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Abstract. The work is devoted to studying and solving some systems of nonlinear integral equations
with monotonous Hammerstein-Volterra integral operators. In specific cases of matrix kernels and
nonlinearities the specified systems have applications in various fields of mathematical physics and
mathematical biology. Firstly, a quasilinear system of integral equations on the whole axis with
monotonous nonlinearity will be investigated, and a constructive theorem of existence of a one-
parameter family of componentwise nonnegative (nontrivial) bounded solutions will be proved. Then,
the asymptotic behaviour of the constructed solutions will be studied at —oo. Then, using the
obtained results, a system of integral equations with two nonlinearities with different characteristics
will be investigated. Under certain limitations on the first nonlinearity we will prove the existence
of componentwise nonnegative and bounded solution for such systems. In addition, the limit of the
constructed solution at —oo will be calculated, and the asymptotics of the difference between the
limit and the solution will be established. At the end of this paper specific examples of matrix kernels
and nonlinearities will be given for the illustration of the obtained results.
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1 Introduction

In the present paper we study the following quasilinear and essentially nonlinear integral equations
with monotonous Hammerstein-Volterra operator on the whole axis R := (—o00, +00):

Z/ (2 O)LF5(8) + wis (b f5(0)}E, i = 1,2, m, @ € R, (1.1)

Z / (x, ){G;i(p;j(t)) +wij(t,pi(t)}dt, i=1,2,...,n, v €R, (1.2)

with respect to the unknown measurable on R vector-functions f(x) = (fi(z), ..., fo(x))" and @(z) =
(1(), ..., on(x))" respectively (T is the sign of transposition). In systems (1.1) and (1.2) the matrix
kernel K (z,t) = (K;;(z, t))".xn satisfies the following conditions:

a) Kij(z,t) >0, (z,t) e R*:=R xR, K;; € Loo(R?), 4,7 = 1,2, ...,n, where L. (R?) is the space
of all essentially bounded functions on the set R,
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nxn

b) there exists a symmetric matrix A = (a;;);;-, with positive elements a;; and with a unit

spectral radius such that

Z‘?

by) :
Yij(T) =ai; — / Kij(z,t)dt > 0, v;(x) #0, z € R,

lim ;(z) =0, i,7=1,2,....n,

T—r—00

bg) 0o
/Kij(x,t)dx <ay, teR, i,5=1,2,..n,
t
bg) 0
/(—x)%'j(f)dm < 400, i,j=1,2,..,n,

¢) there exists a number dy > 0 such that

gij = inf /Kij(x +y,z)dy >0, i,j=1,2,....,n.

z€(—00,0]
00

From the properties of the matrix A, by Perron’s theorem (see [12]), follows the existence of a vector
n=(n,....,n,)T with positive coordinates n;, i = 1,2, ...,n, such that

An =n. (1.3)

The nonlinearities {G(u)}7_, and {wi;(t, w)}; " satisfy the following conditions:

I) G, € C[0,+00), Gj(u) is a concave function on the set [0, +00), G;(0) =0, j =1,2,...,n,
II) G,(u) are increasing with respect to u on the set [0,+00), j =1,2,...,n,

II) there exists a number o > 0, such that G;(n;) = 7}, Gj(u) > u, u € [0,7;], where n; = an;,
j=1,2,..n,

A) wij(t,O) = 0, t e R, Z,] = 1727 o,

B) for every fixed t € R the functions w;;(t,u), 7, j = 1,2, ...,n monotonically increase with respect
to u on the set [0, +00),

C) there exist functions

Bij(t) == sup (wy(t,w)), 4,7 =1,2,...,n,
u€[0,400)

such that ;;(t), 7,7 = 1,2, ..., n are monotone nondecreasing with respect to ¢ on the set R and
satisfy the following inequality

Zﬁl](x) (a’ij o P)/U(m)) < 277]71](33)7 reR, i=12..n, (14)
j=1 j=1
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D) {wi;(t,u)}i 7 satisfy the Caratheodory condition with respect to the argument u on the set

R x [0, +00), i.e. for every fixed u € [0, +00) the functions {w;;(t, u)};'/Z; are measurable with
respect to ¢ on R and for almost every ¢ € R these functions are continuous with respect to u

on the set [0, 4+00).

