>j l(R)*Q*i
_I INEY 1/q
(5 X i el ) M
]>k>OZ(R’
<aify’ S
>7
(Y gkmokletats=n/o) (g 4 9k |gy — wp))7|c]], fgq)ao)q}l/qHLp(P)
§>k>0
< C27n=gmande N " gktrme e (1 4 9wy — 2p] )l o g
j:>k:>0 prg’xg

< 7=t /p)gini—o—s=s"4n/p) (1 4 97|z — 2p])7||c
< C2775(277 + |zg — wp|)7||c

as fs )a

a* (£30)2,

where these inequalities follow if 4 > o + s+ s — 5T > s', L >nand o > 0.
In the same way for the B-type case we have the same estimate.

Hence, we have,

|| Asc

as(esyz, < Cllellasegtye,
ifriy>c+s+s —n/p,r1 >, 0<p<ooand 0<q< 0.

We get the same estimate for the case p = co. Therefore, we obtain the desired conclusion.

(ii) We put w; = (277 + |xg — z|) 7. We see that w; < 207+, if 0 < o, and w; < 20=D+7q, if
0 > 0. Then, using these inequalities we can prove the desired result by using the same way in the
above proof of (i). O

Lemma 3.2. Letri,r7o € Ng, L >n and Ly >n+ry, Ly > n+ry. Assume that for dyadic cubes P
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and R, ¢p and ¢gr are functions on R™ satisfying following properties:
(2.1) op(z)x’de =0 for |y| <,
R”

(2.2) |¢p(z)| < CA+UP )_1|3? — ap|) TR,
(2.3) | ¢p(x)| < CUP) N1+ 1(P) o —xp|) "
for 0<|y| <y,

(2.4) / er(x)x’dz =0 for |y]| <re,

(25) |er(z)| <CA+IUR )71|$ — ag|) b)),
(2.6) 0" ¢r(x)| < CUR)™ (AL +1(R) o — zg]) "
for 0<|y| <y,

where (2.1) and (2.6) are void when ry = 0, and (2.3) and (2.4) are void when ro = 0. Then, we have
that

(P) (6 wr)] < C(itg)" (L+ UR) " ap — agl) "
if I(P) <Il(R),

UR)™(dr , wr)| < C(itm) (L +UP)Hap — xp|)
if I(R) <I(P).

Proof. We refer to [10: Corollary B.3| , [5: Lemma 6.3| or [29: Lemma 3.1]. O

Lemma 3.3. Suppose that s, s, 0 € R, 2 € R™ and 0<p, ¢ < oo. Letri,r9 € Ny and L > n.
Assume that functions ¢p and pp satisfy (2.1), (2.2), (2.3), (2.4), (2.5), (2.6) in Lemma 3.2. Let J
as in Lemma 3.1. Then we have

(i) for a dyadic cube R and a sequence c € a*(e5, )7,

> psp, 1(py<1 C(P)@p , ¢r) is convergent if r1 > J —n—s and L > J,

(ii) for a dyadic cube R and a sequence ¢ € a®(€é p:])go,

> psp, 1(py<1 (L) (dp , ¢r) is convergent if ri > J —n—s — (0 A0) and L > J +o.

Proof: (i) We may assume that o > 0 by Remark 1.
We write Y o pc(P)(¢p , ¢r) =1 = Iy + I, with

L= Y cP)¢r . en)

UR)<UP)<1
I = Z c(P){¢p , ¢r)
I(P)<I(R)
for ¢ € a*(e,)3,. We claim that I; <oo, i=0,1.

For a dyadlc cube R with [(R) = 27" we have, by Lemma 3.2 that

| <C Y Z P)[[{¢r ; ¢r)l

Z>]>OZ(P
< O3S WP P
Z>j>0l(

< 0> 2’”2”)2”2%( Y ldP)xp)(@).

i>5>0 I(P)=2-1
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for L >n/t,0 <t <1and z € R. Taking L'(R) norm and using the Fefferman-Stein inequality, we
have,

[Io]27™ = || To|| 11 (r)

< cm Y My( Z P)[xp)|lri(r)

i>§>0 P)=2—i
< c2M) Y Z P)Ixpllim
7,>]>0l(P
< C ) jp )|2_2m<oo.
1>I(P), RCP

In the same way we obtain the estimate of I;:

L] <C Z Z P)|[{¢p , ©r)|

Jj=>ivV0(P)=

<0y Z )220 (1 4+ 2| — wpl)
J>ivo (P

< C Z 27 r1+n)2zr1 Z |C<P)|(1+2i|l‘R _IPD—L
§>iV0 I(P)=27

< €Y gy (3T 2 e(P) ) ()
J>iv0 U(P)=27J

if0<t<1, L>n/tand z € R with [(R) = 27"
By using the monotonicity of [?-norm and Hélder’s inequality, we get the following result,

L] < C27 0Ly (MY 2 [e(P)|xp) ()1}

§>iVO0 I(P)=2—7

ifri+n—n/t+s >0, 0<qg<ooandzx € R.
Taking LP(R) norm and using the Fefferman-Stein inequality, we have, for a dyadic cube R with
I(R) =2""and c € a*( If;)"

xo?

|Il|2_m/p — ||Il||LP(R < C2~ i(n+s’) ( pq)(R)
< 02 1n+s +0'+s H

a(fi)2, <

if 0 <t < min(p,q), 0 < p < 00, 0 < ¢ < co. In the same way we get the same estimate for
the case p = oo. Furthermore, we obtain the same estimate for the B-type case if 0 < t < p,
0<p<oo, 0<q<oo. Therefore, we obtain that I; is convergent if ry > J —n — s and L > J.
(ii) Let Iy and I; be as in the proof of (i). Then by arguing as in the proof of (i), we have Iy < oo
for L > n. We put w;(P) = (277 4 |zp — x0]) 7 for a dyadic cube P with I(P) = 277.
Note that
[c(P)| < CUP)* " w,(P)~

as e;ﬁz)"o

for c € a*(&; ) We have, by Lemma 3.2 for a dyadic cube R with [(R) = 27" and ¢ > 0,
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L] <C Z Z P)[[{¢p ; ¢r)l

J=iV0 [(P)=2

< CS Y AP Han - arl)

J>iV0 [(P)=2-1

< O T P2 (P (P) x
J>iV0 [(P)=2—i

(1+ 2'wg —ap|) 7"

C Y 27nEmgngTie N e P)jw;(P) x
§>iV0 I(P)=2-J

(1 + 2Z|IR - [Ep|)_(L_

C Z 2—j(r1+n—n/t+s’)2i(r1+a—n/t) %
§>iV0

Mi( Z Q”wj (P)lxrp)(z).

IN

IA

By using the same way as in the proof of (i), we get
|11|2—ip/n < C2—i(n+s'+a)c(é;’q)go (R)
< o ilntstots) HCHaS(ésl )y < 00
prq’/xq
ifry >J—n—sand L > o+ J. We also obtain the same estimate for the case o < 0.

For a sequence c¢(P) with [(P) = 277, we define the sequence c*(P) by

F(Py= > [e(R)|(1+2]zp — zg|)
I(R)=21

for L > J where J is as in Lemma 3.1.

