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On the 90th birthday
of Professor Oleg Vladimirovich Besov

This issue of the Eurasian Mathematical Journal is dedicated to the 90th birthday of Oleg
Vladimirovich Besov, an outstanding mathematician, Doctor of Sciences in physics and mathematics,
corresponding member of the Russian Academy of Sciences, academician of the European Academy of
Sciences, leading researcher of the Department of the Theory of Functions of the V.A. Steklov Insti-
tute of Mathematics, honorary professor of the Department of Mathematics of the Moscow Institute
of Physics and Technology.

Oleg started scientific research while still a student of the Faculty of Mechanics and Mathematics
of the M.V. Lomonosov Moscow State University. His research interests were formed under the
influence of his scientific supervisor, the great Russian mathematician Sergei Mikhailovich Nikol’skii.

In the world mathematical community O.V. Besov is well known for introducing and studying
the spaces B;G(R"), 1 < p,0 < o0, of differentiable functions of several real variables, which are now
named Besov spaces (or Nikol’skii-Besov spaces, because for §# = oo they coincide with Nikol’skii
spaces H(R")).

The parameter r may be either an arbitrary positive number or a vector r = (rq,...,r,) with
positive components r;. These spaces consist of functions having common smoothness of order r in
the isotropic case (not necessarily integer) and smoothness of orders r; in variables z;,7 = 1,...,n, in
the anisotropic case, measured in L,-metrics, and ¢ is an additional parameter allowing more refined
classification in the smoothness property.



0O.V. Besov published more than 150 papers in leading mathematical journals most of which are
dedicated to further development of the theory of the spaces B;Q(R"). He considered the spaces
;H(Q) on regular and irregular domains 2 C R” and proved for them embedding, extension, trace,
approximation and interpolation theorems. He also studied integral representations of functions, den-
sity of smooth functions, coercivity, multiplicative inequalities, error estimates in cubature formulas,
spaces with variable smoothness, asymptotics of Kolmogorov widths, etc.

The theory of Besov spaces had a fundamental impact on the development of the theory of
differentiable functions of several variables, the interpolation of linear operators, approximation the-
ory, the theory of partial differential equations (especially boundary value problems), mathematical
physics (Navier—-Stokes equations, in particular), the theory of cubature formulas, and other areas of
mathematics.

Without exaggeration, one can say that Besov spaces have become a recognized and extensively
applied tool in the world of mathematical analysis: they have been studied and used in thousands
of articles and dozens of books. This is an outstanding achievement.

The first expositions of the basics of the theory of the spaces B;Q(R”) were given by O.V. Besov
in [2], [3].

Further developments of the theory of Besov spaces were discussed in a series of survey papers,
e.g. [18], [12], [15]. The most detailed exposition of the theory of Besov spaces was given in the
book by S.M. Nikol’skii [19] and in the book by O.V. Besov, V.P. II'in, S.M. Nikol’skii [11], which in
1977 was awarded a State Prize of the USSR. Important further developments of the theory of Besov
spaces were given in a series of books by Professor H. Triebel [21], [22], [23]. Many books on real
analysis and the theory of partial differential equations contain chapters dedicated to various aspects
of the theory of Besov spaces, e.g. [16], [1], [13]. Recently, in 2011, Professor Y. Sawano published
the book “Theory of Besov spaces” [20] (in Japanese, in 2018 it was translated into English).

A survey of the main facts of the theory of Besov spaces was given in the dedication to the 80th
birthday of O.V. Besov [14].

We would that like to add that during the last 10 years Oleg continued active research and
published around 25 papers (all of them without co-authors) on various aspects of the theory of
function spaces, namely, on the following topics:

Kolmogorov widths of Sobolev classes on an irregular domain (see, for example, [4]),

embedding theorems for weighted Sobolev spaces (see, for example, [5]),

the Sobolev embedding theorem for the limiting exponent (see, for example, |7]),

multiplicative estimates for norms of derivatives on a domain (see, for example, [8]),

interpolation of spaces of functions of positive smoothness on a domain (see, for example, [9]),

embedding theorems for spaces of functions of positive smoothness on irregular domains (see, for
example, [10]).

In 1954 S.M. Nikol’skii organized the seminar “Differentiable functions of several variables and
applications”, which became the world recognized leading seminar on the theory of function spaces.
Oleg participated in this seminar from the very beginning, first as the secretary and later, for more
than 30 years, as the head of the seminar first jointly with S.M. Nikol’skii and L.D. Kudryavtsev,
then up to the present time on his own.

0O.V. Besov participated in numerous research projects supported by grants of several countries,
led many of them, and currently is the head of one of them: “Contemporary problems of the theory
of function spaces and applications” (project 19-11-00087, Russian Science Foundation).

He takes active part in the international mathematical life, participates in and contributes to
organizing many international conferences. He has given more than 100 invited talks at conferences
and has been invited to universities in more than 20 countries.

For more than 50 years O.V. Besov has been a professor at the Department of Mathematics of
the Moscow Institute of Physics and Technology. He is a celebrated and sought-after lecturer who is
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able to develop the student’s independent thinking. On the basis of his lectures he wrote a popular
text-book on mathematical analysis [6].

He spends a lot of time on supervising post-graduate students. One of his former post-graduate
students H.G. Ghazaryan, now a distinguished professor, plays an active role in the mathematical
life of Armenia and has many post-graduate students of his own.

Professor Besov has close academic ties with Kazakhstan mathematicians. He has many times
visited Kazakhstan, is an honorary professor of the Shakarim Semipalatinsk State University and a
member of the editorial board of the Eurasian Mathematical Journal. He has been awarded a medal
for his meritorious role in the development of science of the Republic of Kazakhstan.

Oleg is in good physical and mental shape, leads an active life, and continues productive research
on the theory of function spaces and lecturing at the Moscow Institute of Physics and Technology.

The Editorial Board of the Eurasian Mathematical Journal is happy to congratulate Oleg
Vladimirovich Besov on occasion of his 90th birthday, wishes him good health and further productive
work in mathematics and mathematical education.

On behalf of the Editorial Board
V.I. Burenkov, T.V. Tararykova
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Abstract. We present some Caffarelli-Kohn-Nirenberg-type inequalities for Herz-type Besov-Triebel-
Lizorkin spaces, Besov-Morrey and Triebel-Lizorkin-Morrey spaces. More precisely, we investigate
the inequalities

[ Flligyr < el 1l 11 W oass e
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with some appropriate assumptions on the parameters, where k2L are the Herz-type Bessel potential

spaces, which are just the Sobolev spaces if &y = 0,1 <r =v < o0 and ¢ € Ny, and K§3’51A% are
Besov or Triebel-Lizorkin spaces if @z = 0 and d; = p. The usual Littlewood-Paley technique,
Sobolev and Franke embeddings are the main tools of this paper. Some remarks on Hardy-Sobolev
inequalities are given.

DOI: https://doi.org/10.32523 /2077-9879-2023-14-2-24-57

1 Introduction

Major results in harmonic analysis and partial differential equations invoke some inequalities. Some
examples can be mentioned such as: Caffarelli, Kohn and Nirenberg in [7]. They proved the following
useful inequality:

6 (03 - o0 n
2P £l < e[l fI|, MV f1,70 0 f € G R, (1.1)

where 1 < p,g <oo,7>0,0<60<1,a,8,7 € R satisfy some suitable conditions and ¢ > 0 depends
only on these numerical parameters. This inequality plays an important role in theory of PDE’s. It
was extended to fractional Sobolev spaces in [32]. This estimate can be rewritten in the following
form:

1fllizr < el Fpall VElar € CR®R),

where K(‘;’p is the Herz space, see Definition 1 below. These function spaces play an important role
in Harmonic Analysis. After they have been introduced in [21], the theory of these spaces had a
remarkable development, in particular, due to its usefulness in applications. For instance, they appear
in the characterization of multipliers on Hardy spaces [2], in the semilinear parabolic equations [13],
in the summability of Fourier transforms [16], and in the Cauchy problem for Navier-Stokes equations
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[45]. For important and latest results for Herz spaces, we refer the reader to the papers [34], [52] and
to the monograph [25].
Inequality (1.1) with @ = = v = 0, takes the form

1-0

171, < el ANV AL 1 ecsm,

where LP, 1 < p < oo is the Lebesgue space.
The main purpose of this paper is to present a more general version of such inequalities. More
precisely, we extend this estimate to Herz-type Besov-Triebel-Lizorkin spaces, called K*?Bj; and

K ¢ "F3, which generalize the usual Besov and Triebel-Lizorkin spaces. We mean that

Kg’pBg = B,; and KS’ng = I,
In addition Kg"pFQO are just the Herz spaces Kg"p when 1 < p,q < oo and —% <a<n(l- %) In
the same manner, we extend these inequalities to Besov-Morrey and Triebel-Lizorkin-Morrey spaces.
Our approach based on the Littlewood-Paley technique of Triebel [44] and some results obtained by
the author in [9, 10, 11].

