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1 Introduction

One of the fundamental research problems in the theory of generalized inverses of matrices is to
establish reverse order laws for generalized inverses of matrix products. It was Erik Ivar Fredholm
who seemed to have first mentioned the concept of generalized inverse in 1903. He formulated a
pseudoinverse for a linear integral operator, which is not invertible in the ordinary sense. Hilbert,
Schmidt, Bounitzky, Hurwitz and other mathematicians had studied the generalized inverses of inte-
gral operators and differential operators before Moore introduced the generalized inverse of matrices
by algebraic methods in 1920 [17]. Bjerhammar rediscovered Moore’s inverse and also noted the
relationship of generalized inverses to solutions of linear systems in 1951 [5]. In 1955, Penrose [21]
extended Bjerhammar’s results and showed that Moore’s inverse for a given matrix A is the unique
matrix X satisfying the four equations:

AXA = A; XAX = X; (AX)" = AX; (XA)* = X A.

In honour of Moore and Penrose, this unique inverse is now commonly called the Moore-Penrose
inverse and is denoted by Af. Meanwhile, generalized inverses were defined for operators by Tseng
[24], Murray and von Neumann [19], Nashed [20] and others. Beutler discussed generalized inverses
for both bounded and unbounded operators with closed and arbitrary ranges [3, 4]. Throughout the
years, the Moore-Penrose inverse was extensively studied. One of the primary reasons for considering
the Moore-Penrose inverse is solving systems of linear equations, which constitutes an important
application in various fields.

It is well known that the reverse order law (AB)™' = B~'A~! is not true in general for various
generalized inverses such as the Moore-Penrose inverse, Drazin inverse etc. Cline attempted to find
a reasonable representation for the Moore-Penrose inverse of the product of matrices [9] and Greville
found some necessary and sufficient conditions for the reverse order law to hold in matrix setting
[13]. The reverse order law problem for bounded linear operators on Hilbert spaces was analyzed by
Bouldin [6, 7] and Izumino [16]. The theory of generalized inverses on infinite-dimensional Hilbert
spaces can be found in |2, 15, 25].
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In this paper, we present algebraic proofs of some characterizations of reverse order law for the
Moore-Penrose inverses of closed range Hilbert space operators. In the second section, we collect
some definitions and lemmas which will be used in the sequel. We start the main section with some
examples to show that the reverse order law does not hold for Hilbert space operators in general. In
total, we present 61 results, including some range inclusion results to characterize the reverse order
law in this setting. We extend the results of Arghiriade [1] and Tian [22, 23] to infinite-dimensional
Hilbert spaces.

2 Preliminaries

Let H; and Hs be Hilbert spaces and B(H1, Hs) denote the set of all linear bounded operators from
Hy to Hy. We abbreviate B(H1) = B(Hi,H1). For A € B(H1,Hz), we denote by A*, N(A) and
R(A), respectively, the adjoint, the null-space and the range of A. An operator A € B(H;) is said to
be self-adjoint (Hermitian) if A = A*. An operator A € B(H;) is said to be a projection if A% = A.
A projection is said to be orthogonal if A*> = A = A*. The Moore-Penrose inverse of A € B(H1,H>)
is the operator X € B(Hs, H1) which satisfies the Penrose equations

AXA = A (2.1)
XAX = X (2.2)
(AX) = AX (2.3)
(XA = XA. (2.4)

A matrix X is called a {i,...,j}-generalized inverse of A, denoted by A7) if it satisfies the
ith ..., 7" conditions of the Penrose equations. The collection of all {i, ..., j}-generalized inverses
of A is denoted by A{i,...,j}. If the Moore-Penrose inverse of A exists, then it is unique and it is
denoted by AT. It should be noted that A is bounded if and only if R(A) is closed in Ha.

For the sake of clarity as well as for easier reference, we mention the following properties of the
Moore-Penrose inverse without proof [25].

Lemma 2.1. Let A € B(H1,H2) be a closed range operator. The following statements hold:
(i) (AHF = A.

(vii) R(A) = R(AA*) = R(AA).
(vii) R(AT) = R(A*) = R(ATA) = R(A*A).

Here, Pr(ay and Prea~y denote the projections onto R(A) and R(A*), respectively. We use At*
instead of (AT)* throughout the paper.
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Lemma 2.2 ([8], Theorem 1). Let A € B(H1,H2) be a closed range operator such that R(A) =
R(A*). Then AAT = ATA and A"AT = A"~ n > 2.

Lemma 2.3. Let ‘H be a Hilbert space and P € B(H) be a projection. Then P is Hermitian if and
only if P = PP*P.

Proof. Suppose P = PP*P and P is a projection. Let B = P — P*. Then it is easy to verify that
B3 = 0 and R(B) = R(B*). By Lemma 2.2, B3(B")? = 0 gives B = 0. Thus, P is Hermitian.
Converse follows directly. m

Remark 1. If P is an orthogonal projection, then P satisfies all the Penrose equations and hence
P =P.

Lemma 2.4 (|26], Lemma 1.3). Let A € B(H1,Hsa) have a closed range and B € B(Ha, H1). Then
(i) Be A{1,3} & A*AB = A*,
(i) B € A{1,4} & BAA* = A*.

Theorem 2.1 ([12]|, Theorem 1). Let A and B be bounded operators on a Hilbert space H. The
following statements are equivalent:

(i) R(A) € R(B);
(ii) there ezists a bounded operator C on H so that A = BC.

Theorem 2.2 ([14], Theorem 7.20). Let A € B(H) be self-adjoint. Then there exist a measure space
(X, 3, 1), a bounded measurable real-valued function f on X and a unitary operator U : H — L*(X, u)
such that

A=U"TU,

where T is the multiplication operator given by Ty = fi, Yo € L*(X, ).

Definition 1. Let (H,(.,.)) be a Hilbert space and A € B(#). The operator A is called a positive
semi-definite operator if (Az,z) > 0 for all z € H.