85

We define for f € §’, v € Ny and a dyadic cube P with [(P) = 277, the sequence inf, (f)(P) and

tv(P) by
inf, (f)(P) = max{infgs, |¢; * f(y)| : R C P,I(R) = 2~ 0},

4(P) = inf |6, * (u)].
Bl

Lemma 3.4. Fors', c €R, 70 € R", 0 <p,q<oo, f €S and a dyadic cube P with I(P)

we have
(i) , /
c(epg) (P) ~ " (epg)(P), c(39)7,(P) ~ c*(€5,)7,(P),
(i)
inf’y(f) (P)xp < c27* ZRCP,I(R)=2—(v+j) t:(R>XR-
for v sufficient large.

Proof. (i) It suffices to prove

=277,
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since |¢(P)| < ¢*(P).
Using the Fefferman-Stein inequality, we have

Py=I{>_ @ > 1 R)xr) o)
>0 y(R)=2~

< I @ Z Z

i>5V0 =2"1[(R)=
(1+2'zp — $R/D “xr)! }1/qHLP(P)

< O @ 30 M 30 R hew)xn)H )
(R)=2

i>5V0 ! I(R)=2

< CILY_ (Y 27e(R)Ixe) Y ) = Celf,)(P)

i>4V0 I(R))=2-"

if 0 <t <min(p,q), L >n/t and 0 < p < 00,0 < ¢ < oco. Moreover, for the p = 0o case, we have
the same result. For the B-type case , we obtain the same result by the same argument as above.
We also obtain the same result for the other case.

(ii) Let Ry and R in P be cubes with I(Ry) = I(R) = 2-0%9). It suffices to show

t(Ro) < C27"¢%(R).

Since '
1 <2825 (1 + 2 |2g — ap,|) 75,

we have

t,(Ro) < Ot (Ro)2"™ (1 4+ 27 |2g — 2p,|) "

< et > LR+ 2P ag — ap )Tt = C2ME(R).
I(R))=2~(r+3)

4 Characterizations

Remark 2. (See [11: (3.20)] ). Let ¢y be a Schwartz function satisfying (1.1) and (1.2) and let ¢
be a Schwartz function satisfying (1.3) and (1.4). Then there exist a Schwartz function g satisfying

the same conditions (1.1) and (1.2) and a Schwartz function ¢ satisfying the same conditions (1.3)
and (1.4) such that

> jeny 93(€)05(€) = 1 for any € where p;(z) = 2"p(27z), j € N.

Hence we have the ¢-transform [8; Lemma 2.1| for f € S’ such that

F=>UQ) ™ vo)da,

where ¢g(z) = ¢(1(Q) H(x—xq)) and vg(z) = p(I(Q) (2 —1z¢)) for a dyadic cube @ with [(Q) < 1
and ¢g(z) = ¢o(I(Q) H(x—xq)) and pg(z) = @o(l(Q)(z —xg)) for a dyadic cube Q with I(Q) =

Theorem 4.1. Fors, s, c € R, 0<p, ¢ <00, xg € R" and ¢y, ¢ €S as in Remark 2, we have
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AN ={f = c(Q)pq: (c(Q)) € a*(es)2 )

(c(Q)) € a*(&54)5, }-

:%J
<3
‘i_/

)
||

—~
—

I
=
>
-
Q

()<t

Remark 3. (1) We see that > o)., c(Q)¢q is convergent in S’ for each sequence ¢ € a*( p:])" or
c € a’(é, )2, by Lemma 3.3.

(2) We notice that D = {f = 33,51 c(@)¢g : ¢ € a*(e5,)3,} is independent of the choice
of ¢g, ¢ € S as in Remark 2. Indeed, suppose {¢}, ¢'} and {¢3, #*} are Schwartz functions as in

Remark 2, and the spaces D' and D? are defined by using {¢, @'} and {¢?2 ¢?} in the place of
{0, ¢} respectively. We consider the ¢-transform

op= Y UR)™0p, ©h)h

I(R)<1

Then for D' 3 f = 37, pjy ¢(P)¢p, ¢ € a’(ep,)7,, we have
f: Z ¢P— Z AC
I(P)<1 I(R)<1

g

where A = {I(R)™"™(¢} , ©%)}rp. From Lemma 3.1 and Lemma 3.2, we see that for ¢ € a®(e pq)xo,

Ac € a*(es,)7,. This shows that D' C D?. By the same argument, we see that D* C D'. That is,
D' = D2 These imply that the space D is independent of the choice of {¢g, ¢}. In the same way

D={f= o<1 C@)9q  (c(Q)) € a*(&5,)3,} is independent of the choice of {¢, ¢}

Proof of Theorem 4.1. (i) We may assume o > 0 by Remark 1. We put D = {f = Zl(Q)gl c(@Q)og :
cEa (epq)" }. In order to prove D C AS(E;;)ZO we claim for a dyadic cube P, and for f =

2.qQ)dq € D,
c(Bpy)(P) < Oc(ep,)(P) (a)

if 0 < p,q < oo. Let (c(P)) € a(e5,)7,. Since S is closed under the convolution, we have, for i > 0,

|5 |—\Z P)¢i x ¢p(z)|

i+1

- 13X P

j=@E—-1)Voi(P
i+1

< C Z > 1eP)|(1+ 2|z — zp|) "

=(i—1)V0 I(P)=2"7

for a sufficiently large number L. Hence we have, using the maximal function M, f(z), 0 <t <1, as
in the proof of Lemma 3.1
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{2 @ lors )= {3 @ >0 o flxw)}

i>5V0 i>3jV0 I(R)=2""
i+1
SO D i SR IR
i>5V0 I(R)=2—% k=(i—1)VOI(R')=
i+1
< (Y M Z Z 2 |e(R') | xr) xr) "}
i>jV0 |(R)=2—" (i—1)VO I(R")=

if 0 <t <1and L >n/t. Taking LP(P)-norm and using the Fefferman-Stein inequality, we have for
a dyadic cube P with [(P) =277

(g (P) =1L D (2% 10w+ S oy

i>5V0
i+1
< CI{D (M Z > 2R Ixa ) o)
i>5V0 k=(i—1)VOI(R/)=2"F
i+1
< CIEY_C > >0 2e®)xn) Y lsp
12JV0 k=(i—1)VO[(R/)=2—F
< CI{D_( 2| (RN xa) 3 o(py = Celf3,)(P)
i>5V0 I(R)=2

if 0 < t < min(p,q) and 0 < p < co. For the p = oo case , we obtain the same result. In the same
way for the B-type case we have the same estimate

c(B;;)(P) < C’c(b;/q)(P) if 0<p<oo.

This implies D C A*(E3,)7,

In order to complete the proof of Theorem 4.1 (i), we will show the inverse. We consider the
p-transform f = 32, p o c(f)(P)pp, c(f)(P) =1U(P)™"(f , ¢p) where ¢p and ¢p as in Remark 2.
It suffices to show that c¢(f)(P) € a®(es, )7, for f € A*(E5)7 . More precisely, we claim that for a
dyadic cube P with [(P) =277,

c(f)(ep)(P) < Ce(E,,)(P) (b)

where ¢( f )(e]“’;;)(P) is a sequence defined by replacing the sequence ¢(P) by the sequence ¢(f)(P) in

the definition of ¢(e,)(P). For f € 8’ and a dyadic cube P with [(P) = 277, we define the sequence
sup(f)(P) by setting
Sup(f)(P) = sup |6 = f(y)].
Sy

For v € Ny the sequences inf. (f)(P), t,(P) are defined previously and for a sequence c¢(P), we also
define a sequence ¢*(P) previously (See Lemma 3.4). We have, from the fact in [9, Lemma A.4| that
sup(f)*(P) ~ inf, (f)*(P) for v sufficiently large.