The study of systems of nonlinear integral equations (1.1) and (1.2), besides purely mathematical
interest, has also an important interest in different applied problems of mathematical physics and
mathematical biology. In particular, for specific representations of matrix kernels {Kj;(w, )} "
and nonlinearities {G;(u)}}_; and {w;;(t,u)};'7"; such systems of nonlinear integral equations can
be found in the kinetic theory of gases, radiative transfer theory, Markovian processes and in the
mathematical theory of space-time epidemic spread (see [1]-[5], [10], [13], [14]).

In the case, when the kernels {Kj;(z,t)};;; depend on the difference of their arguments and
satisfy the supercritical condition (the spectral radius of the matrix A is greater than one) with
particular restrictions on the functions {wy;(t, u) };' ;" system (1.1) on (—oo, 0] (and the corresponding
system of nonlinear integral equations on [0, 4+00), whose right-hand-side integrals have limits from
x > 0 to +00) is studied in sufficient detail in the work [9]. In the present paper a one-parameter
family of positive summable and bounded on (—o0, 0] (on [0,400)) solutions is constructed and the
set of the corresponding parameters is described.

It should also be noted that in the case when Kj;(z,t) = Kyj(z —t), (z,t) € R?, 4,5 =1,2,...,n
the corresponding systems of convolution type nonlinear integral equations (NIE) (i.e. when the
integral in the right-hand sides of (1.1) and (1.2) has the limits from —oo to 4+00) were studied in
the works [6]-[8].

In the present paper under conditions a)—c), I) - IIT) and A) - D) we will deal with the problems of
existence of nonnegative (nontrivial) and bounded solutions of systems of nonlinear integral equations
(1.1) and (1.2) and also will study the asymptotic behaviour of the constructed solutions on —oo.
Firstly, a constructive theorem of existence of a one-parameter family of componentwise nonnegative
(nontrivial) and bounded solutions, which have finite limit values in —oo will be proved. Then, we
will prove the integrability on the set (—oo, 0] of the difference between the limit (at —oo) and the
constructed solution for every value of the corresponding parameter on the set (0, +00) (see Theorem
2.1). Owner furthermore, by using these results, we will construct componentwise nonnegative and
bounded on R solution ¢(z) = (©1(2), ..., on(z))" of system of nonlinear integral equations (1.2).
Additionally, we will prove the existence of
and that 7} —p; € Li1(—00,0), j = 1,2,...,n (see Theorem 3.1). At the end of the work we will provide
specific examples of matrix kernels { Ky;(x,t)};'7Z; and nonlinearities {G;(u)}j_;, {wi;(t, v)};' 2 that
satisfy all the conditions of the proved theorem. Note that a part of those examples have applied
character (they arise in specific problems of mathematical physics and biology).

2 One parameter family of solutions for system (1.1)

In the current section we will prove the following result for system of NIE (1.1):

Theorem 2.1. Under conditions a) - ¢) and A) - D) system of NIE (1.1) has a one-parameter
family of componentwise nonnegative (nontrivial) and bounded solutions f7(x) = (f7(x), ..., f2(x))",
v € (0,400), such that

lim f7(x) = n;y

T——00

and nyy — f; € L1(=00,0), j = 1,2,...,n, where 1 is defined by (1.3).
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Proof. Firstly, let us consider the first auxiliary system of linear nonhomogeneous Volterra type
integral equations:

j=1

—00

with respect to an unknown summable on R vector-function ¢ (x) = (¢(z), ..., ¢n(z))", where the
vector-function ¢(x) = (g1(z), ..., gn(x))" has the following structure:

gi(z) = Zﬁij(x) (aij — i (x)), i=1,2,...n, z € R. (2.2)

We introduce the following iterations for system (2.1):

W) =)+ Y [ Kyte.ou 0
j=1

—0o0

(2.3)
O@) =gi(x), 2R, i=1,2...n, m=0,1,...
By mathematical induction it is not hard to verify that

1) wl(m)(x) are measurableon R, i =1,2,...,n, m =0,1,2, ...,

2) w(m)(x) 1 with respect tom, i =1,2,...,n, x € R.

()

We will prove that

3) ™ (@) <n,m=0,1,2,...,i=1,2,...,n, z €R.

