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1 Introduction and terminology

Modules are the natural generalizations of abelian groups. Among many generalizations of torsion
abelian groups the notion of TTAG-modules and its related properties have attracted considerable
attention since 1976 (see, for example, [1, 19]). Following [17], a module Mp, is called a T"AG-module
if it satisfies the following two conditions.

(I) Every finitely generated submodule of any homomorphic image of M is a direct sum of uniserial
modules.

(11) Given any two uniserial submodules U and V' of a homomorphic image of M, for any submodule
W of U, any non-zero homomorphism f : W — V can be extended to a homomorphism
g : U — V, provided the composition length d(U/W) < d(V/f(W)).

A module Mpg satisfying only condition () is called a QT AG-module (see [18]). This is a very
fascinating structure that has been the subject of research of many authors. They studied different
notions and structures of QT AG-modules and developed the theory of these modules by introducing
several notions, investigated some interesting properties and characterized different submodules of
QT AG-modules. Not surprisingly, many of the developments parallel the earlier development of the
structure of torsion abelian groups. The present work translates a few of the ideas of the abelian
p-groups over to the area of QT AG-modules and certainly contributes to the overall knowledge of
the structure of QT AG-modules.

Throughout our discussion all the rings R here are associative with unity (1 # 0) and modules
M are unital QT AG-modules. A module M over a ring R is called uniserial if it has a unique
decomposition series of finite length. A module M is called uniform if intersection of any two of
its non-zero submodules is non-zero. An element x in M is called uniform if xR is a non-zero
uniform (hence uniserial) module. For any module M with a unique decomposition series, d(M)
denotes its decomposition length. For any uniform element x of M, its exponent e(x) is defined
to be equal to the decomposition length d(zR). For any 0 # = € M, Hy(z) (the height of x
in M) is defined by Hy(x) = sup{d(yR/zR) : y € M, = € yR and y uniform}. For k > 0,
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Hi (M) ={x € M| Hy(z) > k} denotes the submodule of M generated by the elements of height at
least k and for some submodule N of M, H*(M) = {z € M| d(zR/(zRNN)) < k} is the submodule
of M generated by the elements of exponents at most k.

Let us denote by M?!, the submodule of M, containing uniform elements of infinite height. The
module M is h-divisible if M = M' = N°, Hy(M). The module M is h-reduced if it does not
contain any h-divisible submodule. In other words, it is free from the elements of infinite height.
The module M is said to be bounded [17], if there exists an integer k such that Hy(x) < k for every
uniform element x € M. A submodule N of M is h-pure [10] in M if NN H(M) = Hy(N), for every
integer k£ > 0.

For a QT AG-module M and an ordinal a, H,(M) is defined as H,(M) = Ng<oHzg(M). For an
ordinal «, a submodule N of M is said to be a-pure, if Hz(M) NN = Hg(N) for all 5 < « and a
submodule N of M is said to be isotype in M, if it is a-pure for every ordinal « [15]|. For an ordinal
a, a submodule N C M is an a-high submodule [14] of M if N is maximal among the submodules
of M that intersect H, (M) trivially.

A submodule N C M is nice [12] in M, if H,(M/N) = (H,(M) + N)/N for all ordinals a, i.e.
every coset of M modulo N may be represented by an element of the same height. The sum of all
simple submodules of M is called the socle of M and is denoted by Soc(M). The cardinality of the
minimal generating set of M is denoted by g(M). For all ordinals a, fus() is the o*-Ulm invariant

of M and it is equal to g(Soc(Hu(M))/Soc(Hat1(M))).

The major aim here is to extend Theorem 1 from [8] to two important classes of QT AG-modules
the first one the class of summable modules, whereas the second one the class of a-modules, where
« is a limit ordinal. The work is organized thus: in the first section, i.e. here, we have studied the
basic notation as well as the terminology necessary for applicable purposes. In the second section, we
proceed by proving the preliminary results, and in the third one we obtain a new simplified but more
convenient for us major result, when a countable number of A-pure submodules can be a countable
number of isotype submodules that seem to be interesting. In the fourth section, several applications
of Theorem 3.1 in terms of total projectivity are provided which are of some importance.