Thus, we have

(NP =1L 5 dp)| =95+ [(zp)] <sup(f)(P) < sup(f)*(P) ~ inf, (f)"(P)

for  sufficiently large. Therefore, from Lemma 3.4 (i) and (ii) we have
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(A (fp)(P)] < Cink, (F)"(f3)(P) < Cink, (£)(f,) (P)
CILY (Y 2 mb (NRXR) ) wnr)
(R)=2-

IA

i>§V0 |

Cl{> @2 > e(R)xe) Y ey

1>7V0 I(R)=2—(r+0)

2”LH{ > @27 Y ([ )xw) e

>(V0)+y I(R))=2—1

cm“’m{ Do @ D0 1o FW)r)

i>(jV0)+y I(R)=21

< CPUTIIY @22 Y e FW)h) )

i2jV0 I(R)=2—(i+")

< COHIED @7 i FW)N Loy = Ce(F)(P)

i>4V0

IN

IN

IN

if 0 < p < oo. For p =00, we obtain the same result. For the B-type case we can prove the same
result by the same argument as above,

c(f)(b)(P) < Cc(Byy)(P)
if 0 < p < oo. Thus, we obtain
c(f)(epg) (P) < Cc(Ep)(P).

By Remark 3 (2) this implies that, A*(E} E? ) C D, 0 <p<oo. Hence, we obtain A°(E, E? o = D.
(ii) We can prove (ii) in the same Way as (i). O
We have the following properties from Theorem 4.1.

Proposition 4.1. Suppose that s, s, o € R and xy € R".

(i) When o <0, we have A*(E5)7 ={0}, for 0<p,q< oo,
(i) When o + s < 0, we have A*(B5,)3, = {0}, for 0 <p,q<oo, and A*(Fs)3, ={0}, for

0<p<oo, 0<q< oo,

(i) When s < 0, we have A>(B; B o = 10}, for 0 <p,q < oo, and AS(F;’;)ZO = {0}, for
0<p<oo, 0<qg<oo.

Proof. These properties are shown easily. O]

Proposition 4.2. Suppose that s, s, o € R and xy € R".

(i) When s <0, we have
AS(B)7, = (B5)ike for 0 < p,q < oo, and A*(F5)5, = (Fa)it for 0 <p < oo, 0<q< oo,
In particular, when 0 > 0 and o0 + s = 0, we have
A%(By,)5, = By (R™) for 0 <p,q < oo, and A*(F,,)5, = F, (R") for 0 <p < oo, 0<q< oo

(i) When o > 0, we have
As(Es o) C AS(E5,)7, C A%(ES)7

and when o < 0, we have
AS(E35)7 C A*(ES7).
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(iii) Ifo >0, then we have
(Boo)y = (Boo)?

xo”*

Proof. The property (i) can be proved from the fact that
CUQ)™ sup 1(P)7"cley,)(P) > 1(Q) ™" e(e)(Q)

D3PC3Q

and

/ /

(Q)™ sup I(P)~clep)(P) < CUQ)™"™ sup e(ep,)(P),
D3PC3Q D3PC3Q

if s <O0.
We obtain the property (ii) from the fact that
c(&,)7,(P) < Celeg ) (P),

pq

and
(Q)7U(P) *cleg,)(P) < CU(P)*c(&;,)7, (P)

Pq
since 1(Q)"7 < C(I(P) + |zo — xp|)~7 for P C 3Q if o > 0. The last half of property (ii) can be
proved since

c(E3q)5,(P) = clep, ) (P)
if o < 0. To prove the property (iii), it suffices to see from property (ii),

(€307 € (Elon0)y-
We consider any dyadic cube R with [(R) = 27 and dyadic cubes @Q; with zy € @Q; and [(Q;) =
271 i >1lsuch that Q; C--- CQ; C Q_; C -+ and U5 Q; = R". We set QY = 3Q; \ 3Q;11, i > 1
and QY = 3Q,;. We divide the proof into two cases:
Case (a): R C @Y, i > [ case. Then we have 27 + |zg — zg| > C27,
Case (b): R C QY. Then we have 27" + |z — zg| > 27"

In the case (a) we have
2% |e(R)|(27 + |z — 2r[) ™7 < C2%2°|c(R))|

< C sup 2 sup 2%|¢(R)| < oo.
ToEQ RC3Q

In the case (b) we have
2e(R)|(27" + |zo — 2rl) ™7 < C2%27|c(R))

< C sup 2 sup 2% |¢(R)| < c.
ToEQ RC3Q

O
Proposition 4.3. Suppose that s, s, o € R, and oy € R™.
When 0 < ¢1 < ¢ <00, 0 < p < oo, we have
AS(B;(Jl)gO C AS(B;@)go’ AS(B;(h)go C AS(B;qQ)CIrW
and when 0 < q; < ¢ < 00, 0 < p < 00, we have
AS(FI;SW)ZO - AS(F;qz)go’ AS(FIfm)ZO C AS(F;qz)ZO‘
Proof. These inclusions are corollaries of the monotonicity of the [P-norm. O

Proposition 4.4. Suppose that s, s,/ o0 € R, 0 <€ and xg € R". We have
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(1) A3(Bste)o—< c A%(Bs )g, for 0 <p<oo, 0<q, g <00, and

pa1 /o Ppa2

As(FaFe)a-c C A%(F5 )2, for 0<p<oo, 0<q, g < oo, and

(i1) AS“(ES )oc C AS(ES )2, for 0<p, ¢ < o0, and

(i)  A(Bst9)g C A%(BS )., and AS~(Bs)7 C A%(B5, )5 for 0<p, qi, ¢ < oo, and

Pq1 Pq2/x0’ Pq1 Pa2

AT G(FS“)ZOCAS(FS )7, and A%~ E(FSJ“)‘7 CAS(FS )2, for 0 <p<oo, 0<q, ¢ < o0.

Pq1 pq2/x0” pq1 pq2

Proof. (ii) is obvious. (i) and (iii) are corollaries of Holder’s inequality and the monotonicity of the
[P-norm. O

Proposition 4.5. Suppose that s, s, o € R and xy € R".

(i) If0<pys<p; <0 and0 < q< o0, then
ATR(BS yg AT (B )9 AT (BE ) < A (B )g

p1q p2g/x0’ p1q p29/x0’
and, if 0 < py < p; < o0 and 0 < g < oo, then

AT (RS )2, C AT (S ) AT (FS )2, C At h (mq)ﬂ

p1q p2q/x0’ p1q
(i) If0<qg<oo, 0<p< oo, »<s, then
’ s+s/ -1 ~ ~ 545/ -2
AS(E;L]);—() = (EOOOO p)go a’nd AS(E;q)g() = (EOOOO p)go'
In particular, if 0 <o, 0 < g<oo, 0<p< oo, % < s, then
A(By)7, = A (B35,
(i) If 0<p1, p2, q < o0, then
AR (B3 )3, = A (B35, )3) = (B3

p1oo/x p200 /X0 o’
AR (B3 )3, = A (B3 0)3) = (B.0)%,
Apl (Flflq)g Apz (szw)go’ A?(Fpslq)g Ap2 (F;M)a

Proof. The properties (i) are corollaries of Holder’s inequality. We will prove the properties (ii). We
see that

/

a* i (€))7 C (e,

Pq 0000
since
I(P)" "% )e(es)(P) = 1(P)~¢H)|c(P)).
Hence in order to prove (ii), it suffices to prove