)

Indeed, estimate 3) for m = 0 directly follows from b,), (1.3) and (1.4):
er(O)(:C) = gz(»’l?) S Zﬁg%j(ilf) S Zaijnj =11, T € Ra 1= 1727 w1
j=1 j=1

Assume that 3) holds for some m € N. Then, with consideration of b;), (1.3), (1.4), a) and (2.2)
from (2.3) we get

P (@) <37 B(e) (g — @) + > m / Kij(x, )dt <
j=1 =l e

<Y oni (@) + )i (ay — (@) = Y aymy =m, i=1,2,..,n, x €R.
j=1 j=1 j=1
Now we will prove that

4) %(m) € L1<_0070>7 1=1,2,..,n,m=0,1,2,....

Indeed, in the case when m = 0 inclusion 4) follows from the definition of g;(x), ¢ = 1,2, ...,n, with
consideration of (1.4), conditions b;) and b3). Let wl(m) € Li(—00,0), i =1,2,...,n for some natural
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m. Then, considering (1.4), a), b), ¢) and (2.2), from (2.3) for every § < 0 by Fubini’s theorem (see
[11]) we have

n

UjWij(x)derZ/o/xK (a, )™ (t)dtdr =

(@]

IA
%\o
=

3
=
‘5:
S
(AN
%\o

J=1 =% Zw
n 0 n 0 ¢ n 0 =z
:an/%j(x)dx—l—Z/ / Kij(x,t)¢(m)(t)dtdx+Z//Km@,t)lb (t)dtdx <
Jj=1 =1y 5 =1 S
n y n 0 0 n 9
<> /%J(x)d:z:JrZ/wjm)( )/Kw x,t) dxdt+2/¢§m / Kij(x, t)dadt <
=1 =1 5 s
<> /%J(ﬂv)da:—l—Zaij/wj(m)(t)dt<+oo
=1 =1

By passing to the limit as 6 — —oo, we conclude that @/JZ-(WH) € Li(—00,0). Now let t < 0 be
an arbitrary number. We multiply both sides of (2.3) by 7;, i = 1,2,...,n and taking into account
conditions a), b), ¢), (1.4) and also the proven inclusions 1)-4), we integrate both sides of the obtained
equality by x € (—o0,t], then we add the equations for i = 1,2,...,n. As a result we obtain

t
> / " (z)de <
=1

n

<ZmZ%/%y daf+ZmZ// ) () dyde =

= “o

0

_ZmZ%/%y d$+ZmZ// (z, 2+ 7) ¢(m+1 (x + 7)drdr =

= “o

_anznj/,y” dx+z7712/ /Kz] x, $+T ¢(m+1 ($+T)dIdT—

J= 1—OO — 00

-0y t

—ZmZm/% dx+z7]12/ /sz (x, 47T w(mH (z 4+ 7)dxdr+

+Z7h2//fﬂjx1‘+r m+1(x+7’)dxd7_

= 1760 —00

—do t+71

—ZmZm / i dx+ZmZ / / Kij(z — 7, 200" (2)dzdr+

—00 jlfoooo
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0 t+7

+Z7712/ /KU 7, 2)p" ) (2)dzdr <
i=1 = 1760 —00
—80 t—3o
<Z771277] /%] dx—i—Z??zZ/ / Kij(z — T,z)wj(-mﬂ)(z)dsz—i-
+Zmz / / A" (2)dzdr =
= i= 1—50 —00
t—380 t—0p
- anz% /%] dIJerZ / / @/J(m—H( YdzdT+
- —60 t—0 e

+Zmz / / )™ (2)dzdr +

- ]1t§0—

—i-zniz/1/J§m+1)(z)/Kij(z—T,z)deZ—
=1 j:1_oo

—5o

t—d0 t—do
= Z i Z ) / vij () dx + Z i Z / P (2 / z)drdz+
7 t—do 0—050

n

+ Z m Z / P / 2)drdz+

t—do

+Zmz / P (e / 2)drdz —
—00 —do
t—5o —50

_anznj/’}/z] da;_i_anZ/wm—l-l) /KU deZ—|—

+an2/¢(m+l /Kw z)drdz =

760
t—do 0

—ZmZm/% dx+ZmZ/wm“) / 2)drdz+

+Z7712/¢m+1) /KU z)drdz =

- = 1t ) —do

t—do

—ZmZm/% daz+ZmZ/me / 2)dydz+
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z+do
+Z?7@Z/wm“ / Kij(y, 2)dydz <
=1 = 1t %) z