It is interesting to note that almost all the results which hold for TAG-modules are also valid for
QT AG-modules [15]. Many results, stated in the present paper, are clearly generalizations from the
papers [7, 8, 9]. For the better understanding of the mentioned topic here one must go through the
papers [2, 3]. Most of our notations and terminology will be standard being in agreement with [4]
and [5].

2 Preliminary results
We begin by defining a pu-module.

Definition 1. Let p be a cardinal. We say that a QT AG-module M is a p-module if M has
cardinality p and each submodule of M having cardinality less than p is a direct sum of uniserial
modules.

The question whether all y-modules are direct sums of uniserial modules, has a significance in the
theory of QT AG-modules. For every infinite cardinal y there exists a y-module that is a direct sum
of uniserial modules with © > N, and £ > 0. We conjecture that the problem has a negative answer
in general, but nevertheless we shall inspect in the sequel its validity for a finite cardinal p. This
follows immediately from the well-known structure of finitely generated QT AG-modules. However,
we now have the following result.
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Theorem 2.1. Suppose that M is a QT AG-module and w is a first limit ordinal. If M is an
N, -module, then M s a direct sum of uniserial modules.

Proof. Let M be a QT AG-module of cardinality X, such that each submodule of M having cardinality
less than N, is a direct sum of uniserial modules. Since any infinite submodule can be imbedded in
an h-pure submodule of the same cardinality, it easily follows that M is the union of an ascending
chain of h-pure submodules Sy of M such that ¢g(S) = Ny for 0 < k < w. For each k < w,
consider S, = Y;cr, z; R and let a denote the smallest ordinal having cardinality X,,. Then there exist
submodules Ng of M, for 8 < «, such that

(1) Ny = 0.

)
) Ng + Sy, is h-pure in M for each § < a and k < w.

) Nsi1 2 N for each 5 such that 41 < a.

) Nsi1/Nps is countably generated for each 5 such that §+ 1 < a.

) Ng N Sy = Yiep, ;2R for B < o and k < w, where I, 5 is a subset of I

) N, = Ug<yNp if 7y is a limit ordinal less than a.

) M = UgoNp.

Let A < a, and suppose that a submodule Nz of M with S < A such that conditions (1) — (7)
hold when « is replaced by A. After this, let us assume that a submodule Ny of M satisfying these
conditions also. Then we have two cases to consider:

Case (i). A is a limit ordinal. In this case, let us consider Ny = Ug<)\Ng. Since Ny is h-pure for
each § < A, so that IV, is h-pure in M. This, in tern, implies that Ny + Sk is h-pure in M. Thus, we
see that condition (6) from definition of N, is satisfied. Now, we set I; x = Ug<rI g for each k, then
it is easy to verify that Ny NSy = Yicy, ,x;:R. Henceforth, all the conditions (1) — (7) are satisfied
for § < A

Case (ii). A — 1 exists. Consider the submodule Ny of M such that N, is a countably generated
extension of N,_; and
(2%) Ny is h-pure in M.

(3T) Ny + Sk is h-pure in M for each k < w.
(6) NaN Sk = Xieq, ,x:R for each k, where Ij  is a subset of I;.

Let P be any submodule of M containing N,_;. If P/N,_; is countably generated, there exists a
submodule @ of M containing P with g(Q/Nx_1) < X such that Q/N,_; is h-pure in M/N,_; and
[(Q/Na-1) + (Sk + Na-1)/Na-1]/[(Sk + Nx-1)/Na-1] is h-pure in (M/Nx-1)/[(S; + Na-1)/Nx-1] for
each k < w. From the h-purity of Ny_; and S, + Ny_1, we get that Q + S, = Q + S, + Ny_1 is an
h-pure submodule of M. Next, let J;, be a countably generated extension of the subset Ij y_; such
that Q@ N Sy = Xy, x;R. It follows that there is an ascending chain

QCQRiC@QC--CQC...

of h-pure submodules of M such that @); is countably generated and Q); + Sk is h-pure in M for all
t,k < w. Letting Q; N Sy C Xiey, xR, where Ji; is a countably generated extension of the subset
Iy n—1 of Iy such that Qi1 2 Xiey, @i R for all k. Define Ny = U;,Q; and we set [j, x = U Ji s,
then Ny N Sy = Yier, ,z:R. Thus, all conditions (1) — (7) are satisfied for 3 < A.