/ n
(€;§>go C a’8+p (6187(]);0‘

Since
c(en)(P) < C(est2)(P) x I(P)**r

if s >0and 0 < g < 0o, we get the desired result. Similarly, for the other case, we can prove.
The first part of properties (iii) is obtained in the same way in the proof of (ii) and the last part
is just | 10: Corollary 5.7 |. O

Proposition 4.6. (Embedding) Let s, s, 0 € R, 0 <p, ¢ < oo and xo € R". We have
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(i) AS<Ep§>a:0 C AS(Epn)zo; AS(Epg)xo C AY(E; ) , for s > 85 and 0 < &, < oo,

(ii) As(qu) C AS(BPQQ)gO? AS(Bp1q> C AS(Bpgq)a for 3/1 - 5/2 = n(pll - p%) and 0 < p; <
P2 < 00,

AS(Bpl)7, C A% (Fy)S

0<§,n< oo,

AS(F

pls)xo C AS(FPW)  forsi—sy =n(;-—-) and 0 < py < py < 00,

o’

(i)  A%(Bg)3, C A*(F5)a . AS(B;;) cAS(FS)

prq
A*(F5)g, C A*(B)Z,, A*(E)7, C A(Bg,)5,,

o’

for0 < q<p<oo,

xo’

for0<p<q< .

Proof. The embedding properties (i) and the first embedding of (ii) are corollaries of Hélder’s
inequality and the monotonicity property of the [P-norm. For the second embedding of (ii), see [37;
Proposition 2.5| (cf. [38; Theorem 2.7.1]). (iii) is a corollary of Minkowski’s inequality (cf. Triebel|
38: 2.3.2 Proposition 2 | ).

O

Remark 4. Let 0 < p,q < o0, s,0 € R, g € R" and s’ > n(% -1, If f € AS(E;;)gO,
then f is locally integrable (and locally L integrable). Indeed, we consider the Littlewood-Paley

decomposition
= Z [ ¢

1>0

It suffices to show that Zizo f * ¢; is locally integrable and locally LP integrable. We may consider
any dyadic cube P with [(P) > 1. Then we have if 1 < p < o0,

13" o dilleaey < OIS f* 6l

>0 1>0

< CID_ @71 * &)}l oy < Ce(Fpp)(P) < 00

i>0

by using Holder inequality if 1 < ¢ < oo and the monotonicity property of the (P-norm if 0 < ¢ < 1.
In the same way we have

1D dillapy < CUDY D Frdillopy < C D IF * il o)

i>0 i>0 i>0

< U @YIf * Gill o)}V < Ce(BL)(P) < oo

>0

If 0 < p <1, in the same way we have

1D F* billiny < CIUY  *illue)

>0 i>0
< o @CTEINS bl )
120
= coB, "N (P) < Ce(BL)(P) < o,
where we use Proposition 4.6 in the last inequality. Similarly, by using the fact that c(B; wvg) (P) <

c¢(F5)(P) we have the same estimate for the F-type case if 0 < p < 1. Therefore, we obtain the
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desired result for f € AS(E;;)QO. But we note that it holds for 0 < p < oo in the F-type case and for

0 < p < o0 in the B-type case. We note that it holds an analogous result for f € AS(E;;)ZO with the
weight w; = (27 + |zo — x|) 7.

We recall the definitions of smooth atoms and molecules.

Definition 6. Let 71, 7 € No, L > n. A family of functions m = (mg) indexed by dyadic cubes
Q) with [(Q) < 1 is called a family of (71,75, L)— smooth molecules if
(3.1)  |mo(x)] < C(1+ Q) Y — zg|)~™(EL2) for some Ly > n + ry when 1(Q) < 1,
(3.2) [0"mg(z)| < CUQ)™M(1 +1(Q)Ha — zg|)~E for 0 < |y| < 71, when I(Q) < 1 and
(3.3) Jgn2"mg(z)dx = 0 for |y| < ry when [(Q) < 1,
where (3.2) is void when 7 = 0, and (3.3) is void when ry = 0,
(34) |0"mg(x)] < CUQ) (A +UQ) v —xq)™", 7] <1 when I(Q) =1,
(3.5) we do not assume the vanishing moment condition (3.3) when [(Q) = 1.
A family of functions a = (ag) indexed by dyadic cubes @ with [(Q)) < 1is called a family of (rq,73)-
smooth atoms if
(3.6) supp ag C 3Q for each dyadic cube () when [(Q) <1,
(3.7) |07ag(x)] < CUQ)™M for || < ry when [(Q) < 1, and
(3.8)  Jn 2Vag(x)dx = 0 for |y| < ry when I(Q) < 1,
where (3.8) is void when 7, = 0,
(3.9) we do not assume the vanishing moment condition (3.8) when [(Q) = 1.

Theorem 4.2. Lets, s, c € R, 0<p, g <o0 andxqg € R". Let ri,r9 € Ny, J as in Lemma 3.1
and L > n.
(i) We assume that 1, ro and L satisfy the following condition:
(41) r1>max(s', o+s+ —2),
(42) ro>J—n—¢,
(4.3) L>J.
Then we have
A(B)e, ={f = ) cQmg:
(Q)<1
(11,72, L)— smooth molecules (mg), (c(Q)) € as(e;/q)go}
= {f=) dQuaq:
(Q)<1
(r1,72)— smooth atoms (ag), (c(Q)) € as(ef,/q)go}.
(ii) We assume that 1, ro and L satisfy
(4.1)" i >max(s'+ (0 V0), (cV0)+s+s —2),
(4.2) ro>J—n—5—(cN0),
(43) L>J+o

Then we have

A (B2, ={f = D c@Qmq:
(Q)<1
(11,72, L)— smooth molecules (mg), (c(Q)) € as(é;;)go}
= {f=) dQaq:
(@)1
(r1,72)— smooth atoms (ag), (c(Q)) € as(é;/q)go}.
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Remark 5. From Lemma 3.3, we remark that [ = 7,0, c(@)mq and f = 37, o)<, c(Q)agq are

convergent in S’ for each ¢ € a®(e pq) or a (ep/q)"

Proof of Theorem 4.2. (i) We may assume o > 0 by Remark 1. We put

A={f= Zz 1c(@)ag : (r1,m2)—smooth atoms (ag), (¢(Q)) € as(ef,'q)go},
M={f= Zl < L c(Q)mg = (71,72, L)—smooth molecules (mg),

(c(@Q)) € as(ei;)io}-
Since an (rq,79)— atom is an (71,79, L)— molecule, it is easy to see that A C M. Let M > f =
>_1g)<1 ¢(@)mgq and we consider the ¢-transform

mg= Y U(P) ™ (mgq , ¢r)ép,

where ¢p and ¢p as in Remark 2. Then we have

f=) dQmo= Y (Ac)(P)¢p,

HQ)<1 WP)<1

where A = {{(P)""(m¢q , ¢pr)}po. Lemma 3.1 and Lemma 3.2 yield that A is (1, ra+n, L)- almost
diagonal and Ac € a’(e /)" for ¢ € a®(e pq)" Hence, if we put D = {f = Zl @<1¢(Q)oq = c€
a*(e5,)3,}, then we see that M C D. From Theorem 4.1 we see D = A*(Es.)7 . Hence, we obtain
AcC M C AS(E},fq)IO

Using the argument similar to the proof of [10: Theorem 4.1] (cf. [4: Theorem 5.9] or [5: Theorem
5.8), for D > f = 37 0)<1¢(Q)dg. ¢ € a “(es,)2,, we see that there exist a family of (ry,rs)-
atoms {ag} and a sequence of coefficients {¢(Q)} € a*(eS,)7, such that f = P c(Q)og =
>10)<1 ¢ (@)aq. Hence, we see that D C A. Therefore, we have AS(E;;)gO = M = A. We can prove
(11) by the same way in (i). O

We recall the definition of smooth wavelets.