t—dg

<Zn22m/%y dx+ZmZaw/¢m+l )dz+

z+0o
+ZmZ/w(mH / Kij(y, z)dydz =
i=1 = 1t d0 z

n t=% n
= Z 7i Z Ui / Vi () dx + Z / iﬁj(-MH)(Z)dZ Z AN+
j=1 i=1

—00 T -

n n z+do
+Zmz / (2 / Ky, 2)dydz =
t do
n t—do
_Zmzm/% dx+217j/¢](m+l)(z)dz+
—00 J=1 —o0
Z+5O
+ZmZ/¢m+” /K” y, 2)dydz,
=1 J= lt )

from which it follows that

an /merl d2<z771277j/7u dx+

- t—¥do —
Z+50
m+1
+ZmZ / " / 2)dyds.
= J= 1t )
Observe that
2460 0 z+00

Qi5 — / Kl](yaz)dyZ/Km(yaz)dy_ / K

= / Kij(y, z)dy = /Kij(z +u, z)du > ¢;; for 2 <0, 4,5 =1,2,...,n
Z+50 60

41

(2.4)

(2.5)
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Considering (2.4) and (2.5), we obtain

Zm / P (e

- t—do

< 2771277] /’ng d$+z / merl )(Zlaﬂﬂl—;&“”ﬁl> dz =

ZZmZﬁj/%g d90+277]/¢(m+1 Zzgzﬂh/#}m“
=1 j=1 =1 s =1 j=1 t—o

which is the same as
33 e [ e >a2n / 25)
7j=1 =1 250

Let p < 0 be an arbitrary number. We integrate both sides of (2.6) with respect to ¢ from p to 0.
Then, according to by), bs) and Fubini’s theorem from (2.6) we obtain

0<Zzezmz//¢m“ dzdt<zmznj//% )dzdt =

Jj=1 i=1

p t—do —00 —00 (2 7)
—Zerb / z)7vi(x)dr < 400.
By passing to the limit as p — —oco, we obtain
03 e / / WG < Y / ) ()i
j=1 =1 —o0 t—04g —00
or
0<Zzszmz//¢m“)t+7d7dt<
7j=1 =1 “o0 —6o
(2.8)
<anznj/ z)vi(x)dr < 400, m=0,1,2,....

— 00

By changing the order of integration in (2.8), we have

0<Zz%m//w(m“ (t + 7)dtdr <

7=1 =1 50 —

<Z7hz77]/ z)yii(x)de, m=0,1,2, ...,

— 00
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from which it follows that

0 —do
O<ZZ£M/ /wmﬂ )dydr <
7j=1 =1 5 —o0
<o [ Comtartn, =05,
or
3o
0<2251J772/¢m+1) )dy <
7j=1 =1
(S_ZT}Z Zn]/ 7’] )dl‘, m = 071727'-' .
Due to 1)-3) we have
0
0< /%(-m“)(y)dy <o, j=1,2,...,m, m=0,1,2, ... (2.10)
—5o

We denote

(= min Zewm (2.11)

1<5<n 4

Then, from (2.9), in particular, it follows that

5
0< / w§m+1 )dy < — ZnZZT]] / x)7,i(x)dz, 519
0 =1 =1 ( : )

m=0,1,2,..., 7=1,2,...,n.

Therefore, inequalities (2.10) and (2.12) entail the following two-sided estimate

0
0< /wf»m“)(y)dy < (max m)d + — ZmZm / z)ij(@)de < +oo, (213

—0o0

j=12,..,n, m=0,1,2,...

From 1)-4) and (2.11) it follows that the sequence of measurable on R vector-functions (™ (z) =

T
(¢§m)(x), s zﬂ,(lm)(x)) ,m=0,1,2,... has a pointwise limit when m — oo:

lim "™ (2) = ¥(x),

m—r0o0

additionally, the limit vector-function ¢ (x) = (¢1(z), ..., n(z))" according to B. Levi’s theorem (see
[11]) satisfies system (2.1). Once again using 1)-4) and (2.11), we can state that

gi(z) <i(x) <my, z€R, i=1,2,...,n, (2.14)
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0
0< / (x)dr < 1r£1]a<>%173 )0 + — an Zn] / x)vii(z)dx < 400, (2.15)

—0oQ
1=1,2,....
We now consider the second auxiliary linear nonhomogeneous system of integral equations on R:

xT
n

@) =g+ / Ky, 05 (0)dt, xR, i =1,2,...m (2.16)

i=1_"

with respect to the unknown vector function 1*(z) = (% (x), ..., *(z))", where
=Y mve), i=1,2,..n, z€R, (2.17)

Repeating the same reasoning as for system (2.1), wherein taking v;(x), i = 1,2, ..., n as the zero ap-
proximation, we can prove that system of integral equations (2.16) has a componentwise nonnegative
and bounded solution ¢*(z) = (¥ (z), ...,¢* ()", and, besides that

gi(x) <i(x) <Pf(x)<my, R, i=1,2, ... (2.18)
0

0< /wj(a:)das < (1r£1a<x nj)00 + — 3 ZmZm / x)vi;(z)dr < 400, (2.19)

—00

i=1,2,....