Lemma 2.5. Let H be a Hilbert space and A € B(H) be a positive semi-definite operator such that
A™ = A" for some natural numbers m # n. Then A? = A.

Proof. We know that a positive semi-definite operator is self adjoint. By Theorem 2.2, we can write
A=U"TU,

where T is the multiplication operator given by T4 = fi, Vb € L?(X, u1). Using the positive semi-
definiteness of the operator, we get f(z) > 0 Vz € X.
It is given that A™ = A™ which implies

o= [, Y € L(X, p). (2.5)

Let 2o € X and E be a subset of X such that o € F and u(E) # 0. Since equation (2.5) holds
for the characteristic function on E, we get f™(xo)(1 — f* ™ (z0)) = 0, from which we can conclude
f(zo) =0o0r f(zg) =1as f(z) >0 Ve € X. As xq is arbitrary f(z) =0 or f(z) =1 for all z € X.
Now, T2)(z) = T(f(@)b(x)) = f(2)0(z) = F@)(z) = T(x) for all (z) € L2(X, ). Also,
U*T?U = U*TU = A% = A. O
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Lemma 2.6. Let A and B be orthogonal projections on a Hilbert space H and m > n > 1. If
(ABA)™ = (ABA)", then AB = BA.

Proof. ABA = ABBA = ABB*A* = AB(AB)*. Thus ABA is Hermitian and positive semi-definite
as AB(AB)* is so. Then by Lemma 2.5, (ABA)™ = (ABA)" implies (ABA)* = ABA. Consider
(ABA—AB)(ABA—AB)* = (ABA—AB)(ABA—BA) = (ABA)?*-~ABABA—ABABA+ABA = 0.
Thus ABA = AB. Similarly, we can verify (ABA— BA)(ABA— BA)* = 0, which gives ABA = BA.
Thus, we get AB = BA. O

Lemma 2.7. Let A and B be orthogonal projections on a Hilbert space H and m > n > 1. If
(AB)™ = (AB)", then AB = BA.

Proof. Since (AB)*A = ABABA = ABAABA = (ABA)?, thus (AB)™A = (ABA)™ for all m > 1.
Now it is clear that(AB)™ = (AB)" gives (ABA)™ = (ABA)". Then by Lemma 2.6, we get AB =
BA. [l

3 Main results

We start the section with some examples to show that the reverse order law does not hold good for
closed range Hilbert space operators in general.

Example 1. Let H = /5 be the space of all square summable sequences. For x = (x1, 29, z3,...) € H,
define Ax = (x1 + 9, T2, 23,24, ...) and Bx = (x1,0,23,0,25,...). Then

AB(x) = A(x1,0,23,0,x5,...) = (1,0,23,0,25,...) = Bz.
It can be verified easily that A, B and AB are bounded and have closed ranges. We see that
A*(z) = (21,1 + x2,23,24,...) and B*(z) = (21,0,23,0,25,...) = Bx.

Using the Euler-Knopp method for finding the Moore-Penrose inverses of operators (|25, p.327) we
get
Al(2) = (21 — 29, 29, 23,24, ... ).

By Remark 1, we get Bt = B and (AB)" = B'. Hence, BTAT(z) = B (21 — 9, %2, 73,74,...) =
(1 — 29,0,23,0,25,...) # (AB)1(x), thus (AB)" # BTAT.

Example 2. Let H = {y. For x = (21,29, 23,...) € H, define Az = (0,25,0,24,0,...) and Bx =
(x1 + xo, 221 + 229, T3, 24, ... ). Then AB(z) = (0,221 + 2x2,0, x4, ...). It is easy to verify that A, B
and AB are bounded and have closed ranges. Since A*(z) = (0, 22,0, 24,0, x¢,...) = Az, by Remark
1 we get Atz = Az. Also, B*(x) = (21 + 222, £1 4 2x2, 3,24, ... ) and Bl (z) = ({5(21 4 212), 15(x1 +
215), T3, X4, ... ) by the Euler-Knopp method. Thus, we get

BYA'(x) = BY(0,25,0,24,0,2¢,...) = (3, 3,0,@,0, o)
and o
T — (22 22
(AB)'z (4,4,0,3:4,0,...).

Hence (AB)" # BTAT. One can also check that BT AT satisfies the third and fourth but not the first
and second Penrose equations.

Lemma 3.1 (|16], Proposition 2.1). Let H1, Ha, Hs be Hilbert spaces, and let A € B(Hq, Hs) and
B € B(H1,Hz) be such that A, B have closed ranges. Then AB has a closed range if and only if
ATABBT has a closed range.
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The results mentioned below in Theorems 3.1 to 3.4 are proved in C*-algebra setting [18] and for
the sake of completeness, we give the proof of those in Hilbert space setting. However, our proofs are
much simpler than those available for the reverse order law for closed range Hilbert space operators.

In the following result, the existence of (ATABBT)' is guaranteed by Lemma 3.1.

Theorem 3.1. Let Hi, Ha, Hz be Hilbert spaces, and let A € B(Ha, H3) and B € B(H1, Hz) be such
that A, B, AB have closed ranges. Then the following statements are equivalent:

(i) ABBTATAB = AB ;
(ii) BTATABBTAT = BTAT ;
(iii) BBTAYA is a projection ;
(iv) ATABB' = BBTATA ;
(v) ATABBT is a projection ;
(vi) (ATABBT)! = BBTATA;
(vii) BY(ATABBT)TAT = BTAT.
Proof. (i)= (ii): If ABBTATAB = AB, then
B'A" = (B*B)'B*A*(AA")"  (by Lemma 2.1 (iv))
— (B"B)(ABy (AA")
= (B*B)'(ABBTATAB)*(AA*)" (by the assumption)

= (B*B)'B*ATABBTA*(AA*)T

= B'ATABB'A" (by Lemma 2.1 (iv)).
(ii)=-(iii): Using (ii) we see that (BBTATA)? = BBTATABBTATA = BBTATA. Hence, it shows that
BBTATA is a projection.
(iii)=-(iv): We have

BBTATA(BBTATA)*BBTA'A = BBTATA(ATA)*(BB")*BBTATA
— BBTATA(ATA)(BB"BBTATA
= BB'ATABB'ATA = BBTATA.
Then by Lemma 2.3, we get (BBTATA)* = BBTATA, since BBTAT A is a projection. Thus BBTATA =
ATABBT.
(iv)=(v): It is given that ATABBT = BBTATA. We have
(ATABB")? = A'TABB'ATABB' = BBTATAATABB!
= BB'A"ABB' = ATABB'BB' = ATABB'.