The structure of this paper needs some notation. As usual, R" denotes the n-dimensional real
Euclidean space, N the set of all natural numbers and Ny = NU{0}. The letter Z stands for the set
of all integer numbers. For any u > 0,k € Z we set C(u) = {x € R" : % < |z| < u} and C), = C(2%).
Xk, for k € 7Z, denote the characteristic function of the set Cy. The expression f ~ g means that
Cg < f < cg for some ¢, C' > 0 independent of non-negative functions f and g.

For any measurable subset 2 C R"™ the Lebesgue space LP(f2), 0 < p < oo consists of all
measurable functions for which

1/p
iy = ([ 0P ar) " <o 0<p<oc

and

HfHLOO(Q) = esiesgup |f(x)| < oc.

If @ = R", then we put LP(R") = L? and ||f|| , . = [|f]|,- The symbol S(R") is used to denote
the set of all Schwartz functions on R™ and we denote by S&’(R™) the dual space of all tempered
distributions on R"”. We define the Fourier transform of a function f € S(R") by

n

F()(E) = 2m) ™ / i f(2)dr, € € R™.

Its inverse is denoted by F~'f. Both F and F~! are extended to the dual Schwartz space S'(R") in
the usual way. The Hardy-Littlewood maximal operator M is defined on L. . by

loc

MF(z) = sup ——

TRI AT |f(y)ldy, zeR"
r>0 ’B('I7 T)| B(z,r)
and M, f = (M), 0 <7 < .

Given two quasi-Banach spaces X and Y, we write X — Y if X C Y and the natural embedding
of X in Y is continuous. We use ¢ as a generic positive constant, i.e. a constant whose value may be
different in different inequalities.
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2 Function spaces
We start by recalling the definition and some of the properties of the homogenous Herz spaces K 7
Definition 1. Let a € R,0 < p,q¢ < co. The homogeneous Herz space Kg’p is defined by

Kg# = {f € Li R\ {0}) : ||/ or < 00},

where

Hfﬂkﬁp_.<:§i 2mw|fxdﬁ>lm

k=—00

with the usual modifications made when p = co and/or ¢ = oo.

The spaces K o7 are quasi-Banach spaces and if min(p, q) > 1 then Kg’p are Banach spaces. When
a=0and 0 < p=q < oo the space Kg’p coincides with the Lebesgue space LP. In addition

KP = LP(R",|-|*"), (Lebesgue space equipped with power weight),

1/p
||fHLp(Rn,|.|ap) - (/]R" |f ()" Mapdx) .

Ko S'(R")

where

Note that

foranya<n(1—%),1§p,q§ooor04:n(1—%),p:1andlgqgoo. We mean that,

Ti(p) = o f(x)p(x)dx, e SR, fe K:;,p

generates a distribution Ty € S'(R™). A detailed discussion of the properties of these spaces can be
found in [20, 24, 27|, and references therein.
The following lemma is the K *P-version of the Plancherel-Polya-Nikolskij inequality.

Lemma 2.1. Let ay,ap € R and 0 < s,7,q,7 < oo. We suppose that ay + 5 >0, 0 < g < s < 00
and g > 1. Then there exists a positive constant ¢ > 0 independent of R such that for all
f € K;‘Z"; NS (R™) with supp Ff C {£: €| < R}, we have

2—Ztag—oq
1l genr < € Rama [ | s

where

5:{ T, if Qg = (7,

T, if ag > a.

Remark 1. We would like to mention that Lemma 2.1 improves the classical Plancherel-Polya-
Nikolskij inequality if o = as = 0,7 = s due to the continuous embedding ¢¢ — ¢°.

In the previous lemma we have not treated the case s < ¢. The next lemma gives a positive
answer.
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Lemma 2.2. Let aj, a0 € R and 0 < s,7,q,7 < 00. We suppose that oy + %5 >0, 0 < s < g < 00

and ag > ay + = — %. Then there exists a positive constant ¢ independent of R such that for all

f e Ko NS (R") with supp Ff C {€:|€| < R}, we have

Z—Ztas—oq
[ £ gorr < e Ro™ /] oz

where

q’
T, if 042>041+§—2.

r, if ag=a;+2-12
5:{ 2 1+ 3
q

The proof of these inequalities is given in [9], Lemmas 3.10 and 3.14. Let 1 < ¢ < oo and

0 <p<oo. If fisalocally integrable function on R™ and —% <a<n(l-— %), then

1Ml icgr < €l ]l g (2.1)

see [24]. We need the following lemma, which is basically a consequence of Hardy’s inequality in the
sequence Lebesgue space (9.

Lemma 2.3. Let 0 <a <1 and 0 < g < oo. Let {5k}keNo be a sequence of positive real numbers,
such that

H{Sk}keNOH@ =1 < o0.

L5 k—j o i~k
Then the sequences {5;€ = ngk a ]6]}14:61\10 and {77k RS ijk a’ gj}keNo belong to (1, and

H {5k}keNo ||gq + H {nk}keNO ”eq <cl,

with ¢ > 0 only depending on a and q.
Some of our results of this paper are based on the following result, see Tang and Yang [40].

Lemma 2.4. Let 1 < f < 00,1 < ¢ <00 and 0 < p < oco. If {fj}32, is a sequence of locally
integrable functions on R" and —% < a <n(l — %), then

0o /B 0o /8
| (ijfj)ﬁ) o = (;W) |

Now, we present the Fourier analytic definition of Herz-type Besov and Triebel-Lizorkin spaces
and recall their basic properties. We first need the concept of a smooth dyadic partition of the unity.
Let ¢o be a function in S(R") satisfying ¢o(z) = 1 for [z| < 1 and ¢g(z) = 0 for |z] > 2. We put
pj(r) = po(2772) = po(2' V) for j = 1,2,3, ... Then {g;}jen, is a partition of unity, 3772 ¢;(z) = 1
for all x € R". Thus we obtain the Littlewood-Paley decomposition

sa,p
Ky

F=) Floixf

=0

of all f € S8'(R™) (convergence in &'(R")).
We are now in a position to state the definition of Herz-type Besov and Triebel-Lizorkin spaces.
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Definition 2. Let a,s € R,0 < p,qg < oo and 0 < 3 < oo.
(i) The Herz-type Besov space K" Bj is the set of all f € S'(R") such that

0o 1/8
Wleon; = (3271 e ) <o
7=0

with the obvious modification if § = oc. .
(ii) Let 0 < p,q < co. The Herz-type Triebel-Lizorkin space K7 F3 is the set of all f € S'(R")

such that s
I ligors | (Z 598 1 f|ﬁ) |
=0

with the obvious modification if g = oco.

Remark 2. Let s € R,0 < p,g < 00,0 < 8 < o0 and a > —%. The spaces Kg"pBg and Ko"st
are independent of the particular choice of the smooth dyadic partition of the unity {(;}jen, (1n the
sense of equivalent quasi-norms). In particular K ;P Bj5 and K JPFj are quasi-Banach spaces and if
p,q, 3 > 1, then they are Banach spaces. Further results concerning, for instance, lifting properties,
Fourier multiplier and local means characterizations can be found in [8, 9, 10, 11, 12, 48, 49, 47|.

. < 00,
KgP

Now we give the definitions of the spaces By ; and F} 4
Definition 3. (i) Let s € R and 0 < p, 8 < oo. The Besov space B, ; is the set of all f € S'(R")

such that s
- (Zzﬂ'sﬁurl%- *fo> < 00,

J=0

with the obvious modification if g = oc.
(ii) Let s € R,0 < p < oo and 0 < < oo. The Triebel-Lizorkin space F; 5 is the set of all

f € §(R™) such that
0o /B
= (szﬁ\f Lo, « f| ) Hp<oo,
=0

with the obvious modification if § = oo.