In addition, if the index set Ij is chosen to be the set of ordinals less than N, then we can easily
continue along condition (8) that 8 € I s for all k < w provided that 5 € Ij.

In order to show that M is a direct sum of uniserial modules, it remains only to show that Ng
is a direct sum of Ngyq for each § < a. Since Nz is h-pure and Ngi1/Nj is countably generated,
it is enough to show that H,(Ng;1/Ng) = 0. Suppose that y + Ng € H,,(Ngy1/Ng) C H,(M/Npg).
Since Ng + Sj is h-pure in M, then y + N3 € H,((Ns + Sk)/Ns) where y € Sj for some k. In
this connection, observe that H,((Ng + Sk)/Nsg) = 0. This completes the argument showing that
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(Ng + Sk)/Ng = S /(Ng N Sk) is a direct sum of uniserial modules. Setting Ngi1 = Ng + Qp, we
obtain that M = ¥3.,Q3, and the theorem is proved. O

The same idea is applicable even to QT'AG-modules having cardinality Nz, where g is cofinal
with w. So, we state without proof the following direct corollary.

Theorem 2.2. If a QT AG-module M has cardinality g where [ is cofinal with w, then M is a
direct sum of uniserial modules provided each submodule of M having cardinality less than Ng is a
direct sum of uniserial modules.

For freely use in the sequel, we obtain the following

Theorem 2.3. Suppose that a QT AG-module M is a set-theoretic union of a countable number of
h-pure submodules Sy for each k. If Sy is a direct sum of uniserial modules, then so is M.

Proof. By appealing to the same reasoning as in Theorem 2.1, one may infer that the assertion
follows. O

Now, we proceed by proving

Corollary 2.1. Let S be a submodule of a QT AG-module M such that M is a direct sum of uniserial
modules. Then S is a direct sum of uniserial modules.

Proof. Suppose that M is a union of an ascending chain of A-pure submodules Sy such that Sy
is bounded. Choose P, = S N S, for each k. Let ), 2 P, be maximal in S with respect to
Qr N Hp(S) = 0. It is easy to see that Qy is h-pure in S. Therefore, since @) is bounded, we get
that Qi is a direct sum of uniserial modules. Since Q) O Py, it follows immediately that S is a
set-theoretic union of its submodules ). Henceforth, according to Theorem 2.3, S is a direct sum
of uniserial modules, as required. O]

3 Main results

In Section 2, we have shown that if a QT AG-module M is the set-theoretic union of a countable
number of h-pure submodules Sy, then M is a direct sum of uniserial modules if Sy, is a direct sum of
uniserial modules for each k. In the present section, we generalize this result by proving that if the
submodules S are isotype then M must be totally projective provided that S is totally projective
of countable length for each k. In particular, an ascending chain of isotype and totally projective
submodules of countable length leads to a totally projective module.

Recall from [11] that an h-reduced QT AG-module M is said to be totally projective if it possesses
a collection A consisting of nice submodules of M such that (i) 0 € N (i7) if {N;}ses is any subset of
N, then X;c;N; € N (iii) given any N € N and any countable subset X of M, there exists K € N
containing N U X, such that K/N is countably generated. Call a collection N of nice submodules
of M which satisfies conditions (i), (#4) and (éi7) a nice system for M. It is well-known that any
countably generated h-reduced QT AG-module is totally projective by induction on the length of
M. Thus the direct sum of any number of countably generated h-reduced QT AG-modules is totally
projective.

Before presenting our main attainment, we prove the following working lemma.

Lemma 3.1. Let o be an arbitrary ordinal and M a QT AG-module of countable length. Suppose
that
0=NgC N CN,C---CNgC ..., B<«
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18 a chain of nice submodules of M satisfying the following conditions:
(a) Ngt1/Ng is countably generated.
(b) N, = Ug<yNg where 7y is a limit.
(C) M = U,B<aNB-
Then M is totally projective.