(v)=(vi): Using the fact that A is a projection if and only if A* is a projection, it is easy to verify
all Penrose equations.
(vi)=>(vii): Pre- and post-multiplying by BT and A" respectively in (vi), we get the desired result.
(vii)=-(i): It is given that BTAT = BY(ATABB")TAT. We have

ABBYATAB = ABB'(ATABB") ATAB

= AATABBY(A'ABB") ATABB'B
= AATABB'B = AB,

where all the equalities follow using the first Penrose equation. O
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Next, we give ten equivalent conditions for BTAT to be a {1,2,3}-generalized inverse of AB in
Hilbert space setting. The existence of (ABBT)' follows as the ranges of ABB' and AB are equal.

Theorem 3.2. Let the conditions of Theorem 3.1 hold. Then the following statements are equivalent:
(i) AB(AB)' = ABBTAT;
(ii) BTA' € AB{1,2,3};
(iii) BBTA*AB = A*AB;
(iv) (AB)(AB)'A = ABB:
(v) A*ABB' = BBTA* A;
(vi) (ABB'")T = BBTAT;
(vii) BI(ABB")" = BTAT;
(viii) B{1,3}A{1,3} C AB{1,3};
(ix) BTA" € AB{1,3};
(x) (BB*)TA" € ABB*{1,2,3}.
Proof. We prove the equivalence of all the statements in the following order of implications:
(i) = (ii) = (iil) = (iv) = (v) = (vi) = (vii) = (ix) & (viil), (ix) = (i).
(i)=(ii): Since ABBTAT = AB(AB)', post-multiplying by AB we get,

ABBYA'AB = AB(AB)'AB = AB.

Hence, BTAT € AB{l}. By Theorem 3.1, BTA" € AB{2}. Now using the assumption we get,
(ABB'AY* = (AB(AB)")* = AB(AB)' = ABB'At. Thus B'Af € AB{1,2,3}.
(ii)=(iii): Suppose BTA" € AB{1,2,3}. Then by Theorem 3.1, ATABB' = BBTATA. Thus, we get
A*AB = A*AATABB'B = A*ABBTATAB

= A*(ABBTA"*AB (since B'A" € AB{3}

= A*AV"BBYA*AB = (ATA)*BB'A* AB

— ATABB'A*AB = BB'ATAA*AB

= BB'A*AB (by Lemma 2.1 (vi)).

(iii)=(iv): We have

(AB)(AB)'A = ((AB)(AB)")*A* = (A*AB(AB)")*

= (BB'A*AB(AB)")* (by the assumption)

— ((AB)(AB)")*(BB'A*)* = AB(AB)'ABB'

= ABB'.
(iv)=(v): Pre-multiplying the given condition by A*, we get A*ABB' = A*AB(AB)TA. As the RHS
of the previous equality is Hermitian, A*ABBT is also Hermitian and

A*ABB'" = (A*ABB")* = BBTA*A.
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(v)=(vi): We show this by verifying all Penrose equations. Given that A*ABB' = BBTA*A. Pre-
multiplying by A", we get ABBY = AATABB' = (AAY)*ABB' = AV A*ABB' = AT"BBTA*A.
Hence
(ABB"(BBYAY)(ABB') = ABB'ATABB' = AT"BB'A*AA" ABB!
= A" A*ABB'BB' = (AA")*ABB' = ABB'.

This shows that BBTAT € ABB'{1}. Now,

BBYA" = BBTA*(AA*)!  (by Lemma 2.1 (iv))
= (ABB"*(AA*)' = (ABB'BBTATABB")*(AA*)!
= (ABBTATABB")*(AA*)' = BBTATABBTA*(AA*)!
= BB'ATABB'BB'A" (by Lemma 2.1 (iv)).

Thus, BBYAT € ABB'{1,2}. Also,
(ABB")(BBTA") = (A" A*ABBY)(BB'A') = AT"BB' A* ABB' AT,

As the RHS of the last equality is Hermitian, (ABBY)(BBTAT) is so. Similarly, we can prove
(BBTA")(ABBY) is Hermitian. It ensures that (ABBT)" = BBTAT.

(vi)=(vii): Pre-multiplying the given condition by BT, we get (vii).

(vii)=>(ix): It is clear that ABBY(ABBY)'ABBT = ABB'. Then by (vii), we have ABBTATABB' =
ABB'. Post-multiplying by B we get ABBTATAB = AB. Thus B'A" € AB{1}. Also, ABBTAT is
Hermitian since ABBTA" = ABBY(ABB')!. Thus BTAT € AB{1, 3}.

(ix)=-(viii): Let CD € B{1,3}A{1,3} where C € B{1,3} and D € A{1,3}. By Lemma 2.4, C' and D
satisfy B*BC = B* and A*AD = A*. Also, we note that B'BC = (B*B)'B*BC = (B*B)'B* = BT
and, similarly we can prove ATAD = AT. By using BTAT € AB{1, 3}, we get

(AB)*(AB)CD = (ABB'ATAB)*ABCD = (AB)*ABB'ATABCD
AB)*AATABB'BCD (by Theorem 3.1)
AB)*AATABB'D = (AB)*ABBTATAD

= (AB)*ABB'A" = (ABBTATAB)* = (AB)".

o~ o~ o~ o~

(viii)=(ix): Obvious.
(ix)=>(i): By the assumption, we have ABBTATAB = AB and (ABB'A")* = ABBTA'. Post-
multiplying by (AB)! in the first equation and taking adjoint on both sides, we get AB(AB)" =
ABBTAT,
(ix)=(x): The first and third Penrose conditions follow easily from (ix). The second Penrose condi-
tion can be verified with the help of Theorem 3.1 (iv).
(x)=(ix): Since (BB*)IA" € ABB*{1}, we get ABB*(BB*)IAIABB* = ABB* ie,
ABBTATABB* = ABB* by Lemma 2.1 (iv) and Theorem 3.1. Post-multiplying by B™ and us-
ing Lemma 2.1 (iii), we get

ABBYATAB = AB.