On the other hand, note that system of integral equations (2.16) also has a trivial solution n =
(1, -, 7). Indeed, considering by), (2.17) and (1.3), we obtain

gi(@) +> / Kij(a, t)dt = " njlas; —vi;(x)) + Y njvig(®) = D aggny = i,
=1 j=1 j=1 j=1
1=1,2,...,n.
From (2.18) and (2.19) it follows that ¢} (x) Z n;, x € R, i = 1,2, ...,n. Therefore,
O;(x):=m — i (x) >0, D;(x) #£0, xR, i=1,2,...,n

and also satisfies the homogeneous system of integral equations

Z/Kuxt tydt, teR, i=1,2,...,n (2.20)

J=1_"
We now prove that there exists

lim ®;(x)=mn;, i=1,2,...,n

T—r—00
Indeed, for negative values of x from (2.16) due to a) and b;) we conclude that

n

0<v¢i(zx) < Z%%J Z sup (K (x,t))- / Yi(t)dt — 0, when x — —oo0,

=1 (z,t)ER?
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from which we obtain that there exists lim ¢(z) = 0, i = 1,2,...,n. Therefore, there exists
T——00

lim ®;(z) =n;, i = 1,2,...,n. Since ¥} € L1(—00,0), i = 1,2,...,n, hence n; — ®; € Li(—00,0),

Tr—r—00

1=1,2,...,n

Finally, we consider the following family of successive approximations for the system (1.1):

(m+1 Z / KZ] x,t) {fjw (t )+ww(t f] ( )t

(2.21)
(0) _ _ C
firy (x) =7®i(z), m=0,1,2,.., i=1,2,...,n, € R,
where v € (0,+00) is an arbitrary parameter.
By using mathematical induction it is not hard to verify that for every v € (0, +00)
) fZ(T)(a:) are measurable on R, 1 =1,2,...n, m=0,1,2, ..., (2.22)
[) fl(7 (x) 1 with respect tom, i =1,2,....n, z € R. (2.23)
We will now prove that
I'3) F(@) < 4®i(x) + i), i =1,2,...,n, z € R. (2.24)

For m = 0 the given inequality directly follows from the definition of the zero approximation with
consideration of nonnegativity of the functions {¢;(x)}", on R. Assume that (2.24) holds for some
m € N. Then, taking into account (2.1), (2.20) and A)-C), from (2.21) we get

1760 < 3 [ Kule D00+ 050+t (0 + w0 <

<72/ dt+Z/ (@, )t dt+2/ (1) B (t)dt <

< y®i(w +Z/ (2, t);(t) dt+Zﬁu Naiz —7ij(x)) = 7@i(x) + i),
- i=1.2 .0 zcR.
Let us prove that
['y) If 71,72 € (0, +00) are arbitrary parameters and ; > 72, then

F (@) — f7(@) > (1 —72)@il2), v €R, i=1,2,..,n, m=0,1,2, . (2.25)

3,72

Indeed, in the case of m = 0 inequalities (2.25) are transformed to equalities by the definition of the
zero approximation in iterations (2.21). Let (2.25) hold for some natural m. Then, from (2.21) due
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to conditions B) and (2.20) we will obtain

Fr (@) — f ) (z) =
=> / Kij(, )L £ () — £ (1) + wi(t, £7) (1) — wig(t, £12) (1) bt >

n

(M — Z/ (2, )){ D5 (1) + wig(t, 170 (1) + (1 — 72)@5(t)) — wis(t, £ (t))}dt >

J=1_"5

(n = Z/Kw 2, 0)®;(t)dt = (11 — ) ®i(x), i = 1,2, ..., z €R.