Proof. Let pu be the first uncountable ordinal such that o < p. Therefore, M satisfies a nice system
of countability. In fact, for an arbitrary «, it is not evident that conditions (a) — (¢) imply a nice
system of countability.

By hypothesis, M embeds as an isotype submodule of a totally projective module, for a height-
preserving monomorphism from Ng to Ngii. Since the length of M is countable, M itself is totally
projective and hence the result follows. O]

The main result is now the following.

Theorem 3.1. Let a QT AG-module M be a set-theoretic union of a countable number of isotype
submodules Sy. If Sy is totally projective of countable length for each k, then M 1is totally projective.

Proof. First we note that M has countable length. Let us assume that length of M = n and let
the submodules S be indexed by the nonnegative integers. For k < w, let Sy = 2,1, T; where T; is
countably generated for each i. Suppose that

O:N0§N1§N2§§N5§,6<)\

is a chain of submodules of M satisfying the following conditions:

(a) Ngy1/Ng is countably generated.

(b) N, = U5<7N5 where v is a limit.

(c) NB N Sk = Yier, ;T for each k and 3, where I} g is a subset of .

(d) (Hx(M), Ng) N (Sk, Ng) = (Hx(Sk), Ng) for each k and 5 and for each A <.

We consider two possibilities. Firstly, if A is a limit ordinal, we define Ny = Ug-y\N3 and see
that conditions (a) — (d) are satisfied for the chain of submodules Ng. Secondly, if A — 1 exists.
For an arbitrary countably generated extension T" of N,_; in M, there exists a countably generated
extension P of T such that PN Sy, = ¥X,¢;, 15, for each k, where Jj, is a countable generated extension
of I kA—1-

Next, with this in hand, we ascertain the same argument that there exists a countably generated
extension ) of P O T O N,_; in M such that

(HA(M), Q) N (Sk, Q) = (H\(Sk), @),

for all A < nand all ¥ < w. Let {z;};,<, be a set of representatives for the cosets of P/N,_;. For
each triple (i,k, \) with 7,k < w and A\ < 7 such that y + z; € x; + Ny_; where y € H\(M) and
2, € Sk. If we choose a representative y = y; ;. » for the triple (¢, k, \), then clearly there are only a
countable number of such representatives. Setting Q1 = (P, y; x.»), one may see that

<H>\(M)’P> N <Sk7P> - <H)\<Sk)an>

If we replace ()1 by P, then ()4 is replaced by @; such that Q11 = (Q;,vix). Hence, the desired
properties follows if Q) = U;<,@;.

Furthermore, suppose that the conditions (a) and (d) holds. Then there exists a countable
generated extension N, of N,_; containing 7" that satisfies both conditions (¢) and (d). Hence, a
chain of submodules satisfying conditions (a)—(d) is applicable to deduce that M is totally projective.
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To complete the proof of the theorem, it remains only to show that Ng is nice in M for each §.
It suffices to show that

Hy\(M/Ng) = (H\(M), Ng)/Ng (3.1)

for all A < n. The proof is by induction on A in conjunction with
H\(M/Ng) N (Sk, Np) /N5 = (Hx(Sk), Ng) /Ng = Hr((Sk, Ng)/Np) (3.2)

Clearly, for a given A the second equality in condition (3.2) is a consequence of the first equality.
However, the second equality is valid, because of condition (¢). We claim that condition (3.2) hold
good for A = o, where o is a limit. Then it is suffices to show that condition (3.2) holds for all A < o.
By the choice of o, condition (3.1) holds for all A < o. Hence, if A < o, we observe that

H)\(M/Ng) 0 (Sk, Ng)/Ng = ((H\(M), Ng) 01 (S, N3))/Ns.
Thus, by condition (d), we write
H)\(M/Ng) (1 (S, Ng)/Ng = (Hx(Sk), N3) /Ng,
and so condition (3.2) holds for A = ¢. This gives that
Hy(M/Ng) C Up<w(Hos(Sk), Ng) /N © (Ho (M), Ng) /N,

which allows us to infer that Ng is nice in M for each 3. O

4 Applications

The purpose of the present section is to explore some structural corollaries of Theorem 3.1. Several
such applications are now presented.