Also, ABB*(BB*) A" = ABBTA' is Hermitian. It shows that BTAT € AB{1, 3}. O

The following result is similar to Theorem 3.2. It gives ten equivalent conditions for BfA" to
be a {1,2,4}-generalized inverse of AB in Hilbert space setting. Here, the existence of (ATAB)' is
guaranteed as the ranges of (ATAB)* and (AB)* are the same.
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Theorem 3.3. Let the conditions of Theorem 3.1 hold. Then the following statements are equivalent:
(i) (AB)'TAB = BTATAB;
(ii) BTAT € AB{1,2,4};
(iii) ABB* = ABB*ATA;
B(AB)'AB = ATAB;

(vi

(v) ATABB* = BB* AT A;

)
)
)
)
)
(vi) (ATAB)T = BTATA;

(vii) (ATAB)TAT = BTAT;
(viil) B{1,4}A{1,4} C AB{1,4};
(ix) BTA" € AB{1,4};

(x) BY(A*A)t € A*AB{1,2,4}.
Proof. The proof is similar to that of Theorem 3.2. m
Theorem 3.4. Let the conditions of Theorem 3.1 hold. Then the following statements are equivalent:
() (AB)! = BiAT
(ii) (AB)(AB)' = ABBTA" and (AB)'AB = BTATAB:;
(iii) A*AB = BBTA*AB and ABB* = ABB*ATA;
(iv) AB(AB)'A = ABB" and B(AB)TAB = ATAB;
(v) A*ABB" = BBYA*A and BB*ATA = ATABB*;
(vi) (ABB")" = BBTAtand (ATAB)T = BTATA;
(vii) BY(ABB") = BT Atand (ATAB)TAT = BTAT;
(viii) B{1,3}A{1,3} C AB{1,3} and B{1,4}A{1,4} C AB{1,4};
(ix) BTA' € AB{1,3,4};
(x) (BB*)TA" € ABB*{1,2,3} and BT(A*A)' € A*AB{1,2,4}.
Proof. Follows from Theorems 3.2 and 3.3. O

Remark 2. Consider the operators A and B on H defined in Example 1. Then for all z € H,
A*ABx = (21, 71,73,0,25,...) and BBTA*ABz = (21,0, 23,0, 5,...). Hence

A*AB # BB'A*AB and ABB*x = (21,0,23,0,25,...) = ABB*AT Ax.

Note that the conditions in (iii) of Theorem 3.4 are not satisfied and (AB)" # BT A" which was shown
in Example 1.

Theorem 3.5. Let the conditions of Theorem 3.1 hold. Then the following statements hold:
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(i) Bt = (AB)TA < R(B) = R(A*AB).
(ii) AT = B(AB)' < R(A*) = R(BB*A*).

Proof. (i) Suppose that B = (AB)'A. Pre-multiplying by AB, we get ABB' = (AB)(AB)'A, which
is equivalent to BBTA*AB = A*AB by Theorem 3.2. This implies R(A*AB) C R(B) as BB is the
projection onto R(B). Now by Lemma 2.1 (iv),

BY = (AB)'A = [(AB)*(AB)]'(AB)*A
implies that BY" = A*AB[(AB)*(AB)]', as AB)*(AB) is Hermitian. Thus
R(B) = R(B") = R(A*AB[(AB)*(AB)]") C R(A*AB).

Conversely, R(B) = R(A*AB) = BB'A*AB = A*AB. By Theorem 3.2, BTA" € AB{1,2,3},
R(B™) = R(B) = R(A*AB) C R(A*) and A'A is the projection onto R(A*) gives ATAB = B
and ATAB"™ = B"" = BTATA = B'. It shows that (ATAB)! = BT = BTATA. By Theorem 3.3,
BTAT € AB{1,2,4} and hence (AB)" = BTAT. Therefore Bf = BTATA = (AB)TA.

(ii) Proof is similar to (i). O

Theorem 3.6. Let the conditions of Theorem 3.1 hold. Then the following statements hold:
(i) (AB)! = (ATAB)TA" & R(AA*AB) = R(AB).
(ii) (AB)' = BY(ABB")' & R(B*B(AB)*) = R((AB)*).

Proof. (i) If we replace A by A" and B by AB in Theorem 3.5 (i), we get (AB)! = (ATAB)TAT &
R(AB) = R(A"ATAB) = R(A"" B). Now by Theorem 2.1, there exists a bounded operator C' such
that AB = A" BC. Pre-multiplying by AA* we get AA*AB = AA*AT"BC = A(ATA)*BC = ABC.
Thus we get R(AA*AB) C R(AB). Similarly, we can prove R(AB) C R(AA*AB).

(ii) Replace A by AB and B by B in Theorem 3.5 (ii) and use a similar argument as above. O

Theorem 3.7. Let the conditions of Theorem 3.1 hold. Then the following statements are equivalent:
(i) (AB)t = BTAT;
(ii

)

) R(A*AB) C R(B) and R(BB*A*) C R(A*);
(i)

)

)

A*AB) C R(B) and R[(ABB*B)*] = R[(AB)*];

(iv

R(
R(AA*AB) = R(AB) and R(BB*A*) C R(A*);
R(
R

(v

Proof. First we note that the condition R(A*AB) C R(B) is equivalent to Theorem 3.2 (iii) and the
condition R(BB*A*) C R(A*) is equivalent to Theorem 3.3 (iii).