So, from F) - I'y) it follows that the sequence of measurable vector functions f7 ( ) =
(fl(fz)(g;), ,fn J(g:))T, m = 0,1,2,..., for every 7 € (0,400) has a pointwise limit when m — oo:

lim £ (z) = f(z) = (f)(2), ..., f1(z))T, moreover,

m—r0o0
v®;(x) < fj(x) < 7®i(x) + ¢i(x), 1 =1,2,...n, z €R, (2.26)
[t (@) = f2(x) > (n —72)®5(2), =1,2,...,n, z €R, (2.27)
where 71,7 € (0,+00), 71 > 72 are arbitrary parameters. Considering conditions D), b) according
to B. Levi’s theorem for every v € (0, 400) the vector function f¥(z) = (f{(z),..., f7(z)) satisfies

system of NIE (1.1).
Since lim ¢f(x) =0,i=1,2,...,n, from (2.18) it follows that

T——00
lim () =0, i =12, ..,n (2.28)
Tr——00
From (2.15), (2.26) and (2.28) directly follows that
lim {f](x) —y®;(z)} =0, i =1,2,...,n,7 € (0,400), (2.29)
Tr——00
0< f1 —4®; € Li(—00,0), i =1,2,...n, 7 € (0, +00). (2.30)

Since hm (m; — ®i(x)) = 0,9, —P; € L1(—00,0),i =1,2,...,n, hence there exists lim f;(x) = yn,,
r—r—

r—r—00
and from the estimate

0 < |ymi — fi (@) < v(mi — Qi) + fi'(x) — v®i(x) € Li(—00,0), i =1,2,...,n
it follows that yn; — f; € L1(—00,0), i =1,2,....,n, v € (0, +00). H

3 Solvability of system of NIE (1.2). Examples

In the current section with the use of the results of Theorem 2.1 and some geometrical inequalities
for concave functions, we will deal with the problem of solvability for system of NIE (1.2).

Theorem 3.1. Under conditions a) - ¢), 1) - III) and A) - D) system of NIE (1.2) has componentwise
nonnegative (nontrivial) and bounded on R solution p(z) = (p1(x), ..., 0n(2))T, such that

lim @;(r) = n;

T—r—00

and 7 — ¢; € L1(=00,0), j = 1,2,...,n where nx is defined in III).
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*

Proof. Due to Theorem 2.1 for the number 7* = a corresponds a solution f7 (z) =
(f{ (2), ..., £ (z))T of system (1.1) with the properties

ad;(x) < fj(x) <a®j(x)+v¢(x), j=1,2,...n, v €R,, (3.1)
xgmoo fﬂ’ () =a-n;=n;, nj — ff € Li(—00,0), j=1,2,...,n. (3.2)

Consider the following iterations for system (1.2):

) =3 [ eI 0 5 0

gpl- (m) = 7 (x), m=0,1,2,..., i=1,2,...,n, z € R.
Using I), II), B), D) and a) with induction on m it is easy to check that

Ey) gogm) (x) are measurable with respect to z on R, m =0,1,2,...;i=1,2,...,n,

E») gogm)(x) 1 with respect tom, v € R, i =1,2,...,n
Below we will prove that

E3) goqm)(x) <nf+i(z),reR m=0,1,2,...,i=1,2,....,n.

2

In the case when m = 0 inequalities E3) directly folow from (3.1) and III), by taking into account
the estimates ®;(x) < n;, i = 1,2,...,n, * € R. Assume that Fj3) holds for some natural m. Then,
using the following inequalities

(which follow from the concaveness of the functions {G;(u)}”

"1 (see Fig. 1.)), and also C), III), II),
(1.3), (2.1) and (2.14), from (3.3) we have

o™ () < Z/ (2, ){G(n; +0;(t)) + wi(t,m; + (1)) pdt <

J=1_"5

<Z/K”xt () + By (0) dt<2m as; = (@)

J=1_"

+Z/ @t dt+ gi(x) <t +bi(x), i =1,2,..n, v €R.