Definition 7. Let r € Ny and L > n. A family of {1, ¥} is called (r, L)~ smooth wavelets if
oz — k) (k€ Z™), 279/2p0(2x — k) (i =1,---,2" —1,j € Ny, k € Z")} forms an orthonormal
basis of L2(R™), and ¥ satisfies (5.1), (5.2) and (5.3), and a scaling function 1), satisfies (5.4)

(5.1) |p@(2)| < C(1 + |z|)~max(ELo) for some Lo > n + 7,

(5.2) 10700(2)] < O+ [el) ™ for 0 < | <7,

(5.3) fgn ¥ (x)27dx =0 for |y| <r
where (5.2) and (5.3) are void when r = 0.

(5.4) [vo()] < C(1+[al) % for ] <.
but 1y does not satisfy the vanishing moment condition (5.3). We will forget to write the index i of
the wavelet, which is of no consequence.

We put o r(z) = Yolx — k), k € Z", g(z) = »((Q) (z — zg)) for a dyadic cube @ with
Q) <1.

Theorem 4.3. Lets, s', c €R, g € R" and 0 < p, ¢ < 0.
(i) For a family of (r,L)- smooth wavelets {1g, ¥} satisfying
(6.1) r>max(s’, o+s+s -2, J—n—45) and
(6.2) L>J, whereJ asin Lemma 3.1,
we have
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A(E})7, = {f = Lezn cktbor + ygyz1 €(Q)vg : (cr) € a*(ep)7,
(c(@)) € a*(epy)7,

where (cp)rezn € a®(e5,)%, means that (°(Q))ugy<1 € a*(e5,)3, such as O(Q) = cx if Q = Qo =
0,1)"+k, k€ Z" and (Q) =0 if 1(Q) < 1.

(ii) For a family of (r, L)— smooth wavelets {1po, 1} satisfying

(6.1)" r>max(s'+ (0 VO0), (GVO)+s+s =2, J—n—s—(0A0)) and

(6.2 L>J+o

we have

AS(ES )20 = L = 2hezn utbor + Dy q)<1 (@)¥q : (ck) € (é;/q>go7
(c(Q)) € a*(&5)7,}-

Remark 6. We see that by Lemma 3.3, >, ;. cxtbox and
>_1g)<1 ¢(@)q are convergent in S for (cx), (c(Q)) € a’(e; )2, or a*(e5.)7 .

Proof of Theorem 4.3. (i) We may assume ¢ > 0 by Remark 1. We put W = {f = >, ;. cxtor +
Y@y A(Q)q : (cr), (c(Q)) € a*(ep)7, }-

Let W S f =2 ke ok + D)< €(Q)Yq and we consider the ¢-transform

Yok = Z UP) ™Yok » pp)OP

sz (g, p)bp

where ¢p and ¢p as in Remark 2. Then we have

= (Bin)(P)gp+ Y (Aie)(P
i(P<1

I(P)<1

where By = {l(P) "™ (Yox , ¢pr)}rr and A; = {{(P) "™ (¢g , ¢p)}prg. Lemma 3.1 and Lemma 3.2

yield that B; and A; are almost diagonal and Bjci, Aic € as(ez;)" for ¢y, ¢ € a*(e;, ) Hence, by

Theorem 4.1, we see that W C D = AS(E;;)gO where D is as in the proof of Theorern 4 1.
Conversely, let D > f = ZZ(Q) <1 ¢(Q)9q and we consider the wavelet expansion

b= (bq ., tor)bor+ Y UP)™oq, vr)tp.

kezn I(P)<1

Then we have

F= " (Beo)(R)thos+ Y (A0)(Q)g

where By = {(¢¢q , Vo) ko and Ay = {{(P) (¢ , ¥p)}pg. Lemma 3.1 and Lemma 3.2 yield that
By and Ay are almost diagonal and Byc Axe € a’(e,, s )2, for ¢ € a*(e5,)3,. Hence, by Theorem 4.1,

we see that AS(ES )2, =D CW.
We can prove (11) by the same way in (i). Hence we obtain the result of Theorem 4.3. O

Remark 7. (1) we see that Theorem 4.3 is independent of the choice of smooth wavelets {1, 1™}
(see Remark 3 (2)).
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(2) For f € AS(E;;)ZO or AS(ES;)gU the parings (f , vox) and (f , 1g) are well-defined. More
explicitly, we see that for any {¢q, ¢¢} as in Remark 2,

ok = Y WP dp) ok wr) = Y ()P {Wok , pp)

I(P)<1 1(P)<1

and

Z UP) ™[, op)(¥q , ¢p) = Z c(/)(P)¥q , epr)

I(P)<1 I(P)<1

are convergent by Lemma 3.3 and (b) in the proof of Theorem 4.1. Thus, for f € AS(E;;)ZO or

AS(ENS;)gO we have a wavelet expansion f =3, ;. cxtbor+) 2 9)<1 ¢(Q)Yq in & and its representation
is unique in &', that is, ¢, = (f , o) and ¢(Q) = 1(Q) "(f , q). Hence, we have that by Lemma
3.1, Lemma 3.2 and (b) in the proof of Theorem 4.1,

(k) s est e, —||< » Yo llasestyz
S H Z kav ¢P>||a3 es

I(P)<1

< Ol gy, <

sa)%0

and

1@ (e e, = ||z< > <f,wQ>|rQSes )
< ¢ Z W0 s o) (e e

q/TQ

< CH()

as(es, )% < OHf‘

b As(Ege)3

Conversely, we consider the p-transform

%k—zl "(Yok , pr)op

and

Vo = Zl (Yq . pr)op.

Then we have

f= Z%%lﬁ”Z Qg = Y (Bey)( qbp—l—ZAc

kezn kezn

where B = {I{(P) " (¢%ox , ¢p)} and A = {l(P) " (¢¢g , ¢p)}. Hence we have by Lemma 3.1, Lemma
3.2 and (a) in the proof of Theorem 4.1,

Ul ascmgyye, < Cl(Bex) + (A asest o
S CHBckHaS eéq ‘7 + O||Ac||a3(es )‘7
< Cllallugys +Clle

a’ es

Therefore, we have

1]

ez, ~ 1) lasegyg, + 1@ laseg g -

Similarly, we also obtain

[1£]

woiige ~ 1@ lye + 11(Q)

~o .
a® (e;q)go
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5 Applications

Definition 8. Let T be the space of Schwartz test functions (C'*°-functions with compact support)
and 7" its dual. For arbitrary ry, ro € Ny the Calderén—Zygmund operator T' with an exponent € > 0
is a continuous linear operator 7 — T such that its kernel K off the diagonal {(z,y) € R" x R™ :
xr =y} satisfies

(7.0) 01K (2,9)] < Clo -y~ @+ for ] < 1,

(7.2) |K(z, y) — K(z, y)| < Cly = y/["*|x —y[72F9if 20y’ — y| < |z —y],

(7.3) |07 K (2, y) = OV K(z, y)| < Cly — y/||x — y|~ "1+

if 2]y —y| < |z —y[for 0 < |y[ <y

(where this statement is void when r; = 0),

VK (2, y) — 0K (2", y)| < Cla’ — ||z — y| =11+

if 2|2’ — x| < |z — y| for |y| < ry,
(where the subindex 1 stands for derivatives in the first variable)

(7.4) T is bounded on L*(R™).
We obtain the following theorem.