(i)<(ii): Follows from Theorem 3.4 (iii).

(i)=(iii): By Theorem 3.4 (vii), (AB)" = BTA" = (ATAB)TAT. Then (iii) follows from Theorem 3.6
().

(iii)=-(v): By Theorem 2.1, there exists an operator 7" such that AA*AB = ABT. Pre-multiplying by
A we get A*AB = ATABT = ATABB*B™"T = BB*A'AB™ T by Theorem 3.3 (v). Also, A*ABB* =
BB*AYAB™TB*. Thus R(A*ABB*) C R(BB*A*A). Similarly, AB = AA*ABS, for some operator
S. Pre- and post-multiplying by AT and B* A* A respectively, we get ATABB*A*A = A*ABSB*A*A.

(A*ABB*) = R(BB*A*A).
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Then by Theorem 3.3 (v), BB*ATAA*A = A*ABSB*A*A. Thus, BB*A*A = A*ABSB*A*A. Tt
shows that
R(A*ABB*) = R(BB*A* A).

(v)=(ii): By Theorem 2.1, there exists an operator 7" such that A*ABB* = BB*A*AT. Pre-
multiplying by BB and post-multiplying by BT we get,

BB'A*ABB*B™ = BB*A*ATB'™.

Hence, BB'A*AB = BB*A*ATB" = A*ABB*B!" = A*AB, thus R(A*AB) C R(B). Similarly, we
can prove ATABB*A* = BB*A* and hence R(BB*A*) C R(A*).
We can give the proof of (i)=-(iv) and (iv)=(v) in a similar fashion. O

Remark 3. Let A and B be as defined in Example 1. Then we get A*ABzx = (21,21, v3,0, x5, .. .).
Thus R(A*AB) € R(B), A*(x) = (x1,x1 + x2, T3, 24, ...) and BB*A*x = (1,0, x3,0, x5, ...) implies
R(BB*A*) C R(A*). This shows that R(A*AB) C R(B) is indispensable for the reverse order law
to hold.

Lemma 3.2. Let the conditions of Theorem 3.1 hold. If P = (AA*)™A and Q = B(B*B)", then
P, Q and PQ have closed ranges.

Proof. By Lemma 3.1, AB has a closed range if and only if ATABBT has a closed range.
Take A as (AA*)™ and B as A to apply Lemma 3.1. Then, we have (AA*)™T(AA*)mAAT =
((AA)T(AA*))mAAT = (AANMAAT = AATAAT = AAT. Now, R(AAT) = R(A) is closed implies
R(P) is closed. Similar argument works for ) also.

Now again by Lemma 3.1, PQ has a closed range if and only if PTPQQT has a closed range. For,

PPQQT = [(AA" )" A (AA)" AB(B"B)"[B(B* B)"]f
= AT[(AA*)"1(AA*)" AB(B*B)"[(B*B)"]' Bf
= ATAA"ABB'BB' = ATABBT.

Here, the reverse order law is applied for [(AA*)™A]! and [B(B*B)"]" as they satisfy condition (ii)
in Theorem 3.7. ]

The next result is an extension of Theorem 11.1 of [23] to infinite e-dimensional setting. Djordjevi¢
and Dinéi¢ [10, 11| have extended the results of Tian [22, 23] using the operator matrix method to
different settings. By Lemma 3.1, R(AB) is closed if and only if R(ATABB'") = R(A*A™*BBT) =
R(ATAB™B*) is closed. This happens if and only if R(A™B) and R(AB'™) are closed. Thus
(AT B)T and (AB™)T exist. Also, R(A) is closed if and only if R(A*) is closed implies R(BBTATA)
is closed and hence R(BTAT) is closed. For natural numbers m and n, the existence of the Moore-
Penrose inverse of (AA*)™ and (B*B)" is guaranteed as they are powers of Hermitian operators
with closed ranges, according to the spectral mapping theorem. The existence of the Moore-Penrose

inverse of all other operators discussed below can be guaranteed with the closedness of the ranges of
AB, A" B, AB™ and BTAT.

Theorem 3.8. Let the conditions of Theorem 3.1 hold. Then the following statements are equivalent:
(1) (AB)! = BA;
(2) B(AB)'A = BBTATA;
(3) AA*(B*A*)'B*B = AB;
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4) (AB)' = BTATABB! A

(

5
(6) (AB)!
(
(
(

(AB)" =

(AB) = (ATAB) AT and (ATAB) = BiATA;
(AB)" = BY(ABB")' and (ABB")! = BBTAT;
(

7) (AB)' = BI(ATABB")T A" and (ATABB'")! = BBTATA;
8) BTAT € AB{1,3,4};

10) (A™*B)t = Bt A*;

11) AY(B*AY)IB* = ATABBT;
12) AAN(B*AN'B*B = AB;
13 f = BtATABBY A",
14
15) (A™*B)t = BY(A™* BB and (A™*BB"f = BB A*;

(A™B)
(At B)t = (ATAB)TA* and (ATAB)t = Bt At 4;
(A" B)

16) (A™B)

AB)t = BI(ATABB") A* and (ATABB")! = BBTATA;
17) BTA* € A" B{1,3,4};

19) (AB')t = B*Af;

20) B™(AB™)'A = BBTATA;
22) ( )' = B*ATABBT AT,

23) (AB™)I = (ATAB™)T Al and (ATAB™)" = B*Al 4;

24) (AB™)! = B*(ABB")' and (ABB")' = BBT A,

25) (AB™)T = B*(ATABB")TAT" and (ATABBT)" = BBTATA;

26) B*A" € AB™{1,3,4};

9) (AB)(AB)" = ABB'A" = A*BB'A* and (AB)'AB = B1ATAB = B* At A(BT)*;