J=1_"
So, from E))-E3) we conclude that the sequence of measurable vector functions o™ (z) =
™ (@), ..., 8™ (@)T, m = 0,1,2, ... has a pointwise limit when m — co: lim o™ (z) = ¢(z) =

m—00
(o1(2), ..., on(x))T, moreover,
(ac) < i(z) <nl +¢i(x), i=1,2,..,n, x €R. (3.4)

Using conditions I) and D) due to B. Levi’s theorem we obtain that ¢(z) = (p1(x), ..., o,(2))T is a
solution to system of NIE (1.2). From (3.4), (3.2), (2.15) and (2.28) it follows that hm wi(x) =n}

and 7 — ¢; € L1(—00,0),i=1,2,...,n. 0
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Y

6 < 45°, hence

(z, u+mn7s)
u+1

4 =1,2,.... 1.

tgf = ——1= < 1 = tg45°,
G+ 1))

*

1;

Figure 1:

At the end we will present specific examples of monotonous kernels {Kj;(z,?)}; ", and non-
linearities {G(u)}j_;, {wi;(t,u)};;, that satisfy the conditions of the proven Theorems 2.1 and

4,7=1
3.1.
Firstly, we will give examples of matrix kernels {Ki;(z,?)};;". Let functions {\;(z)};72; be

defined and continuous on the set R and satisfy the following conditions

Fl) 0< Pij = IIIIE)\U(?L’) < )\Z](I) <1, /\U(ZL‘) §é 1, z € R, Z,] =1,2,...n

Te
Fy) lim Aj(z) =1, (1 — M\j(2)) € Ly(=00,0), 4,5 = 1,2, ..., n.
Tr——00

Also, let functions {Km (z)}i72) be continuous on R and satisfy the following conditions:

Hy) Kij(z) >0, z € R, Ki;(—t) = Ki;(t), t >0, i,j=1,2,....n,

Hy) Kij € Loo(R), aij = fK” )z, i,j=1,2,.
Then we can choose the following classes of matrix functions as matrix kernels { Kj;(z, )},

W) Kij(x,t) = N\ij(2) - Kij(z —t), (z,t) € R%, 0,5 =1,2,...,n,
Wy) Kyj(x,t) = 280826@ e ) (1) € R?, 0,5 = 1,2,...,n,

Wa) Kij(x,t) = \ij(x+1) - Kij(z — 1), (z,t) €R% 4,5 =1,2,...,n

?

Let us take a look at example W3). Condition a) directly follows from Fy) and H,), Hy). We will
now verify condition b). We have

T

%j(af)Zaij—/Au(:cH) i(z —t)dt > a;; — /KW t)dt =0,i,7 =1,2,...,n,7 € R.

—0o0
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On the other hand, considering equations Hs), F3), Fy) and H;), we obtain

/0 (—z)yi;(x)dx = /0 (—z) / (1= Nij(z + ) Ky (z — t)dtde =
= /0(—90) 7(1 — \ij(22 — ) K (y)dyda = 7f<z'j(y) /O(—x)(l — Xij (22 — y))drdy =
-1 7 Kis(0) / (F572) (= astonaray < 7 ki) / (—t ) (1= Ay (0)dbdy <

—00

Now, let us verify that lim ~;;(z) =0, 4,5 = 1,2,...,n. Due to conditions a), Fy), and Fy), H»)
Tr—r—00

we have

0 < () = / KZ](CL’ —t)(1 = Nj(x+1t)dt <M /(1 — Nj(z+1t))dt =

2x
=M /(1 — Xij(y))dy — 0, when z — —oo, where M := max (sup Kz](T))
156550 rely

Finally, let us verify condition ¢). Due to F}) and Hs) we obtain

)

do
i,j=1,2,...,n, x € R.

do
Therefore €;; > pij - ai; > 0,4,5 = 1,2,...,n. Let us now give examples of nonlinearities {G;(u)}}_,

nxn

and {wi; (u) 17725
Examples of {G(u)}}_;:

;1
Q1) Gj(u) = ('r];)p” Yu, j=1,2,...,n, where p > 2 is a natural number, u € [0, +00),

*

Q2) Gj(u) = Jﬁ (1 — e’“) ,7=1,2,...n, u€|0,+00),
p—1 7’]*
J =1,2,...,n, u € [0,+00).