The theory of the spaces B} 5 and I 5 has been developed in detail in [42, 43] but has a longer
history already including many contributors; we do not want to discuss this here. Clearly, for
seR,0<p<ooand0<f < oo,

-0, s 0, s
KBy =B, and KUF;=F3,

p p

Let w denote a positive, locally integrable function and 0 < p < co. Then the weighted Lebesgue
space LP(R" w) consists of all measurable functions such that

s = ([ 1500 i) <

For ¢ € [1,00) we denote by A, the Muckenhoupt class of weights, and A = U,>1.4,. We refer to
[17] for the general properties of these classes. Let w € Ay, s e R, 0 < f < ooand 0 < p < oo. We
define weighted Besov spaces B 5(R", w) to be the set of all distributions f € §'(R") such that

00 1/8
B3 5(R™ w) = (Z 2]55“]:_ Pj * fHLp R" )

7=0

1]
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is finite. In the limiting case 8 = oo the usual modification is required.
Let w e Ay, s € R, 0 < f < oo and 0 < p < co. We define weighted Triebel-Lizorkin spaces
F7 5(R™,w) to be the set of all distributions f € §'(R™) such that

00 /B
PR = H (Z 2958 | F 1, flﬁ) ‘
=0

is finite. In the limiting case = oo the usual modification is required.

The spaces B; 5(R",w) = By 5(w) and Fy 5(R",w) = F 5(w) are independent of the particular
choice of the smooth dyadic partition of the unity {y,} en, appearing in their definitions. They are
quasi-Banach spaces (Banach spaces for p, 5 > 1). Moreover, for w = 1 € A,, we obtain the usual
(unweighted) Besov and Triebel-Lizorkin spaces. We refer, in particular, to the papers [3, 4, 22|
for a comprehensive investigation consists of the weighted spaces. Let w, be a power weight, i.e.,
wy(x) = |x|” with v > —n. Then we have

171

LP(R™,w)

° lyp ' l»p
S s(wy) =Ky Bi and F)s(w,) =Ky Fj,
in the sense of equivalent quasi-norms.

Definition 4. (i) Let 1 < ¢ < 00,0 < p < o0, -4 <a< n(l— %) and s € R. Then the Herz-type

Bessel potential space /%gf is the set of all f € §’'(R") such that
£ 1lior = 1L+ 1€ % £l o < 00

(i) Let 1 < ¢ < 00,0 < p < o0, -4 <a< n(l — é) and m € N. The homogeneous Herz-type

Sobolev space W;‘;ﬁ is the set of all f € S'(R") such that

o8 f
HfHWﬁ;ﬁ - Z H@ﬁm‘
|B|<m

where the derivatives must be understood in the sense of distribution.

) < 00,
K?’P

In the following, we will present the connection between the Herz-type Triebel-Lizorkin spaces
and the Herz-type Bessel potential spaces; see [26, 48]. Let 1 < ¢ < 00,1 < p < oo and —% <a<
n(1— %) If s € R, then

K{PEy = k7Y (2.2)
with equivalent norms. If s =m € N, then
KyPEy =W/h (2.3)

with equivalent norms. In particular
KS”’F;“ = WP  (Sobolev spaces)

and . .
KXPE) = KoP (2.4)

with equivalent norms. Let 0 < 6 < 1,

a=(1-0)a+ o 1—1_0+£ 1—1_Q+£ 1
’ b p Po ]91’ q qo Ch7 B Bo B
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and
s=(1—0)sg+ 0s;.

For simplicity, in what follows, we use K o 7A% to denote either K ¢ ' Bj or K o TF5. As an immediate

consequence of Holder’s inequality we have the so-called interpolation inequalities:

1-0

1l iegay < Wiz 420

|f||z'(§‘11’p1A211 (2.5)

which hold for all f € K0P A% N K1 A%

We collect some embeddings on these function spaces as obtained in [9]-[10]. First we have

elementary embeddings within these spaces. Let s € R,0 < p,q¢ < 00,0 < f < o0 and o > —
Then

Knglilin(ﬁ,p,q) = K;é’ng = KgyprnaX(ﬁ,p,q)' (2.6)
Theorem 2.1. Let ay, a9, 51,82 € R,0 < s,p,q,7,8 < 00,01 > =% and ay > —g. We suppose that

n n
S1— — — Q1] = S — — — Q.
S

Let0<g<s<ooandas > a; or0 < s <q < oo and
n n
052+§ 2041‘?‘;- (2.7)
(i) We have the embedding
K{**Bg — K" B3,
where
g1 if ;p+2=a1+4s<qoray=ag,q<s,
o if et l>a+ts<goray>ag<s
(ii) Let 0 < q,s < 0o. The embedding
Ko»"Fg? — K&PES
holds if 0 < r < p < oo, where

0_ ﬁ? lf O<3§q<00and042—|—g:al_|_%’
| oo, otherwise.

We now present an immediate corollary of the Sobolev embeddings, which are called Hardy-
Sobolev inequalities.

Corollary 2.1. Let 1 <g<s<oo, 1 <g<mn and a = g — 2 — 1. There is a constant ¢ > 0 such
that for all f € qu

q

[y w152, ) <o (15

Now we recall the Franke embedding, see [12].
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Theorem 2.2. Let ay,as,51,82 € R, 0 < 5,p,q < 00,0 <0 < 00,1 > =2 and ay > —g. We
suppose that

n n
S — — — Q1 = S — — — Q.
S
Let
0<g<s<oo and a9 > ay,
or
n n
0<s<g<oo and as+—>a;+ —.
q s
Then

TQ2,p P82 QLD 181
Kq Bp — KJ'"PE,

Corollary 2.2. Let1 <qg<s<oo withl <q<mn. Let a = % — 2 — 1. There is a constant ¢ > 0
such that for all f € B;s

/ (\f(x)al) dz < || fl[oeg < el 113 -
re \ |7] o -

Remark 3. We would like to mention that in Theorem 2.1 and Theorem 2.2 the assumptions
s1— 2 —ayp < sy — % — g, (2.7) and 0 < r < p < 0o are necessary, see |9, 10, 12].

Let {¢;};en, be a partition of unity. For any a > 0, f € S'(R") and z € R", we denote, Peetre
maximal function,

, 7 €N,

We now present a fundamental characterization of the above spaces, which plays an essential role in
this paper, see [46, Theorem 1].

Theorem 2.3. Let s e R,0 < p,q < 00,0<f <00 and a > —%. Let a > —"——~. Then

/B mm(q,ﬁ)
£ = (2 QjSBH(f_lsoj)*’“fo-{qa,p) |
j=0

18 an equivalent quasi-norm in K’g"pBg. Let a > ( L . Then
min min(q,ﬁ),ﬁ)
q

0 1/8
Wlicer; = | (26|
=0

is an equivalent quasi-norm in K P FE3.

. )
a,p
Ky

Let 0 < p,q < oo. For later use we introduce the following abbreviations:
1 1
o, =nmax(— —1,0) and o0,, =nmax(—-—1,-—1,0).
p

In the sequel we shall interpret L as the set of regular distributions.

Theorem 2.4. Let 0 < p,q, 5 < oo, a0 > —tm=n—71 and s > max(o,, o — o). Then

SOL,D AS 1
K{PAG — L

locy

where 0 < p,q < oo in the case of Herz-type Triebel-Lizorkin spaces.
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Proof. Let {p;};en, be a smooth dyadic partition of unity. We set

k
or=Y Flojxf keN
j=0

For technical reasons, we split the proof into two steps.
Step 1. We consider the case 1 < ¢ < oco. In order to prove we additionally do it into the four
Substeps 1.1, 1.2, 1.3 and 1.4.