27) (BtA*)IBtA* = ABBTA' = A™"BB'A* and Bt A*(BTA*)! = BIATAB = B*AtAB'™,

28) (BTAN = AB;
20) Af(BTAN Bt = AtABBH,
30) (AA")H(BFAN(B*B)T = At Al

)
)
)
)
)
)
)
)
)
)
)
)
)
)
18) (B*ANB*At = ABBYAt = A BBtA* and B*AN(B*ANt = Bt ATAB = B*AtAB',
)
)
)
)
)
)
)
)
)
)
)
)
31) (BtAN = ABBATAB;
)

(
(
(
(
(
(
(
(
(
(
(
(21) AA*(B'A*)IBIB = AB;
(
(
(
(
(
(
(
(
(
(
(

32) (BTAN = A(B'ATA)! and (BTATA)t = AAB;
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(33) (BfAN) = (BB'A")'B and (BB'A")f = ABB';

(34) (BAN) = A(BBTATA)'B and (BB'ATA)t = ATABB;

(35) AB € BtAT{1,3,4};

(36) BTAT(BTAT) = BTATAB = B*ATAB™ and (BTAT)'BIAT = ABBT AT = At*BB1A*;
(37) (AB)t = (A*AB)TA* and (A*AB)T = Bf(A*A)t;

(38) (AB)" = B*(ABB*)! and (ABB*)! = (BB*)tAT;

(39) (AB)t = B*(A*ABB*)'A* and (A*ABB*)" = (BB*)T(A*A)t;

(40) (AB)! = (B*B)"((AA*)"AB(B*B)"){(AA*)™ and

((AA)™AB(B*B)")' = (B(B"B)")'((AA")"A)";

(41) (AB)' = B*(BB*)"((A* A)y™(BB*)" ) (A*A)" A* and

(A Ay BBy = (BB (A7),

Proof. (1) = (2): Straightforward.

(2) = (3): Pre- and post-multiplying the given condition by B* and A*, respectively, we get
B*B(AB)TAA* = B*A*, equivalently AA*(B*A*)IB*B = AB.

(3) = (1): We have B*B(AB)TAA* = B*A*. Pre- and post-multiplying by (B*B)" and (AA*)T
respectively, we get BIB(AB)TAAT = BTAT. 1t is clear that R((AB)") = R((AB)*) C R(B*)
and R((AB)™) = R(AB) C R(A). Thus B'B(AB)" = (AB)" and (AB)TAA" = (AB)'. Hence,
BYB(AB)TAAT = (AB)! = BTAT.

(1) = (4): It is easy to see from the assumption that

(AB)' = (AB)'AB(AB)" = BTATABBT AT

(4) = (5): Pre-multiplying the given condition by B and post-multiplying by A, we get B(AB)TA =
BBYATABBTATA = (BBTATA)2. (BBTATA)* = (BBTATA)2(BBTATA)?2 = B(AB)'AB(AB)TA =
B(AB)TA = (BBTATA)?. Since BB and A'A are orthogonal projections by Lemma 2.7, BBTATA =
ATABBT. The statements (AB)! = (ATAB)TA" and (ATAB)" = BTATA can be proved by verifying
all Penrose equations using BBTATA = A1ABBT.

(5) = (6): Note that by substituting the second condition in the first condition of (5), we get
(AB)T = B'A'. Thus, we have AB = AB(AB)'AB = ABBTA'AB, (AB)! = (AB) AB(AB)' =
BTATABBTAT, ABBTA' is a projection and Hermitian. Now (ABBT)! = BBTA' is easily ver-
ifiable, using Theorem 3.1 (iii). Moreover, (AB)! = BTATABB'A" = BV'AT(AB)(AB)! =
B'BB'ATAB(AB)" = B (ABBY)"(AB)(AB)' = BI(ABB")!.

(6) = (7): Suppose (AB)" = BY(ABB™). Then

(AB)(AB)' = ABBY(ABB")' = ABB'BB'A" = ABB'A'.

Thus, AB = ABBTATAB. Now by Theorem 3.1 (vi), we get (ATABBT)T = BBTATA. Since BBTAT =
(ABB")', (ATABB")! = (ABB")TA. Therefore BI(ATABBT)TAT = BI(ABBT)TAAT = (AB)TAAT =
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(7) = (8): We have

AB = AB(AB)'AB = ABB'(ATABB") ATAB
— ABB'BBTATAATAB = ABBYATAB

and (AB)(AB)" = ABBT(ATABB")TA" = ABB'BBTATAA" = ABBTA'. Similarly, (AB)'AB =
BYATAB. Thus BTAT € AB{1,3,4}.
(8) = (9): Since BTA" € AB{1,3,4}, AB = ABBTATAB and ABB'A" = (ABBTA")*. Now,

(AB)(AB)' = ABBYATAB(AB)" = (ABB'A")*AB(AB)'
= (B'A")"(AB)*AB(AB)'
= (BTAN*(AB)*( by Lemma 2.1 (vi))
= (ABBYA")* = ABBTAl

= A" BBTA*.

Similarly, we can prove the other relation.

(9) = (10): Since AB(AB)' = ABBYA", AB(AB)'AB = ABBTATAB. Then by Theorem 3.1 (iv),
ATABBT = BBYATA. 1t is clear from the assumption that BfA* € A""B{3,4}. Also, it is easy to
verify that BfA* € A" B{1,2}.

(10) = (1): Applying Theorem 3.1 for A™ and B, we get A*A*BBT = BBTA* A" ie., AAABB' =
BBTATA. Using the third and fourth Penrose conditions for (10), we get

ABB'ATAB = AATABB'B = AB,
BTATABBTA" = BT BBTATAA" = BTAT,
(ABBTA"* = A" BBTA* = ABBTA',
(BTATAB)* = B*ATAB™ = BYATAB.
The equivalences of (10)-(18) can be established by replacing A by A™ in (1)-(9). Similarly, the
equivalences of (19)-(27) can be established by replacing B by B in (1)-(9) and the equivalences of
(28)-(36) can be established by replacing A by BT and B by A" in (1)-(9). The equivalence of (1)
and (19) is similar to that of (1) and (10). The equivalence of (1) and (28) follows by applying the
Moore-Penrose inverse on both sides of (1) and (28).