Theorem 5.1. Lets, s, c €R, zg € R", 0 <p, g <00, 1, r9 € Ng and J as in Lemma 3.1.

(i) The Calderén—Zygmund operator T with an exponent € > J — n satisfying T(x7) = 0 for
|v| <7 oand T*(2Y) = 0 for |y| < rq, is bounded on AS(E;;)gO if 1 and ro satisfy (4.1) and (4.2) as
i Theorem 4.2 respectively.

(ii) The Calderén—Zygmund operator T with an exponent € > J —n + o satisfying T'(x7) = 0 for
[y| <71 and T*(27) = 0 for |y| < re, is bounded on A*(E5)3, if r1 and ry satisfy (4.1)" and (4.2)" as
i Theorem 4.2 respectively.

Proof. The proof is similar to ones of [12].
(i) We may assume o > 0 by Remark 1. Let f € AS(E;;)gO. Then we consider a wavelet

expansion f = >, cxthok + D _yg)<1 C(@)¥q (o), (c(Q)) € as(e;;)go from Theorem 4.3. We may
suppose that smooth wavelets {1y 1} are compactly supported by Remark 7 (1). Then there exists
a positive constant ¢ such that supp ¢ C cQox where Qox = [0,1)" + k and supp g C @ for
every dyadic cube @ with [(Q) = 27! < 1.

We claim that T'f = >, ce(Tox) + 2 10«1 (@) (T¥q) = D4 cumi + 32y g)<1 ¢(@)mq is conver-
gent in 8" and ||T'f| (B, < ClIf] (B,

More precisely , we will show that my, and mg satisfy following properties:

(8.1) |my(z)| < C(1+UQ) Yo — ap])~L with L > J,

(82) Ima()| < C(1+ Q) |z — zgl) =+,

(8.3) [0"mg(z)| < CUQ)™ M1 +1(Q) o — zg|) =™ for 0 < |y| < 7y, and

(8.4) [ a"mg(x)dz =0 for |y] < rs.

From the assumption T*z" = 0 for |y| < ry we have [p, 'mg(x)dx = 0 for |y| < ry, that is,
(8.4) holds.

We choose a suitable large constant Cy. From Fraizer—Torres-Weiss [12: Corollary 2.14|, when
|z — 20| < 2C27", we have

[mi(@)] < llmellss < C Y 10%0alloe < C < O+ o — )7

18]<1

and
" mg(x)] < [|07mgllee < C Y 21Dl 5oy |

o <|v[+1
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< 2 < ClQTMA+ Q) w — w7
for any L > 0 and |y| < r1. When |z —zg| > 2C527, using (7.1) and (7.2) in Definition 8, we obtain
ime(x)] =1 | K(z,y)¢or(y)dyl < C | |K(z,y)|[bor(y)ldy
R" Rn

< C o =y (L |y — ail) Py < C(1+ o — )~

ly—2x|<Co

Moreover, using (7.3) in Definition 8 for 0 < || < ry, we have

|mmwm§c/ VK (2, ) — 0K (2, 20) o ()| dy
ly—zq|<Co2~!
< C ly — zg||x — 2o~ "My
ly—2q|<Co27!

< CQ_Z(n+€)|ZL” _ :EQ|_(n+M+€) < C2l|~/|(1 + 2l|x _ $Q|)_(n+€)-

Therefore, we obtain (8.1), (8,2) and (8.3). Hence by Lemma 3.3, T'f = >, cxmy, + >, c(Q)mq is
convergent in &’ from (8.1), (8.2), (8.3) and (8.4). For the wavelet expansion

my = Z(mk s Yo,k) Vo k +Zl "(mu , Yp)Yp,

k

mqg = ZWLQ , Yox)Vok + Zl "(mq , Yp)p,

k
we have

Tf Z cpmy + Z mQ =
Q<1
Z((Blck) + (Back) o + D ((Are) + (A20))(P)eop

k (P)<1

where By = {(my, , Yor) e, B2 ={(mq , Yor)}tre,

Al = {l( )7 (mk , ¢p>}pk, AQ {l( )7 <mQ ¢p>}pQ By Lemma 31 Lemma 3. 2 (8 1) (8 2)
(8,3) and (8.4) the operators By, By, A, Az are bounded on a*(e;, )xo if r; and ry satisfy (4.1) and
(4.2) respectively. By Remark 7 (2), it follows that

WﬂuwsaNW&@+BMMM%U+HMw+&dM%WO
<

aseS ‘7)

+ e
a’ els,qf’

Similarly, we obtain (ii). O

Definition 9. Let © € R. A smooth function a defined on R™ x R" is said to belong to the class
ST, (R") if a satisfies the following differential inequalities that for all o, 5 € N,

sup(1+ [¢]) #1020  a(w, €)] < oo.
z,€
a(x, D) is the corresponding pseudo-differential operator such that

o D)f (@) = [ eala. 7€) dg
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for f € S.

Theorem 5.2. Lets, s, 0 € R, xg € R", 0 < p, q < oo. Let p € R, J as in Lemma 3.1 and
a € St (RY).
(i) a(x,D) is a continuous linear mapping from A*(E; E2 )0, to AS(ES e

a(z, &) = a(§).
(ii) a(x, D) is a continuous linear mapping from A*(E, E¥ ) L0 A“"’(ES e

or a(z, &) = a(§).

if s >J—n+por

o

if s >J—n+pu+oN0

o

Proof. (i) We may assume o > 0 by Remark 1. We write T' = a(z, D). Let f € A® (E;;)xo By
Theorem 4.1, we consider the p-transform f =, c(P )qbp where ¢(P) = ¢(f)(P) = U(P)™"(f, ¢p)
and ¢p, ¢p as in Remark 2. Then we see (¢(P)) € a*(e5,)7,. We write that Tf = Y, ¢(P)mp where
mp = T¢p. We see for a dyadic cube P with [(P) = 2 g

me = [ #ale €)6r() de

Then we have, using a change of variables,

mp(x) = / PO (2, 296)3(¢) de.

By the fact that (1 — Ag)*(e) = (1 + |z|?) €™ for the Laplacian A and using an integration by
parts, we obtain for v € Njj and [(P) < 1,

Nmp(x)
B / (1= D) (e @) (1 4 (2|2 — wp|)?)~F
D (20i€)° 0 Pa(x, 2€)$(€) dE

o<y

= C(1+ (@~ opl)) / Plee(1 - )t

> (2ie)’0) a(w, 27€)o(€)

o<y
Thus, we have

|0ymp(2)|

< cagl-ah [Y Y

0<y |a+B+7|<2L,a<é

291127181102 (€)° (107 97~ alw, 27€)||0F H(€)| d€

< C(1+2)z—xp|) QL/Z Z x
0<y la+p+7|<2L,a<6
217181 PIle (1 4 27| =PIl a7 G(€)| d
< 02ju2j|7|(1 + 2|z — xp’)sz
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and similarly, for P with [(P) = 1,

[zmp(2)|
< C(l+|z—ap)

/’ ST (1 e oz do(e)] de

la+B-+7|<2L
< C(+|e—ap)?"