Substep 1.1. =2 < a < ag. Since s > 0 and Foop ey Jgomax(

1,
) we have

[e.o]
D O IF ey Il egmasan S ||f||Ké”pA%'

=0
Then, the sequence {g; }ren, converges to g € Ko™ ) Let ¢ € S(R™). Then

(f—g,9)=(f—on,0) +{g—on,¢), N €Ny

Here (-,-) denotes the duality bracket between S’'(R™) and S(R™). Clearly, the first term tends to
zero as N — oo, while by Holder’s inequality there exists a constant C' > 0 independent of N such
that

{9 — en,9)| < Cllg — o geomasam,

a,max(1,

which tends to zero as N — oo. From this and Kj Lp) L} ., because of a < ap, we deduce the
desired result. In addition, we have

QD AS ~-a,max(1,p)
K{"PAG — K, :

Substep 1.2. av > ag and 1 < ¢ < co. Let 1 < ¢; < oo be such that

n o n
s>a+—— —.
9 @
We distinguish two cases:
e g1 = q. By Theorem 2.1/(i), we obtain

KPBy — KOUBS ™ = BS ™ < L.

where the last embedding follows by the fact that
By " — L, (2.8)

because of s —a > 0. The Herz-type Triebel-Lizorkin case follows by the second embeddings of (2.6).
el < <g<oorl<gqg<q <oo. Ifweassume the first possibility then Theorem 2.1/(i)
and Substep 1.1 yield

n n

KePBy — K0PB, © 0 s L)
g B q B loc?

since a + 2 > . The latter possibility follows again by Theorem 2.1/(i). Indeed, we have

KovBs — Koovpsroo=a oy oo gt "ot _ gt om0 ta
qa B q B a B T a8 loc
where the last embedding follows by the fact that
— ,2+£
B, 5 e L (2.9)
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Therefore from (2.6) we obtain the desired embeddings.
Substep 1.3. ¢ =1 and o > 0. We have

KBy — KBy = By * — L',

since s > a.
Substep 1.4. ¢ = 1 and a = 0. Let a3 be a real number such that max(—n, —s) < az < 0. From
Theorem 2.1, we get ' .
KPPAG — KPP AgHes,
We have

oo

—1
S I1F N Fll g 1 gourgron 5 1o
k=0

since a3 + s > 0. Using the same type of arguments as in Substep 1.1 it is easy to see that
Klozmp AZ—FOB SN Kfs,maX(l,p) SN Llloc‘

Step 2. We consider the case 0 < ¢ < 1.
Substep 2.1. —% < a < 0. By Lemma 2.1, we obtain

2 NF ey Hlligpmsn £ 22 NF oy Hll e S gy

J=0 J=0

since s > 7 —n. The desired embedding follows by the fact that Ky max(le) Li . and the arguments
in Substep 1.1. In addition
o s “~a,max(1,
KoPAY s Km0, (2.10)
Substep 2.2. o > 0. Let ay be a real number such that max(—n, —s + % —n+a) <ay <0. By

Theorem 2.1, we get

—« %+nfa+a4

SN KimapA;* SN K;M,max(l@)A

s5— %+nfoz+a4

<YL S0p 45 g T

As in Substep 1.4, we easily obtain that

KOPAS < Ly,

Therefore, under the hypothesis of this theorem, every f € K;WA% is a regular distribution. O]

Let f be an arbitrary function on R™ and z,h € R™. Then
Apf(z) = flz+h) = f(x), AT f(z) = An(Ay (), M eN.

These are the well-known differences of functions which play an important role in the theory of
function spaces. Using mathematical induction one can show the explicit formula

A fe) =) (=1 Oy fle+ (M —j)h), = eR",

Jj=0

where C]JQ are the binomial coefficients. By ball means of differences we mean the quantity

i) = |

|h|<t

|A,]l”f(x)}dh:/B|A% (#)|dh, = E€R"
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Here B = {y € R™ : |h| < 1} is the unit ball of R™ and ¢ > 0 is a real number. We set

- * dt\"”
igoms = g+ ([N g )

and s
X 0 dt
e = g+ | ([t ) |

The following theorem play a central role in our paper.

o,p”
Kq

Theorem 2.5. Let 0 <p,q,f <oo,a>—%, ag=n—7 and M € N\{0}.
(i) Assume that
max(o,, 0 —ap) < s < M.
Then ||-||}3,p32 is an equivalent quasi-norm on Kg’pBg.

(i) Let 0 < p <00 and 0 < g < oo. Assume that
max(o, 5, — o) < s < M.
Then ||||*KgpFﬂ is an equivalent quasi-norm on K;”’Fg.

Proof. We split the proof into three steps.
Step 1. We will prove that

1 llicgr S M1 gr

for all f € K, o TA5. We employ the same notations as in Theorem 2.4. Recall that
k
or=Y Flojxf keN,.
j=0

Obviously { ok }ren, converges to f in S'(R™) and {0k }ren, C K;’p for any 0 < p,q < oo and any
a > —%. Furthermore, {0 }ren, is @ Cauchy sequence in K o7 and hence it converges to a function
ge K 27, and

ol < 1o

Let us prove that g = f almost everywhere. We will do this in four cases.
Case 1. —g <a<ayand 1 <qg<oo. Let ¢ € D(R™). We write

(f—g,9)=(f—on,0) +{g—on,¢), N €Ny

Here (-,-) denotes the duality bracket between S'(R™) and S(R™). Clearly, the first term tends to
zero as N — oo, while by Holder’s inequality there exists a constant C' > 0 independent of N such
that

{9 — on, )| < Cllg - QNHKg,maxu,p),

which tends to zero as N — oo. Then, with the help of Substep 1.1 of the proof of Theorem 2.4, we
have g = f almost everywhere.

Case 2. a > ap and 1 < ¢ < oco. Let 1 < ¢y < oo be as in Theorem 2.4. From (2.8) and (2.9), we
derive in this case, that every f € K P A% is a regular distribution, {ok}ren, converges to f in L%
and

71 S 1Lz
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n

a +s
Indeed, from the embeddings (2.9) and since f € BC“ * it follows that {og }ren, converges to a
function h € L% . Similarly as in Case 1, we conclude that f = h almost everywhere. It remains to
prove that g = f almost everywhere. We have

15 = 0l < 17 = oullzn + Nl = ullem €

and

o —1 g SO
1 = oellzen < 3 IF "0 Mllzgr < Ggoas Z 2
j=k+1 Jj=k+1
where o0 = min(1, p, q). Letting k tends to infinity, we get g = f almost everywhere. For the latter
case 1 < q1 < q < 00, we have

oD AS ~0,max(1,p) s—oz—"—i—ﬁ
Kq Aﬁ = Kq1 Aﬂ

Asin Case 1, {0k }ren, converges to a function h € Kg;ma"(l”’). Then again, similarly to the arguments
in Case 1 it is easy to check that f = h almost everywhere. Therefore, we can conclude that g = f
almost everywhere.

Case 3. ¢ =1 and a > 0.

Subcase 3.1. ¢ =1 and a > 0. We have

K{PBs — LY,

since s > «, see Theorem 2.4, Substep 1.3. Now one can continue as in Case 2.
Subcase 3.2. ¢ = 1 and o« = 0. Let ag be a real number such that max(—n,—s) < a3 < 0. By
Theorem 2.1, we get . .
K)PAG — KPP A%Hes,
We have

oo
—1
517t Sl ggomtin S Illgonios S Wi

k=0

asz,max(1 717)7 see Case 1. As in Case

since ag + s > 0. Hence the sequence {gy }ren, converges to f in K
2, we obtain g = f almost everywhere.
Case 4. 0 < q< 1.

Subcase 4.1. —4 <a <0. From the embedding (2.10) and the fact that s > T, the sequence

{0} ren, converge to f in K™ WP Ag above we prove that g = f almost everywhere.
Subcase 4.2. « > 0. Recall that

s— % +n—a+tay

a,p AS “-oug,max(1,p)
KJPAL — K Ag

)

see Substep 2.2 of the proof of Theorem 2.4. As in Subcase 3.2 the sequence {o}ren, converges to

in Ko4™(P) By the same arguments as above one can conclude that: ¢ = f almost everywhere.
1 y g g y
Step 2. In this step we prove that

1/8 .
H (/ - de) > H['(g,p SJ HfHKg"Ppgﬂ IS K;’pFE.

Thus, we need to prove that

00 1/8
H ( 3 zskﬂd;wkﬂﬁ) ...
q

k=—o00
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does not exceed c|| f|| jowps- I order to prove this we additionally consider two Substeps 2.1 and
q B .
2.2. The estimate for the space K ¢ P Bj 1s similar.

Substep 2.1. We will estimate

00 1/8
H (kgfwld%flﬁ) |

Let {¢;};en, be a smooth dyadic partition of unity. Obviously we need to estimate

o,p
Kq

k
{ka > dB(F gy f)}
j=0
and

keNp

(2.11)

j=k+1

{2'“ > déw—k(f‘lsoy'*f)} :
keNg
Recall that

(2.12)
3L (F iy x f) S 207 M (F-lg e f ()
J, k and x. We choose a >

n

ifa>0,0<j<kkeNyand z € R", see, e.g., [13], where the implicit constant is independent of

( ) . Since s < M, (2.11) in ¢’-quasi-norm does not exceed
min min(q,,@),ﬁ
q

0o 1/8
(Zzﬁﬁ((rlm*ﬂnﬂ) .