(1) = (37): We use Theorem 3.1 to prove (A*AB)" = BT(A*A)!. We get the first Penrose equation
verified as below. By using Lemma 2.1 (iv) and (vi), we get

A*ABBY(A*A)'A*AB = A*ABB'ATAB = A*AATABB'B = A*AB.
By Lemma 2.1, Theorem 3.1 and Theorem 3.2 (v), we get
[A*ABB'(A*A)']* = [BBTA*A(A*A)]* = (BBTATA)* = ATABB!.

The right-hand side is Hermitian, so is the left-hand side. Similarly, we can prove the second and
fourth Penrose equations. Also, we get

(A*AB)TA* = BT(A*A)TA* = BTAT = (AB).
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(1) = (38): Similar to (1) = (37).
(1) = (39): By using Lemma 2.1 and Theorem 3.1, we get
A*ABB*(BB*)'(A*A)'A*ABB* = A*ABB'A'ABB*

= A"AA"ABB'BB*
= A"ABB".

Now, using Lemma 2.1 and Theorem 3.2 (v), we have

[A*ABB*(BB*)'(A*A)']* = [A*ABB'(A*A)'|* = [BBTA*A(A*A)T]*
— (BBTATA)*,

which is Hermitian by Theorem 3.1. Hence the first and third conditions of the Penrose equations
are satisfied. The second and fourth conditions follow similarly.

(1) = (40): Let P = (AA*)™A and Q = B(B*B)". Then R(P), R(Q) and R(PQ) have closed
ranges by Lemma 3.2. We prove [(AA*)™AB(B*B)"|l = [B(B*B)"|/[([AA*)™A]' i.e., (PQ)" = QTPT
by verifying the Penrose equations. By Lemma 2.1 and Theorem 3.1, we get
PQQ'PTPQ = (AA"AB(B*B)"[(B*B)"|' BT AT[(AA")"]1(AA*)™ AB(B*B)"
— (AA"Y"ABB'BB'ATAATAB(B*B)"
= (AA"Y"ABB'ATAB(B*B)" = (AA*)"AATABB'B(B*B)"
= (AA")"AB(B*B)" = PQ.
Similarly, we can prove the second Penrose equation. For proving the third one we use the following
facts that for all m > 1, AT(AA")™ = A*(AA*)™ 1 [(AA*)"]TA = [(AA*)"1]TAT* = A™ and
(ABBTAT)* = ABBTAT. We have
(PQQ'P')" = ((AA")"ABBIAT[(AA")™]T)"
= [(AA")"]TABBTAT(AA)™
= A"BBTA* = (ABBTA")*.
The right-hand side is Hermitian so is the left-hand side. Similarly, the fourth Penrose equation can
be proved. Also, we have

(B*B)"[(AA")"AB(B*B)"|'(AA*)™ = (B*B)"[B(B*B)"]'[(AA")" A (AA")™
= (B"B)"((B*B)"]' B'AT[(AA")"]"(AA")™
— B'BBTATAAT = BTAT = (AB)".

(1) = (41): Let P = (AA*)™! and Q = (B*B)"*!. We can prove the existence of (PQ) by a similar
argument in Lemma 3.2.
PQQ'P'PQ = (AA*)" "' BT BAAT(B*B)"*!
= (AA" T AATBTB(B*B)" !
= (AA")" Y B*B)"*! = PQ.
Using the fact AA*BTB = BTBAA*, we have
(PQQTPT)" = (AA" )™ BIB[(AA")™ ]!
= BTB(AA")™H(AA")™ T
= B'BAAT,
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The right-hand side is Hermitian so is the left-hand side. Similarly, the second and fourth Penrose
equations can be proved. Now we have

B*(BB*)"((A"A)™ (BB )" (A A)" A" = B*(BB")"((BB")" ]!
(A" A)m (A Ay AT
— B*BB'(BB*)T(A*A)TATAA*
— B*(BB*)'(A*A)TA* = BTA" = (AB)".

(37) — (41) = (1): Using the given conditions we get

(AB)! = (A*"AB)'A* = BI(A*A)! A" = BT AT,

Similarly, other implications also follow by substituting the second set of equations into the first ones
and using the properties of the Moore-Penrose inverse given in Lemma 2.1. O

Proposition 3.1. Let the conditions of Theorem 3.1 hold. Then the following statements are true.
(i) A*ABBTATA is Hermitian if and only if BTAT € AB{3}.
(ii) BBTATABB* is Hermitian if and only if BTAT € AB{4}.

Proof. Since ABBTAT = A™*A*ABBYATAAT we get BTAT € AB{3} if and only if A*ABBTATA is

Hermitian. Similarly, we can prove (ii). O
The next result is a continuation of Theorem 3.8.

Theorem 3.9. Let the conditions of Theorem 3.1 hold. Then the following statements are equivalent:

(1) (AB)" = BTAT

(42) (ABB*)" = (BB*)T A" and BBTATABB* is Hermitian,

(43) (A*AB)" = BY(A*A)" and A*ABBYATA is Hermitian;

(44) (ABB")' = BBTA" and BBTATABB* is Hermitian;

(45) (ATAB)" = BYATA and A*ABBTAYA is Hermitian;

(46) (A*ABB")' = (BB*)'(A*A)'; A*ABB'ATA and BB'ATABB* are Hermitian;
(47) (ATABB*)! = (BB*)TATA; A*ABBYATA and BBYATABB* are Hermitian;
(48) (A*ABB') = BBI(A*A)"; A*ABBTATA and BBTATABB* are Hermitian;
(49) (ATABB') = BBIAIA; A*ABBATA and BBTATABB* are Hermitian.

1) = (42): Follows from Theorem 3.8 (38).
): Follows from Theorem 3.2 (x).
): Follows from Theorem 3.8 (37).