Hence, mp(z) satisfies
12771 mp(x)| < C2M (1 + 2|z — xp|) "2

for P with [(P) < 1, any 7 € Ny and any L > 0. We choose a suitable large L. For the ¢ transform

27Mmp = UR)2 " mp | oR)ér,
I(R)<1
we have ' ' .
Tf= Y 2"c(P)27"mp) = Y A(2"c)(R)¢r.
i(P)<1 (R)<1
where A = {{(R)™(277*mp , pr)}rp. From Lemma 3.1 and Lemma 3.2, A is bounded on as(efj;_“)go

if & >J—n+pora(x,&) =a(f). We remark that in the case s’ > J —n + u, we do not assume the
vanishing moment condition for mp. But in the case a(z,§) = a(§), we have the vanishing moment
condition for mp, indeed, for any P with I[(P) < 1, [ &7mp(z) dz = Cd1mnp(0) = CO (ép)-a)(0) =0
for any v € Ny. From (a) and (b) in the proof of Theorem 4.1, it follows that

T AW g gmyg, < CNART e gome,
< Cl2%lluqrmg < Cllellaseys,
(ii) Similarly, we can prove for this case. [

Corollary . Lets, s, c € R, 20 € R", 0 <p, ¢ < o0.
(i) Letp € R. Then the Bessel potential (1—A)*/? is a continuous isomorphisms from A*(E5, )7,

onto AS(ES )2, and from A*( ;q)" onto A“"’(ES e
(ii) Lety e Nj. Then the differential operator 97 is continuous from A*(E; E? )7, to AS(E, _M)
and from A*(E; E? ) 10 As(E; |7‘)3,30

zo”*

o’

Proof. These are immediate corollaries of Theorem 5.2. To finish the proof of (i) we need to show
the mapping is surjective and one to one. For h € AS(ES ), we set f = (1 — A)~#2h. Then
h=(1—A)W2f O
6 Characterizations via differences and oscillations
Definition 10. Let k € Ny. We define the differences of functions

ALf(z) = f(x +u) — f(x) and AR = ALTAF,

We set
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ALf(y)| du

W) = m) oo

where B;(z) is the ball with a center x and a radius 27, and |B;(x)| means its volume. It is obvious
that ’dff(y” < CSUPk|u|§2*i Aﬁf(yﬂ
We define the oscillation of locally L integrable functions f (0 < p < oo) by

! — p 1/p
BT o, 0~ PO

with the suitable modification for p = oo, where the infimum is taken over all polynomials P(z) € Py,
the space of all polynomials with deg < k on R". By Pgf for a ball B we denote the unique
polynomial in Py, such that [,(f(z) — Pgf(x))x® dz = 0 for all |a| < k. We see that ||Pg f||1=5) <
ﬁfB |f(z)] dz and Pgf = f for f € P;. We put

osc’;f(:v, i) = inf(

1
|Bi(z)] Bi(x)

Then we see oscl f(z, 1) ~ Q0 f(z,1) if 1 <p < oo (cf. [19]).

O f(x,) = ( f(y) = Po.@) f ()P dy)'/.

Lemma 6.1. (i) Lets€R, 0 >0andletkeN, k>3 >0, 1<p<oo, 0<q<oo andlet f
be locally LP integrable.

Then we have

sup [(Q)™7 sup [(P)°x

DBQBQ?O DSPc:&Q
( Z (2is' sup HAZfHLp(P))q)l/q
i>(—logy I(P))VO klu|<2-1

< C sup Q)7 sup (P)°x

D3Q@Q>x¢ D3PC3Q

(> @ losey ™ flad)llem) ),

i (~ log, [(P))VO

and

sup [(Q)™° sup I(P)°x

D3Q>3x¢ D>PC3Q

(> @ losep f (w0 | o)) )M

1>(—1logy I(P))VO
UMy +C Y @ fl o)D),
i (~log, I(P))VO

(ii) Let seR, o >0andletkeN, k>s >0, 1<p<oo, 0<q<ooandletf be locally
LP integrable . Then we have
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sup (Q)™7 sup [(P)°x

D3Q30 D3PC3Q

10 > @ sup (ALY

i>(—logy (P))vo  Kluls2T

< C sup Q)7 sup (P)*x

D3Q3x¢ D>5PC3Q

10 > (@ osey ™ f(w,i))) " |ae),

and

Proof. We will see that for k|u| < 277,

AL F(@)] < COTg [f(w+ ew) = Ppyaren f (2 + eu)])
<cYr, Do U f (e, D),

We consider a sequence for ¢ < --- < m — o0,

Bi(x+eu) D--- D By(r+eu) D+ — x+eu.

Then we have

1 1
= f=Ppfldy < 75— f—=Pp, [l dy
1 m
w3 [ 1Pas = Pofl
"l —ip1 Y Bm
Sy L Y R UENeD Sy
> 5 — B, Y o — I'B,, Y
Bo] Ja, 2= 1B /s, |
< o[ l-r flay ey [ 18- Pasldy
> T 1 — 1B, T — I'B .
|Bm| Bm 1=i |Bl| By :
Hence, we have
1
|f(z +eu) — Pp,(x +eu)| = lim —— |f — P, f| dy
m—><x>|Bm| B,
< lim |fPf|d+ijl/|f Pof| d
< lim o — Py, fl dy — - Y

< C’Zﬂ'jflf(a:jLeu,l).

l=i
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Therefore, we have for a dyadic cube P with [(P) =277,

(D@ sw [|AL )

i>5V0 klu|<2-?
< O @ N @, D)|ivse) )
i>7V0 1>
< OO @ (@, 1) | poar) )
i>4V0
< COY (2% |osep™ f(,8)|o(p) ")
i>5V0
< Of|lwg—xp| +277)7277% sup 1(Q)™° sup I(P)*x
D3Q>x¢ D>PC3Q
(D @ loscl™ f ()] | Lory) )M
i>§V0

by using Hardy’s inequality if s’ > 0. This completes the proof of the first half of (i).
Next, we will prove the last half of (i).
We consider a function 6 € S such that supp 0 C {k|u| <1} and [ 6(u) du = 1. We put

hi(x) = /(f(a:) — AR f(2))05(u) du
where 6;(u) = 2"0(2'u). We claim that
osey ™ f(2,9) < Cligay So,w 15 F WP dy) /P + Coscy ™ hy(w, ).
We see that

osc];_lf(:v,i) ~ Q’;_lf(x,i) =

1 p 1/p
1

(

If(y) — hi(y) [P dy)"/?

1Bi(2)| J @)
1
h — Ppwyhi(y) P dy)'’”
1 P /P
1 p /p
< g / ()" dy)!
1 P /P
OB Jy 10~ Pl
1 k ) D 1/p
< g MSW\AJ(y)H@z(U)I du)? dy)
+CQ]; lhi(x,@)
<

1
C —/ d¥f(y) P dy Ur 4 Cosch = hy(x, ).
(Bi(:v)] Bi(z)| ()" dy) p iz, i)

103
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Next, we will estimate osck™'h;(z, ). We consider the (k — 1)th Taylor polynomial ¢(x) of h; at .
Then we have

hi(y) — a(y)
_ /‘Ej S0l + tly — 2))(w —y)P(1— ) de
0 ik P!
= )P fa + t(y — x) +mu) X
[Zafs(h)e

0;(u) du(z —y)P(1 —t)*! dt

— / ;kﬁ'/z< ) TP f(r A+ t(y — 2) + m2 ) x
990 du(x — y)P(1 — )L dt.