(2.13)
By Theorem 2.3, the K’g’p—quasi—norm of (2.13) is bounded by CHfHKa,pFS.
o g
Now, we estimate (2.12). We can distinguish two cases as follows:
o Case 1. min(q, f) < 1. If =2 < <n(l -

;) then s >

#qﬂ) —n. We choose
smin(q, ) :
max | 0,1 — ————— | < A < min(gq, f) (2.14)
n
which is possible because of
n n
s>—+—-—n=————(1—min(g,[)).
win(g8) " min(g ) e
Let min?qﬁ)

< a < *5. Then s > a(1 — X). Now, assume that oo > n(1 — é) Therefore

—n,—+ta—n
q
o

5> max (L n )
min(q, () '
If min(q, ) < =&

then we choose A as in (2.14). If min(g, ) >

n

Ty , then we choose
q (6%
S n
maX(O,l—n ></\<
LT«

)
«
p +

< |3

(2.15)
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which is possible because of

n
= (0%
i

n n n
s>——|—oz—n:(—+oz) 1-— .
q q
In this case, we choose 2 5
) q 1-X

To(f) =2% > dblu(F ¢, % f)

, ke Ny.
j=k+1
Recalling the definition of d

é‘{k(@- x f), we have

(F 0w 1) = [ 1AYF 0y plan
/|A2 en(F 5% )] dhsup\A2 en(F oy f)] (2.16)
Observe that
| F 7l fla+ (M —i)27%h)| < 2U7Mgref (2),  |n[ <1 (2.17)

and

/ | F ;% fla+ (M — i)z—kh)ﬁdh < eM(|F 1oy« f1N) () (2.18)

B

if j > k,i€{0,...,M} and x € R". Therefore

dyt o (F 1y % f) < U Ra0N (620 (IAM(|F g, % f1%)

for any j > k, where the positive constant c is independent of j and k. Hence

Toi(f) < c2¥ Z 20 (@7 F)MF g % f1Y).
Jj=k+1

Using Lemma 2.3, we obtain that (2.12) in £°-quasi-norm can be estimated from above by

1/6
(Z 25 )T MF o+ f|A>>ﬁ)
j=0

~ A-N/8 / o Mo
< (Z 2j55<¢;,af>5> (Z 2 (M(|F "¢, f\A))ﬁ/A> :
i=0 7=0

Applying the K&P-quasi-norm and using Hélder’s inequality we obtain that

1/8
||(Zm ) .
7=0

37
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is bounded by

DY

o0 (1-0)/8
] (Z 2j36(¢§’”f)5> [P
7=0 q
A/B
H (Z 2% (M(|F ;= f] ))B/A> ‘sz,g
e 1-\ s A /B \
: H( 2y ) i (Z””Ifl@*f!ﬁ) |
Jj=0 q 20

a,p Kohp
q

S ||fHK;"’7’F§’

where we have used Lemma 2.4 and Theorem 2.3.
o Cuse 2. min(q, B) > 1. Assume that o > n(1 — l). Then we choose A as in (2.15) and

-t <a<n(l—- —) then we choose A = 1. The desired estimate can be done
in the same manner as in Case 1.
Substep 2.2. We will estimate

—1 /B
( Z 28k5|d¥kf’6> ‘

Kor
k=—00
We employ the same notations as in Subtep 1.1. Define
Hk2 / ’ZAZQ k ]:_lgoj*f)(l‘ndz, ]{;SijeRn

As in the estimation of J;;, we obtain that
o () S 2750 sup (27(F g f) M| F iy 1))
j€Ng

and this yields that

. 1/8
( 2 25’“5|H27k|6> Ssup ((2(F ) d) T MIF g 1))

k=—o00 7€No

By the same arguments as used in Subtep 2.1 we obtain the desired estimate.
Step 3. Let f € K{*PAj. We will prove that

As the proof for K ¢ " Bj is similar, we only consider K aPFS. Let W be a function in S(R") satisfying
U(z) =1 for |z| <1 and ¥(z) = 0 for |z| > 2, and in addition radially symmetric. We use an
observation made by Nikol’skij [33] (see also [37] and [42, Section 3.3.2]). We put

M-1

V() = (=DM (1) CMU (e (M — ).

1=0
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The function ¢ satisfies ¢ (z) = 1 for |z| < i and ¢ (z) = 0 for |z| > 3. Then, taking po(z) =
Y(x), e1(x) = (%) — (x) and @;(x) = ¢1(277H ) for j = 2,3,..., we obtain that {¢;};en, is a

smooth dyadic partition of unity. This yields that

o0 1/8
[(E2rssem) |
=0

is a quasi-norm equivalent in K o PF3. Let us prove that the last expression is bounded by

0D
Kq

(2.19)
We observe that
Floox fo) = (1) [ FU () AY f(a)dz + f(z) | F W (2)dz
R™ R
Moreover, it holds for x € R" and j =1, 2, ...
F g fla) = (0" [ A f ) T ) dy
with U = F1¥ — 27 F~10(-/2). Now, for j € Ny we have
[ 1A @Iy
= / AL, ()] (y)ldy +/ AL, ()] (y)dy. (2.20)
ly|<1 ly[>1
Thus, we need only to estimate the second term of (2.20). We write
2 [ AL, @) )y
ly[>1
=293 [ A @)
0 Y 2F<y|<2F+1
< 293 gk / AM £(2)[dh (2.21)
o 2k =i <|h|<2k—i+1

where N > 0 is at our disposal and we have used the properties of the function W, [¥(z)| <
c(1+|z|)~", for any z € R™ and any N > 0. Without lost of generality, we may assume 1 < 3 < oo.
Now, the right-hand side of (2.21) in #-norm is bounded by

00 00 8 1/B
¢y 2N (Z 9s+n)if < /h IAMf () |dh) > : (2.22)
k=0 7=0

| |§2k*j+1
After a change of variable j — k — 1 = v, we estimate (2.22) by

. - 1/8 . 1/8
czz<s+n—w>k< S g (dé@f(a:))ﬂ) < (Z 27 <d”£uf<x>)5> ,

v=—k—1 V=—00

where we choose N > n + s. Taking the K oP-quasi-norm we obtain the desired estimate (2.19). [



40 D. Drihem

We would like to mention that

* —a—n s—a—"1 —s dt
WO igom, ~ 5o 3 ([Tl ™) e

and
* —a—2 s—a— —S dt
1O g = A g+ 25 ([Tt ) iy

for any A > 0,0 < p < 00,0 < q < o0, > —%,max(aq,oz—ao) <s< M (0 < p,gq< oo and
max(o, g, — ap) < 5 < M in the K F-case) and M € N.

Let ¢/ (z) = @o(2772) — @o(2'/z) for j € Z and x € R™. In view of [48] we have the following
equivalent norm of K*P. Let 1 < p,q < oo and —% <a<n-— %. Then

o 1/2
(3 1tet) |
j=—00
holds for all f € Ko?.

Let se R,0<p,g<o0,0<f <00 andoz>—§. We set

Kl?,p ~ ||f||f{§"p’ (224)

o 1/B
Wlgos; = ( 32 29170+l

j=—o00

and

op
Kq

- 1/8
1l s = H (’Z 2158 | F1 *f|/3) )

j=—00

Proposition 2.1. Let s > max(o,,a —n + %),O <p,g<o0,0<p<o0anda > -5
(i) Let s > max(oq,a —n+7) and f € K’;’“I’Bg. Then

1 Wl icgomy = MWl icgr 1/ o5
(ii) Let s >max(ogs,a—n+7) and f € K;“’ng. Then
1 lliegmy 2 M llicgr + 151 g

Proof. As the proof for (i) is similar, we only consider (ii). We use the following Marschall’s inequality
which is given in |28, Proposition 1.5], see also [14]. Let A > 0,R > 1. Let b € D(R™) and a function
g € C*(R") be such that

suppFg C{ € R": ([ < AR} and suppb C {{ € R": [{] < A}.