Qu) Gyt = 5 (V)™ + - (1= ) =1

Examples of {wi;(t, )} 2

Vvl) wij(t,u) = ﬁ”@)(l — e*"),u S [0, —I—OO), t e R,i,j = ]_,2, ., n,

‘/2) wij(t,u) = B@](t>uL+17 U € [0,+OO), t e R, Z,j = 1,2, S n,
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VES) Wij(tau) = Bz](t) ) th(u)a u € [0,+OO), te R, Z?] = 1727 ey T

where
e —e ¥

et +e v’
Note that in all examples V;) — V3) it is assumed that §;; € C(R), 4,5 = 1,2,...,n. Let us
verify conditions I)-III) on the example Q). Firstly, it is obvious that G; € C[0, +00), G;(0) = 0,

th(u) =

j=1,2,...,n. Since G(u) = - 77]'_,7%5 e " <0, u€l0,400), j =1,2,...,n, therefore, the functions
—e 17
{G;(u)}y_, are concave. G'(u) = 177—3_,7 e >0,u€0,400), j =1,2,..,n, G;j(u) T with respect
—e

to u on [0,4+00), j = 1,2,...,n. Obviously, G;(n;) = n;, j = 1,2,...,n. It remains to show that
Gj(u) > u, u € [0,77], j =1,2,...,n. Let us consider the following functions on the segment [0, 17]:

X;(u) = 77—37(1 —e Y)Y —u, uel0,ni], j=1,2,...n.
1—e™ /
Note that x;(0) =0, x;(n;) =0, x(u) = - n;'_,ﬁ e~ <0,j=1,2,..,n. Therefore y;(u) >0, u e
—e 1J

0,75], 7=1,2,...,n.
Let us now verify the conditions A) - D) for the example V3). Firstly, it is obvious that w;;(t,0) =
0, teR, 7,7 =1,2,...,n. Since

8wij (t, U)

ou :ﬂl](t) >0, u € [O,+OO), teR, i,5=1,2,...,n,

CES)E
w;j(t,u) T with respect to u on the set [0, +00), 4,5 = 1,2,...,n. From the representation of V3) it
follows that
sSup (w1]<t7u)) = Blj(t)7 te Rv 7‘7.] = 1727 ooy T
u€[0,400)

For the rest of examples (1), @3), V1) and V5) the verification of the corresponding conditions is
made similarly. )

For the sake of completeness, let us also give specific examples of { Ki;(x)}i' %, {Ai;(2)}i 72 and

» i,5=1>
{/Bw(f) ?,j:nl'
Examples of {Km(x) AT
T)) Ki(z) = %e*xz‘, z€R, i,j=1,2..,n,
. b
Ty) Kij(z) = [e 15doy;(s), 2 €R, i,7,=1,2,...,n,

where 0;;(s), 4,7 = 1,2,...,n are nondecreasing and continuous functions on the set [a,b), 0 < a <
b < 400, moreover,

b
1
/—dO'ij<S) = Qy4j5, ’L,j = 1,2, .
S

nxn
i,j=1"

Examples of {\;;(z)

e’, <0

S1) Nij(x) =1—(1—pi;)D(z), x € R, 1,7 =1,2,....,n, where D(x) := :
1, x>0

(1= pij)

S2) Aylw) =1 - =

(th(z)+1), z€R, i,j=1,2,....,n.
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Examples of {3;;(z)};72;:

J1) Bij(x) = E%j(x), reR, i,j=1,2,...,n, given that v;;(z) T with respect to
CLZ'j
rxonR, 4,7 =1,2,....n,

N

3 reR, i,j=1,2,..,n, given that v;;(z) T with respect
toronR, 7,7 =1,2,..

Let us take a look at example Jp). First of all let us give examples of functions {;;(z)}}';-; that
satisfy the condition in J5). For example in the case of W;) the functions v;;(z) allow the following
representation:

vij(x / (2 —1)(1—Nj(x)dt = a;;(1 — N\jj(x)), x€R, 4,5=1,2,....n

Note that in examples S;) and S3) the functions (1 — A;;(z)), 4,5 = 1,2,...,n are increasing on
R. Therefore, if as a A\;;(z), 4,5 = 1,2,...,n we choose examples S;) and S;) we will obtain the
monotonicity of the functions {7;;(x)}7,-; on the set R. But in that case the functions {3;;(z)}; ", in
examples .J5) also will be nondecreasing on the set R. For example .J,) inequality (1.4) is automatically
satisfied. The corresponding conditions on the functions {f;;(x)}; 7} for example .J;) are verified
similarly.

It is interesting to note, that the problem of uniqueness of the solution for system (1.2) in conical
segments {[0, 77]}7_, still remains open. For system (1.1) the uniqueness of the solution (in the class
of bounded on R vector-functions) fails, since, according to the results of Theorem 2.1, system (1.1)

has a one-parameter family of nonnegative (nontrivial) and bounded (on R) solutions.
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