43) = (1): Follows from Theorem 3.3 (x).
): Follows from Theorem 3.8 (6).
): Follows from Theorem 3.2 (vi).
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45): Follows from Theorem 3.8 (5).

(1): Follows from Theorem 3.3 (vi).

46): Follows from Theorem 3.8 (39).

(1): Tt is easy to verify that BTAT € AB{1,2}.

(47): Replacing B by BB* in the equivalence (43) < (45).

(48): Replacing A by A*A in the equivalence (42) < (44).

(49): Replacing A by ATA in the equivalence (42) < (44). O

Acknowledgements

We would like to thank the anonymous reviewers for their valuable comments, which helped to im-
prove the readability of the manuscript. The first author thanks the National Institute of Technology
Karnataka (NITK), Surathkal, for the financial support. The present work of the third author was
partially supported by the National Board for Higher Mathematics (NBHM), Ministry of Atomic
Energy, Government of India (Reference Number: 02011/12/2023/NBHM(R.P)/R&D 11/5947).



24

1

2]

3l

(4]

]

(6]
7]

18]

19]
[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]
[18]
[19]

[20]

[21]

[22]

[23]

S.K. Athira, K. Kamaraj, P.S. Johnson

References

E. Arghiriade, Remarques sur linverse généralisée d’un produit de matrices. Atti Accad. Naz. Lincei Rend. CL.
Sci. Fis. Mat. Natur. Ser VIII, 42 (1967), 621-625.

A. Ben-Israel, T.N.E. Greville, Generalized inverses. Theory and applications. Second edition, CMS Books in
Mathematics, Springer-Verlag, New York, 2003.

F.J. Beutler, The operator theory of the pseudo-inverse I. Bounded Operators. J. Math. Anal. Appl., 10 (1965),
451-470.

F.J. Beutler, The operator theory of the pseudo-inverse II. Unbounded Operators with Arbitrary Range. J. Math.
Anal. Appl., 10 (1965), 471-493.

A. Bjerhammar, Rectangular reciprocal matrices, with special reference to geodetic calculations. Bull. Géodésique,

20 (1951), 188-220.
R.H. Bouldin, The pseudo-inverse of a product. SIAM J. Appl. Math., 25 (1973), 489-495.

R.H. Bouldin, Generalized inverses and factorizations, in: Recent Applications of Generalized Inverses. in: Pit-
man Ser. Res. Notes in Math., 66 (1982), 233-248.

K.G. Brock, A note on commutativity of a linear operator and its Moore-Penrose inverse. Numer. Funct. Anal.
Optim., 11 (1990), 673-678.

R.E. Cline, Note on the generalized inverse of the product of matrices. SIAM Rev., 6 (1964), 57-58.

N.C. Din¢ié¢, D.S. Djordjevi¢, Basic reverse order law and its equivalencies. Aequationes Math., 85 (2013), no.
3, 505-517.

D.S. Djordjevi¢, N.C. Din¢i¢, Reverse order law for Moore-Penrose inverse. J. Math. Anal. Appl., 361 (2010),
252-261.

R.G. Douglas, On majorization, factorization, and range inclusion of operators on Hilbert space. Proc. Amer.
Math. Soc., 17 (1966), 413-415.

T.N.E. Greville, Note on the generalized inverse of a matriz product. SIAM Review, 8 (1966), 518-521.
B.C. Hall, Quantum theory for mathematicians, Graduate Texts in Mathematics. Springer New York, 2013.

R. Harte, Invertibility and singularity for bounded linear operators. Monographs and Textbooks in Pure and
Applied Mathematics, 109. Marcel Dekker, Inc., New York, 1988.

S. Izumino, The product of operators with closed range and an extension of the reverse order law. Tohoku Math.

J., 34 (1982), 43-52.

E.H. Moore, On the reciprocal of the general algebraic matriz (abstract). Bull. Am. Math. Soc., 26 (1920), 394-395.
D. Mosié¢, D.S. Djordjevi¢, Reverse order law in C*-algebras. Appl. Math. Comput., 218 (2011), no. 7, 3934-3941.
F.J. Murray, J. v. Neumann, On rings of operators. Ann. of Math., 37 (1936), no. 1, 116-229.

M.Z. Nashed, G.F. Votruba, A unified operator theory of generalized inverses. Generalized inverses and appli-
cations (Proc. Sem., Math. Res. Center, Univ. Wisconsin, Madison, Wis., 1973). pp. 1-109. Publ. Math. Res.
Center Univ. Wisconsin, No. 32, Academic Press, New York, 1976.

R. Penrose, A generalized inverse for matrices. Proc. Cambridge Philos. Soc., 51 (1955), 406-413.

Y. Tian, Using rank formulas to characterize equalities for Moore-Penrose inverses of matrix products. Appl.

Math. Comput., 147 (2004), 581-600.

Y. Tian, A family of 512 reverse order laws for gemeralized inverses of a matriz product: A review. Heliyon, 6
(2020), no. 9, e04924.



Reverse order law for closed range operators 25

[24] Y.Y. Tseng, Generalized inverses of unbounded operators between two unitary spaces. Doklady Akad. Nauk SSSR
(N.S.), 67 (1949), 431-434.

[25] G. Wang, Y. We, S. Qiao, Generalized inverses: theory and computations. Springer Singapore, 2018.

[26] Z. Xiong, Y. Qin, Mized-type reverse-order laws for the generalized inverses of an operator product. Arab. J. Sci.
Eng., 36 (2011), 475-486.

Satheesh Kakkadan Athira , Packia Prakassh Raaj Sam Johnson
Department of Mathematical and Computational Sciences
National Institute of Technology Karnataka (NITK)

Surathkal, Mangaluru, 575 025, India

E-mails: athirachandri@gmail.com, sam@nitk.edu.in

Kaliappan Kamaraj

Department of Mathematics

University College of Engineering, BIT Campus
Tiruchirappalli, 620 024, India

E-mail: krajkj@yahoo.com

Received: 25.01.2023