Then
‘]—"_1() * g(x)‘ <c(AR)t ™" ||b||31%t Mi(g)()

for any 0 <t <1 and any x € R", where c is independent of A, R, x, b, 7 and g. Here Bf,t denotes
the homogeneous Besov spaces. We have

Flos f=F ' «F  ooxf, —jeN.
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Therefore,
[Fle? x f@)]| < el y2 MoF o0 (@) 2D M(F Mo x f)(@), @ €R,

where the positive constant c is 1ndependent of j and z. If we choose T <t< min(1,q, j, M—Lﬂ)
q
then

1 1/8
( > 2|Fe *f\ﬂ> < M(F o % f).
j=—00

Taking the K, ~P-quasi-norm and using (2.1) we obtain

H( i 2]'35‘]_——1%0]'*]0‘5>1/6’

j=—o00

th,p ~ HfHKg’pFE'

o0

Because of s > max(o4, @ —n + %) the series ) F~to;  f converges not only in S’(R™) but almost
j=0

everywhere in R"”. Then

min 1/ min(1,p,q)
HfHK“T’NH‘F 800*f||Kap+<ZH}“ 0 * f”lepq)) Pq.

Therefore HfHKap + HfHka,pFS can be estimated from above by chHKa,pFS. Obviously
q q B q B

N N
Flooxf=> Flojxf—-> Flojxf=gv+hy, NeN
j=0 j=1
We have

min(1,p,q)\ 1/ min(1.p.q)
KoP

, NeN.

1| o < (Zuf & * f|

By Lebesgue’s dominated convergence theorem, it follows that H gn—f || o tends to zero as N tends
q

to infinity. Therefore H]: Lo x f || 0w Can be estimated from above by the quasi-norm

N llgr + ell Nl gy

Proposition 2.2. Let s > 0,1 < p,q < o0 and—— <a<n—— Let
So(R™) = {f € S(R") : supp Ff C R"\{0}}.
Then So(R™) is dense in k(‘;‘f

Proof. Let g = ¢ be as above. As in [44] it suffices to approximate f € S(R™) in an Pk eN, by
functions belonging to Sy(R™). We have

|DF~Hp(2)Ff)l = 2775+ D] < 277" M (),
where ¢; = F'¢(277+),j € N and a € N". From (2.1) we obtain
HDa]_—fl((p(Qj,)]:f)”KW < CQ*jnH@jHan,p < 623‘(§—n+a)7

where the positive constant ¢ is independent of j. Since & < n— o we obtain that f—F1(o(27)Ff)
approximate f € S(R") in W;f,’cp, k € N. ]
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Proposition 2.3. Let s > 0,1 < p,q < oo and —g <a<n-— g. Let f € /%gf’sp. Then

S
19 0ige = 1 lLggo + 1207l

where

(—A)3f = F (1 FF).

Proof. Let f € Sy(R™). We apply Marschall’s inequality to g; = F (¢ |x|*F f),j € Z and b;(x) =
205|z| =5y (x), j € Z,x € R™ where

@ (z) = po(2772) — o (2" 7z), Y =T+ + T jEeZ,xeRN

Then
7y % g5(0)] < eyl MFHPIEPFN) @) < eMEF PP F ) )

for any 5 € Z and any x € R", where c is independent of j. Let j € Z. In view of the fact that
F s f = F N Ff) =27 F 1P |2 F f) = 27 F 1 (b€’ F ),

by Lemma 2.4 and (2.24) we obtain

(X 2170w 1) ) (32 1t m )

j=—00

FoLp o, p
K, Kq

S 1F 06 F Dl g

The same arguments can be used to prove the opposite inequality in view of the fact that
FUPIELFf) = F LR EP27 o Ff) = FH0,2° ' Ff), j€L

The rest follows by Propositions 2.1 and 2.2. n

Definition 5. Let 0 < u < p < co. The Morrey space MP is defined to be the set of all u-locally
Lebesgue-integrable functions f on R™ such that

1 llay = sup |Bl? ™ || fxsl], < oo,
where the supremum is taken over all balls B in R".

Remark 4. The Morrey spaces M? which are quasi-Banach spaces, Banach spaces for u > 1, were
introduced by Morrey to study the regularity of solutions to some PDE’s, see [31]. For the theory
of Morrey spaces, general Morrey-type spaces, and their applications see the book [1] and survey
papers |5, 6, 18, 23, 35, 38, 39|.

One can easily see that M;’ = [P and that for 0 < u < v <p < o0,

MP — MP.
The Sobolev-Morrey spaces are defined as follows.

Definition 6. Let 1 < u < p < oo and m = 1,2, .... The Sobolev-Morrey space M;"? is defined to
be the set of all u-locally Lebesgue-integrable functions f on R™ such that

/] wp Y 11Dl < oo

laf<m

ar = |1
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Let now recall the definition of Besov-Morrey and Triebel-Lizorkin-Morrey spaces. Let {¢;}jen,
be a partition of the unity, see Section 2.

Definition 7. Let s € R,0 < u < p < o0 and 0 < g < 00.The Besov-Morrey space N’;iq,u is the set
of all f € §'(R™) such that

[e.e]

, 1/q
17l = (27 gy x £l0) " <

p,q,u
Jj=0

In the limiting case ¢ = oo the usual modification is required.
The Triebel-Lizorkin-Morrey space 2 . is the set of all f € §'(R™) such that

p7q7u

e = H <2278q | F o f‘q> '
=0

In the limiting case ¢ = oo the usual modification is required.

/]

< 0.
M

We have

pouw =M, meN, 1<u<p<oo

and the norms of these spaces are equivalent, see 38, Theorem 3.1]. In particular, we have that

Eppu =ML, 1 <u<p<oo, (2.25)

also in the sense of with equivalent norms, see |29, Proposition 4.1].

Theorem 2.6. Let s; e R,0< q; < 00,0 < u; < p; <o0,t=1,2. There is a continuous embedding

S S
5?11#117111 = gp;,qz,uz
if, and only if,
U9 Uq
p1 <pz and — < —
b2 D
and
n n n n
§§—— >8 —— or §——==5 —— and p; #ps.
D1 D2 D1 D2

For the proof of these Sobolev embeddings, see [19, Theorem 3.1].

Remark 5. A detailed study of Besov-Morrey and Triebel-Lizorkin-Morrey spaces including their
history and properties can be found in [19, 29, 30, 38, 51| and references therein.

3 Caffarelli-Kohn-Nirenberg inequalities

As mentioned in the introduction, Caffarelli-Kohn-Nirenberg inequalities play a crucial role to study
regularity and integrability for solutions of nonlinear partial differential equations, see [15, 50]. The
main aim of this section is to extend these inequalities to more general function spaces. Let {¢;}en,
be a partition of unity and

J
Qif =Y _Flojxf, JeN feS R,

Jj=0
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3.1 CKN inequalities in Herz-type Besov and Triebel-Lizorkin spaces

In this section, we investigate the Caffarelli, Kohn and Nirenberg inequalities in the spaces K aTAS.
The main results of this section are based on the following proposition.
Proposition 3.1. Let ay,a0 € R0 > 0,1 <r,jv < 00,0 <7,u <00 and

n n
—— <o <n—-.
v v

(i) Assume that 1 < u < v < oo and ag > ay. Then for all f € K32,5 NS'(R") and all J € N,
HQJfHkS};T < CQJ(%*%+0427011+0)||f||K3276, (31)

where
5:{ r, if o= o,

T, if ay>ay

and the positive constant c is independent of J. .
(ii) Assume that 1 <v <u < oo and as > oy + 2 — 2. Then for all f € K{>° NS (R™) and all
J €N, (3.1) holds where the positive constant ¢ is independent of J and

Y

3213

T, if oy > o %——.

5:{ r, it =0+ 2 -

S

Proof. We only give the proof for (i), the case of (ii) being similar. Let o = 6m + (1 — 0)0, « € N
with 0 < 6 < 1 and |a| < m. From (2.5) we have

1-0

kevr gl @ f|

12, 1]

0
Kgl"Ag < HQJf’ KgVT A
Observe that ‘ . ‘ . ' .
KoV AG = kgL, KgVTAR = WL and  KJVTAY = KJU,
see (2.2), (2.3) and (2.4). It follows that
1-9
Ko

Qsf]

Qs f

EOLT S ||QJf|

v,0

0

Wk

where the positive constant c is independent of J. Observe that
QJf = 2Jn./—'.71(,00<2‘]'> * f

Therefore, .
DYQuf) =270y x f =2701Q;f, Jal <m

with wy(z) = D*(F1pg)(271), € R™. Recall that

|QufI S M(f).

Applying Lemma 2.1 and estimate (2.1), we obtain

HDO[<QJf)HKS‘1’T < C2J(%7%+a2ial+‘a|)HQ‘JfHKZ‘Q#é

n_n —
< @/Gmvtezmatm| o, s

for any |a| < m. O



Caffarelli-Kohn-Nirenberg-type inequalities

Remark 6. With oy = ap = 0 and r = v estimate (3.1) can be rewritten as

1Qu Nl g < 277 f ] o
< cQJ(E_?'HT

where the second estimate follows by the embedding L* —
proved by Triebel in [44, Proposition 4.5].