4.1 Summability

Singh [17] proved that a QT'AG-module M is a direct sum of uniserial modules if and only if M is
the union of an ascending chain of bounded submodules. Apparently, M is a direct sum of uniserial
modules if and only if Soc(M) = @yewSk and Hy(x) = k for every x € Si. This led to the notion
of summable modules, see, [16]. Let us recall the definition: an h-reduced QT AG-module M is
summable if Soc(M) = ©s<oNs, where Ng is the set of all elements of Hz(M) which are not in
Hg 1(M), where « is the length of M. It is self-evident that a QT AG-module of length w is a direct
sum of uniserial modules if and only if the QT AG-module is summable. However, for the sake of
completeness, the following corollaries are immediate.

(1) Countably generated h-reduced QT AG-modules are summable.

(1) Direct sums of countably generated h-reduced QT AG-modules are summable.

(7i7) Isotype submodules of summable modules of countable length are summable.

We start here with the following easy observation.

Theorem 4.1. Let M be a summable QT AG-module of countable length o. If M/Hg(M) is totally
projective for each limit ordinal B < a, then M 1is totally projective.
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Proof. The proof is by induction on «. If there is a limit ordinal 8 such that both Hz(M) and
M/Hg(M) are totally projective, then M is itself totally projective. Let oy < ag < -+- < a < ...
be an increasing sequence of ordinals whose limit is a. We choose S; C Sy C --- C S, C ... be an
ascending chain of submodules, so that Sy, is ag-high in M. Observe that Soc(S) = Soc(M), where
S = Uk<wSk. Therefore, since S is h-pure in M, we get that S = M. Thus in view of Theorem 3.1, it
suffices to show that Sy is totally projective for each k. However, we know that S, is isomorphic to an
isotype submodule of M/H,, (M) under the natural map. Henceforth, a simple technical argument
applies to get that Sy is totally projective which gives the desired total projectivity of M. O]

The following statement generalizes Theorem 2.2.

Theorem 4.2. Let M be a QT AG-module of cardinality g where 3 is cofinal with w. If each
submodule of M having cardinality less than Ng is contained in a totally projective submodule of M
having countable length, then M is totally projective.

Proof. Assume that Sy, is a submodule of M having cardinality Ng,, where ) < o < --- < B < ...
be an increasing sequence of ordinals whose limit is . Note that if S; is contained in an isotype
submodule P, of M having the same cardinality Ng, as that of Sy, then Py is contained in a totally
projective submodule @) of M having countable length. Since Py is isotype in Qg, Py is totally
projective. It follows that M is the union of a countable ascending chain P, C P, C --- C P, C ...
of isotype and totally projective submodules P;. One seeing readily in view of Theorem 3.1 that M
is totally projective, as wanted. O

This brings us to another technical observation.

Theorem 4.3. Let My, and My be QT AG-modules of countable type A\ and suppose that My is
totally projective. If, for each ordinal B < X, there exists a height-preserving isomorphism between
Soc(M,/Hpg,(My)) and Soc(Ms/Hg,(Ms)), then My is totally projective and M; = Ms.

Proof. By hypothesis, there exists a height-preserving isomorphism between Soc(M;) and Soc(Ms).
It is easy to see that M; and Ms have the same Ulm invariants (and are therefore isomorphic) if M,
is totally projective.

We induct on A to show that M, is totally projective. Since M; is summable, M, is also summable.
If A =1, then M, is a direct sum of uniserial modules. Thus, assuming that A\ > 1 and that A — 1
exists. Observe that

My /Hyn—1)(Mi)/ Hop(Mi/ Hon—1)(My)) = My /Hyp(My),

for all § < A — 1, and similarly for M,. Hence in virtue of inductive hypothesis, M,/ H,—1)(M2)
is totally projective. Since both Soc(H,x—1)(M1)) and Soc(Hya-1)(M2)) have a height-preserving
isomorphism, we deduce that H,_1)(M;) is a direct sum of uniserial modules. This guarantees that
M, is totally projective.