Hence, we see by using Minkowski’s inequality

loscl™ hi(z, i) Lery < |( e |/ g1 dy)' | o)

| 5 |/B.(x </ /MulqZ|f<w+t<y—x>+m2-iu>|x

10°6( )]du]x ] (1 —t)* 1 dt)? dydx)'/?

<C/ / / /|f T 4 ty + m2 7 w)|P drdy) /P x
klu|<1 ., |B |
—zk

)k 1 dudt
< C/ / / / z)|P dady)/Px
klu|<1 ,, |B | P+ty+m2— Zu
—zk )k 1 dudt

< Comik( / F@P o) < 27| f] s,
5P

Moreover, we have

1
|Bi(%)] J @)

1
C d¥ f(z +y) P dydz)/”
< O (g g oS+ ) dude)

1
C df f(z)|P dady)'’”
< g Lo o S drd)

< (] W@l o)’ < Ol
3P

I( & I dy)' 7| oy

Thus, we have for a dyadic cube P with ((P) =277

(> @ oscy " f(a,)|zoce)) )1

i>5V0
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< COY - @¥NdE fllroar) )Y+ O 27 EDN Y| ]| sy

i>§V0 i>5V0

< COY - @NdE fllroar) )Y+ Cll e ep)

i>§V0

< C(lwo —xp|+279)727° sup Q)™ sup U(P)*( Y (2¥[|dE fllLrr)))

D3Q3x¢ D>PC3Q i>5V0

+C(|lwo — xpl +279)7277° sup U(Q)™ sup I(P)"°||flop)
D3Q>x0 D>PC3Q

if £ > s’. The proof of (i) is complete. In the same way we can prove (ii). H

Theorem 6.1. (i) Lets, s, c e Rwith0<s, 0<o,andletxzg e R", 1 <p<oo, 0<qg<o0.

Let k € N with k > s’ > 0. Then we have following equivalences for f € S’

1 FlLasog e, + 500 Q)™ sup UP)~*||fllucr
ToEQ PC3Q

~ sup U(Q)™7 sup U(P)*(|[fllLepy
ToEQ PC3Q

+ 0 Y, @ sup [JAU @)Y

i>(—logy (P))v0  Flul=27

~ sup (@)™ sup U(P)"*(|[f]|ze(p)
20€Q PC3Q

+ 0 > (@ loseE T fller)))
i>(—logy [(P))V0

~ sup [(Q)~7 sup L(P)"*(||fl|rep)
ToEQ PC3Q

+ Z 2|1 £ Lo(p)))M9).

i>(~ log, I(P))V0

(ii) Lets, s, c e Rwith0<s, 0<o0, 20 e R", 1 <p<oo, 1 <q<oo. LetkeN with
k> s > 0. Then we have following equivalences for f € S’

1 lLags, + 5 4@ sup {P) 1 fllsir
ToEQ PC3Q

~ sup 1(Q)™7 sup I(P)"*(||f]|ze(p)
ToEQ PC3Q

0 Y @ sup ALY )

i>(~logy i(P))vo  Hlul=2T

~ sup Q)™ sup I(P)"*(|[f]|ze(p)
20€Q PC3Q

+ 0 DD @ ose T DY ogey)
i (~ log, [(P))VO

~ sup 1(Q)™7 sup U(P) (|| fllLe(p)
20€Q PC3Q

+ 00 Y @ N ).

i>(~ log, I(P))V0
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Proof. (i) It suffices to prove the first part of (i) by Lemma 6.1. We consider the Littlewood-Paley
decomposition f = S;f + >_,.; f * ¢. Then we have for klu| < 27" and a dyadic cube P with
(P)=27,i>j

AL fl ey < AL = Sif)llepy + 1ALS: | oy
< O AR * ¢)llieee) + ClIALS: fl| o p)-

>t

We will estimate ||AES; f]|1»(p). Note the following formula

pisifa) = [ 3 S Sifat M) de

lv|=k

where N}, is the B-spline of order k (e.g. See [27]). Therefor we have for k|u| < 27
188 f Py < C 3y [ul*[10”Si f || o 2p)-

Next, we will estimate |[0”S; f||Lr2p):

10" S, flliwar = || / (@ —27y) o(y) dyllrer)

p 1/p| v
< //P DI ) 710" do(y)| dy
< co / (o — 2| + 27 (1 + [y))° 10" dolv)| dy

xsup 1(Q)~7 sup I(P)™*[|fllzr(p)
T0€EQ PC3Q
< C(lwg —xzp| +277)7279 sup 1(Q) ™ sup L(P)"*||f||r(p)
T0EQ PC3Q
Hence, we have
AL ey
< CSNIANS * 00|y
>
C(jzo — xp| +277)7277°27" sup 1(Q) ™7 sup I(P)™°||flop)
r0€EQ PC3Q

Moreover, we obtain by using Hardy’s inequality if s’ > 0

(D@ sup [[ALfllne))

i>jV0 klu|<2— i

< OO @ STNALF * a)llzary) )V
i>5VO0 I>i

+ O |wg — ap| +277)72700
i>5V0

x sup U(Q)™7 sup U(P)™*||f||zee)) )"

ToEQ PC3Q

< OO @A * 0)llorp)?)e

i>35V0

+ C(lmo — xp| +279)7277 sup U(Q) ™" sup U(P) || fl[wo(p)
PC3Q

ToEQ
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This implies that

sup 1(Q)™7 sup U(P)*( Y (2 sup |IAGflluogr))*

x0€Q PC3Q i>3V0 klu|<2—1
< Csup U(Q)™ sup L(P) (Y (2| f * ¢il|Locr)) )M
(P)

T0€EQ PC3Q i>5V0

4+ Csup Q)™ sup I(P)°||f]|ep)
ToEQ PC3Q

< Cllfllas(sgg, +C sup Q)™ sup I(P)*[|f[|Lop)

ToEQ PC3Q

We will show the converse statement. It is easy to see that there exist ¢ € S m = 1,---n such
that ¢ = ", A’C“em¢m for enough small ¢ where eq,--- e, are the canonical basis vectors in R".

Then we have for i € N
* ¢Z Z f * AISQ tem Z A(:2 lem * ¢;n

Therefore, we have for a dyadic cube P with [(P) =277 and i > j

f * illLop)
< C||ZA2% [ & e (e)

< /mz L I8 S da) o) dy
cofy S, s (L a6 )] dy

2y klu|<2—
Hence, we have if [(P) < 1

2 @I * dillo))
i>]
< O(|lwg — xp| +277)72775 x
sup [(Q)™7 sup l(P)_S(Z(TS, sup ||AE | op)) )M
x0€Q PC3Q i>j klu|<2—1

and if [(P) > 1

Q@S * illrey) e

i>0
< O @S * Gill o)DM+ 11 * ol oy
i>0
< C(lzwg —xp| + 2 )"2 5 sup Q)7 sup I(P)™* x
ToEQ PC3Q
3@ sup [|AEfllney)) e
i>0 klu|<2—1

+ Ol —xp| +277)7277 sup Q)™ sup I(P)™°||f|lop)
ToEQ PC3Q
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Thus, we have

sup 1(Q) ™ sup 1(P)*(D_(2"||f * $il o))/

T0€EQ PC3Q

>0
< Csup ((Q)7 sup I(P)™" x
20€Q PC3Q
(2@ sup [|AEfl]or) )
= kfu| <2
+ sup U(Q)™7 sup L(P)°||f]|Le(p)-
ToEQR PC3Q

This completes the proof of Theorem 6.1 (i). In the same way we can prove (ii).
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