Now we are in position to state the main results of this section.

Theorem 3.1. Let 0 < p,7,8,0 <00, 1 <r,v,u < oo, >0,

n n n n n
——<ay<n——, ——<m<n——, az3>—— v>max(p,u),
v v u u P

n o on n n

S——+—+062—Oé3>0——+052—061+—>O
p U ) U

and n

o——=—(1-0)— —|—9(5——)+a1 (1= 0)az+0az), 0<6<1.
p

v

Assume that s > 0,5 in the K F-case.

(i) Let a1 < ag < az. There is a constant ¢ > 0 such that for all f € Kg‘?"; N Kg‘3’5lB§,

|

iy S HfHKWHfHKgMBE

with _ .
54 ™ }f ay = ay, and 0, = T, ?f a3 = aq,
T, if ay > a. o, if az> aj.
(i) Let 3 < (1—0)% + 0% and
a1 = (1 — (9)0(2 + 9053.

There is a constant ¢ > 0 such that for all f € K&2“F% N K§3’pA§o,

Proof. Proof of (i). For technical reasons, we split the proof into two steps.
Step 1. We consider the case p < u. Let

1 ey 1

f=) Fleixf, feS R
j=0

Then it follows that

f= Zf Yo f + Zf Yk f

j=J+1

=Qsf + Z Floixf, JeN.

j=J+1

Hence

Dal'r

l’cS}G‘T—i_H Z Floj*f

j=J+1

(% T
kv}’ =

45

K% for 1 < u < v < 0o, which has been

(3.2)

(3.3)

(3.6)
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Using Proposition 3.1, it follows that

HQJf o 5 2](%*%+a2*a1+0)HfHKSQ,é_ (37)

From the embedding . .
K" BY < kﬁgT) (3.8)

see (2.6), the last norm in (3.6) can be estimated by
O3 F ¢ g § 3 2R
j=J+1 ’ Jj=J+1 ’
A [V | P (3:9)
P 5

by Lemma 2.1, where the last estimate follows by (3.3). By substituting (3.7) and (3.9) into (3.6)
we obtain

I/

J(2—24as—aito J(2—2taz—ai—s+o)
oy 5270 M Al ggee + 2757 1l iegsos

n n

_ oJ(E—24az—ai+o) J(Z—2—s—az+as)
=2 2T <HfHK32,6—|—2 P 2+tas Hf“['(;sﬁlBE) )
with some positive constant ¢ independent of J. Again from, Lemma 2.1, it follows that
Koo BS — K30, (3.10)

since s — % + 2+ ap —az > 0. We choose J € N such that

n n

278 | | g s

We obtain , .

17
o S |l oo [ £l icos o e
kﬁgr ~ f Kq‘ij f Kgdv IBZ‘

17

By (3.3) one has s > max (O'p, az —n+ %) and by the fact that —2 <y <n — 2,

a>max<0,oz1+2—n>
v

and Theorem 2.5, or Proposition 2.1, can be used. Therefore

()

oy SIf

jQ],T
kyo

and
1-0

0
1l g S I e (1 goss + 1L i)
By replacing f(-) by f(A-) we obtain

_ 0
| lsne g S 1 Wiges (A g+ 1l o)

Taking A large enough we obtain (3.5) but with p < u.
Step 2. We consider the case u < p. We choose A\ > 0 large enough such that

[ F )| o
Hf()")Hk;‘i*"SlBg -

(3.11)
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which is possible because of s — T4t a2 —a3 >0, see (2.23). Asin Step 1, with f(\-) in place of
f(+) and (3.11) in place of (3.10), we obtain the desired estimate. The proof of (i) is complete.
Proof of (ii). Observe that

Do g o=(1-0)" 4 o"
v v U P
and Z < 6 < 1. Therefore
oy ,T 03 ai,r
Ky kv},,

see Theorems 2.1. From (2.2), (2.4) and (2.5), we obtain

Kyl"Fgs = HfHK“2 s HfHK;}S*”Fgg'
We have
Ko3PAS — KO3PFSS,
This completes the proof of (ii). O

Remark 7. (i) Taking a; = s = a3 = 0 and r = v we obtain

o <l Illzoo s,

<dl7ll, 171

Bys

for all f € L, N B, 5, because of L, — KS’” and B;B = KS’pB;’B — KZ?’”BE, which has been proved
by Triebel in |44, Theorem 4.6].
(ii) Under the hypothesis of Theorem 3.1/(ii), with 0 < p < £z and + < (1 —60)2 + 005 — s+ %),

g
S

we have

0
gy S Cllf lgaergl /1 gty
K, " 74

K

1
. .3y m_— o
forall f e Ke"FONK, » %A%, where

k=14 » 5t ’
0, it A=F.

Indeed, observe that
n n o n n
(=0 +0(Z —s+2) = (1—0)= +0-—

v P Uy

and § — s < 0. Therefore, from (2.2), (2.4) and (2.5), we obtain

. . 1 .
e i pe——

The result follows by the embedding

see Theorems 2.1 and 2.2.
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Theorem 3.2. Let aq, a9, a3 E R,0 < p,7,8,0 <00, 1 <rv,u< o0,

n o n n n
s——+—+ay—az3>—+a—a;+—>0
P u v u

and
—1-0~ +9(——s> —ar+ (1= 0)as+ a3, 0<0<1.
p
Assume that 0 < p, 7 < 0o and s > 0,5 in the K F-case.
Let 6 and 6, be as in Theorem 3.1/(i). Let a1 < ay < as, v > max(u,p), a; > =%, =% <y <
n— = and az > —%. We have

v

ko S w1 gpa
o o s
for all f € Kg»° N K32 Ag.
Proof. We employ the same notation and conventions as in Theorem 3.1. As in Proposition 3.1

Qs fllgene S 2/ETED | oss, TEN

Therefore,
[ee]
e S 270G s+ Y | F ek fll o T EN
j=J+1
Repeating the same arguments of Theorem 3.1 we obtain the desired estimate. O]

Remark 8. Under the same hypothesis of Theorem 3.2, with 1 < p < o0, —% <az < n—%, r =wv and
£ = 2, we obtain

112 f]], < 1 jeoee
S 11 (e
S 12 0 o

fHK;‘3’UF;

for all f € L*(R", |- |*%) N kP, because of

P50
Ca2,u sz, .03, .03,V
K" — K, and k5P = kLt

In particular, if s = m € N, we obtain

I sl < Wit (2 A . B.12)
sl l”fllife( S5l

1Bl<m
for all f € L*(R",[-]*2*)N W *(R", |- [**"). As in [44, Theorem 4.6] replace f in (3.12) by f(A-) with
A >0, the sum > ---can be replaced by >

18]<m 0<|B|<m

By Proposition 2.3 and Theorem 3.1/(i) we obtain the following statement.
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Theorem 3.3. Let 1 < p,0 < 00,0 <7 <00, 1 <rv,u<oo,02>0,(32),(3.3) and (3.4) with
a3 < n— %. Let oy < ag < az. There is a constant ¢ > 0 such that for all f € K;j‘?’é N kz‘g"sl,

N \

=A%) [l geonr < ell ] o [ (=A5) ||z
with
6:{7", if ay=a, and 61:{7", if asz=a,

T, if ay > a. o, if as> aj.
Further we study the case when p < v < u in Theorem 3.1.

Theorem 3.4. Let 0 < p,7 < 00,0< B,k < 00,1 <r,v<oo,0>0,1<u< o0,

n n n n n
——<a<n——, ——<a<n—-—, a3>-——,
(% (% u u

n on n n
s——+—Fay—az3>0——+ay—a;+—>0
P u v u

and
n

n
a—;:—(1—9)E+9(s—5)+a1—<<1—9)a2+9a3), 0<6<1.

(i) Let p < v < uyag — g > 2 — 2 and az = ao. There is a constant ¢ > 0 such that for all
p v u
fe Ke2™ N KO‘3’TF§
u p )

ky " < c”f”z;(a2 " f”i’(ﬁ*Fg' (3.13)

(ii) Letp < v < wu,c0 —ay > 2 — % and az > ay. There is a constant ¢ > 0 such that (3.13) holds
forall f € Kfj“ N K;P’”“Fg with K§3’”F§ in place of K;3’TF§.