In the remaining case when A is a limit ordinal, we assume that Soc(M;) = XUz and Soc(Ms) =
¥Vj be decompositions of Soc(M;) and Soc(My), respectively, such that Hy,(x) = Hy,(y) = 3, for
somex € U, ye V. Let 1 < A < Ay < --- < A\ < ... be an increasing sequence of ordinals
whose limit is A, we choose Ny C N, C --- C N, C ... and 1 C Ly C --- C L, C ... be the
ascending chain of submodules such that Soc(Ny) = Xp<, Up and Soc(Ly) = X<, V. Note that
My = Upeow N, and My = Ugo, Ly, since U, N, and Uy, L are h-pure submodules of M; and Mo,
respectively, containing Soc(M;) and Soc(Ms).

What remains to show is that L is totally projective. Our future aim, which we pursue, is to check
the existence of a height-preserving isomorphism between Soc(Ny/H,s(Ng)) and Soc(Ly/H,z(Lx))
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for each § < Ai. To that goal, we have two cases to consider. First, if 5 = A;, then there is a height-
preserving isomorphism between Soc(Ny/H,z(Ni)) = Soc(Ny) and Soc(Ly/H,ps(Li)) = Soc(Ly)
by the choice of N, and L;. For the second case where S < M\, it is easily observed that
M, = (Ny, H,3(M,)) since Ni is wAg-high in M;. Similarly, My = (Li, H,3(M3)). Therefore,
M,/H,3(My) = Ny/H,p(Ny) and My/H,3(M>) = Ly/H,3(Ly). Then there exists a height-
preserving isomorphism between Soc(Ny/H,s(Ny)) and Soc(Ly/H,z(Ly)) for each 8 < Ai. It follows
by induction hypothesis that Lj is totally projective.

In addition, since L; is isotype in My and My = Uy, Ly, so referring to Theorem 3.1, we can
conclude that M; is totally projective, as promised. O

4.2 o-modules

For the definition of an a-module, the reader can see [13] or [6] where it is given in all details.
However, for a convenience of the reader, we shall include it in the text. A QT AG-module M is an
a-module, where « is a limit ordinal, if M/Hg(M) is totally projective for every ordinal § < a.

It is well-known that every totally projective module is an a-module. Besides, it is simple to
checked that an a-module of length « is a direct sum of countably generated modules if and only if
it is summable.

Now, we are ready to formulate the following

Theorem 4.4. Let M be a QT AG-module of length o such that M is an a-module. If M is a
set-theoretic union of countable number of submodules Sy where the heights of the nonzero uniform
elements of Sy in M are bounded by some ordinal oy, < o, then M s totally projective.

Proof. Suppose that M = Ui, S, where Sj. is isotype of length a;, < « for each k. Since M has
countable length, then Sy is totally projective. Because Sy = (Sk, Ha, (M))/H,, (M) is isomorphic
to an isotype submodule of a totally projective module M/H,, (M) having countable length ay, it
easily follows that M is totally projective by the usage of Theorem 3.1 if « is countable.

Similarly, if the interval (v, a) of ordinals is countable for some v less than «, then H,(M) is
totally projective. Indeed, since H,(M) has countable length and H.,(M) = U<, H,(S)) such that
H.(Sk) is isotype in H,(M). Therefore, H,(M) is totally projective if (v, a) is countable for some
v < a. Moreover, since M is an a-module, then M/H., (M) is totally projective. This means that
M is totally projective, and the result follows for (v, ) is countable with v < .

We next assume that (v, ) is uncountable for every ordinal «y less than the length o of M. In
particular, if v < «a, then v+ w < a. Without loss of generality, we may assume that Sj is maximal
with Sy N H,, (M) = 0. Then Sy is an aj-high submodule of M.

Finally, consider the case a, = o0} + w for some ordinal o,. Suppose now the ordinal «j has
the form «ap + w for some a, < «a. Since o = 0 + w and Sy is an ag-high in M, we have
M = (S, H,, (M)) and M/H,, (M) = S/H,, (Sk) for each k. Consequently, Sy/H,, (Sk) is totally
projective, and we get H,, (S) is totally projective since it is isomorphic to an isotype submodule of
the totally projective module H,, (M)/H,, (M). Therefore, we conclude that Sy is totally projective,
and again the application of Theorem 3.1 leads to M being totally projective, as expected. O
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