Proof. Recall that, as in Theorem 3.1, one has the estimate

|

J eN.

kff}a’r—i_H Z F- <pj>x<f

j=J+1

ks}aﬂ‘ - } O‘l r?

From Proposition 3.1/(ii),
1Qu ], < 27Tt D £ o,

which is possible since

3

n n
—4oa —ay < — < —.
v

N
<

Using again embedding (3.8) and Lemma 2.1, we get

H Z F ol f

j=J+1

° .
S Z 27\ F " s % f| g
7 =J+1

Z 2](f—f+a3 ai+o) H]_— 0 *fHK%ﬁ’

j=J+1

where

79 _ T, lf 3 = Q9,
Kk, if az> as.
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Therefore, H f H jour can be estimated by

J(E—2tas—ai+to J(% =T +az—a1—s+o)
B L T

_ o) (=" taz—a1+0) J(5—5—s—aztas)
= @Gttt (||| + G g )
where the positive constant ¢ > 0 is independent of J. Observe that
p 71‘9 - b}
K3 F; — K*7,
since s — % + 2+ ay —az > 0. We choose J € N such that

n n

J(B—T—s—agtas)
27 ~ || £ oo

—1
f ||1’<;‘3”9Fg’
we obtain the desired estimate. O

By combining Theorem 3.2 with Theorem 3.4 we obtain the following statement.

Theorem 3.5. Under the hypothesis of Theorem 3.4 with ay > —% and o = 0, the estimates of
Theorem 3.4 hold with K" replaced by [

Finally we study the case of v < min(p, u).

Theorem 3.6. Let 1 <r < 00,0 < p,f,7 < 00,1 <v < min(p,u),ay —a; > % —
042,0'20,

n
max(p) 48 2

n n n n n
—<uy<n——, —<aa<n——, Qqz3>-——
v v U U

and
n n n n
s——+—+as—a3>0——+ayg—a;+—>0.
pu v u

Assume that 0 < p,7 < 00 and s > 0y, 5 in the K F-case. There is a constant ¢ > 0 such that for all
f e KT NKy»TAj,

I ligyr < ellFlligar 1 o
with , . :
0'—;:_(1—9);4‘9(8—;) + oy — ((1—9)(1/24_90[3).

Proof. By similarity, we only consider the case of the spaces K;,’“”Bg. We split the proof into two
steps.

Step 1. We consider the case p < u. We employ the same notation as in Theorem 3.1. In view of
Theorem 3.4 we need only to estimate

[POETY

j=J+1

JeN.

. Y
aq,r
kv,cr

Using embedding (3.8) and Lemma 2.2, we obtain

H S Fleixf v <S> 27| F s x £ o

j=J+1 ’ j=J+1

S I Ry o
j=J+1 !
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which is possible since

n n n
—da—ay < — < —.
v p T w

Repeating the same arguments as in the proof of Theorem 3.1 we obtain the desired estimate.

Step 2. We consider the case u < p. Applying a combination of the arguments used in the
corresponding step of the proof of Theorem 3.1 and those used in the first step above, we arrive at
the desired estimate. O

Similarly we obtain the following statement.

Theorem 3.7. Under the hypothesis of Theorem 3.6 with o = 0, we have

gove S a1 g ag

for all f € K{fw N KI‘}Q’TA‘Z,.

Remark 9. Under the same hypothesis of Theorems 3.5 and 3.7, with r = v, ¢ = 0, 7 = max(u, p)
and 5 = 2, we, to a certain extent, improve Caffarelli-Kohn-Nirenberg inequality (1.1).

3.2 CKN inequalities in Besov-Morrey and Triebel-Lizorkin-Morrey
spaces

In this section, we investigate the Caffarelli, Kohn and Nirenberg inequalities in & ., and N},
spaces. The main results of this section are based on the following statement.

Lemma 3.1. Let 1l <u<p<oo,1<s<qg<ooand R>0.
(i) Assume that 1 < v < u. There exists a constant ¢ > 0 independent of R such that for all

fe My" N MZ with supp Ff C {{ : €] < R}, we have

n_ wn

[y < eI

Hys

M“p

ii) Assume that * < 2 and q < p. There exists a constant ¢ > 0 independent of R such that for
p q

all f € M2 with supp Ff C {:|£] < R}, we have

1Lz = R[]y

Proof. We split the proof in two steps.
Step 1. We will prove (i). Let B be a ball in R”. Then

1_1 u R 11
1B sl = [0 e € B L@ B > e < o
0
We have

(@) < R f]| e = ERT,
see [36, Proposition 2.1] where ¢ > 0 independent of R. Let py = 2. Clearly

[f(@)] = @)1 f ()]

b
S U@ R )™
el f ()P,
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which yields that
1B sl < [ 67w e B @I BI > et
0
et [N e BN BE >
0

after the change the variable \0c=Pod'=Po = ¢, The last expression is clearly bounded by

| 1| e < R

Step 2. We will prove (ii). If p = ¢, then u < s and the estimate follows by Holder’s inequality.
Assume that ¢ < p and we choose v > 0 such that max(1, %) <v<u< %. By Step 1

nu n

= R%‘%H}%ﬁ‘;f

m

MEP

M“p
Let {p;};en, be a partition of the unity. Observe that
Flojxf=0 if R<27' jeN,.

This observation together with (2.25) yield

nu_n > nu_2n 1/2
IR 57 NH< S ORWCT|F gpj*f\)

v

jENG,2i-1<R M
||f||gzx EReg v
which follows by Sobolev embedding, see Theorem 2.6,
8223 — S%QE’
since n o nu n o nu v u S
—_— === — q<—p and — < -.
q pv q pv u p g
]
Propositi0n32 Letl<u<p<oo,1<qg<ooands>0.
(i) Let f € Njj .- Then
7~ 17+ WAl ean
where
I, = | ( 5 22172 sl)
]—700
(ii) Let f €&, .- Then
&g = I llaze (3.15)
where

”f”g';q’u = H( i 94is |]_—7190j N f|q>1/q

j=—o0
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Proof. By similarity, we prove only (ii). We have as in the proof of Proposition 2.1 that
. <
17l S el

The only distinction of the proof of Proposition 2.1 is the fact that we use [41, Lemma 2.5|. Since
s > 0 we observe

7l ~ 17y, < A1,
Now we prove the opposite inequality. Obviously ||.7-" g x f H e €D be estimated from above by
(Falye =

Theorem 3.8. [letl <u<p<ooandl <v < g < . Assumethat%ﬁ%,quandazo.
Then for all f € M2 and all J € N,

1Qufllsy, < 2G| ]|

where ¢ is a positive constant independent of f and J.

Proof. Let 0 = f0m + (1 — 0)0, « € N* with 0 < # < 1 and |a] < m. We have
[Q:1 ]y, < llQuflly, Qs Ny,

Observe that
gm

D,2,u

=M™ and &

D,2,u

= Mi’,
which yield that . ,
1—
[Qflls, < QP e

where the positive constant ¢ is independent of J. Lemma 3.1 yields that

1

1D*@Qu )y S 2 £

Therefore, o
1Qiflley, S22 7| e

Now we are in position to state the main result of this section.

Theorem 3.9. let 1l <u<p<oo,l<pu<d<oo,l<pf<oo,c>20andl <v<qg< .
Assume that

ESHSE, s>0 and p>d>gq.
p= 907 ¢q
Let n n n n n
s——>0—— and 0——:—(1—9)—+«9<s——>, 0<0<1.
q p p 0 q
Then " .
£l SUASNAS  a >0 319
and - ,
HfHJ\/Hj 5 HfHM;j HfHN;’B,U (3‘17)

0 s
Jor all f € M ﬂNq,,B,v'
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Proof. We have
F=Quf+ > Flojxf, JeN
j=J+1
Hence

£y, <l@itlly, 4| 3 (3.18)

j= J+1 2,u

By applying Theorem 3.8, it follows that

|@itlley,, S 24| 1]l

From the embedding N, , < N7
estimated by

min2u)u < Epou and Lemma 3.1 the last term in (3.18) can be

D Y S e R

j=J+1 j=J+1
J(2—240—5)

S 2 a P HfHNs bl

q,o0,v

since s — Z > o — 2. Therefore,

o J(2—%)teg (B—n_g
= '@ mfm@+2 i3 Hﬂws ).
where the positive constant ¢ is independent of J. We wish to choose J € N such that

11l ~ 275

qoov

- S .
which is possible since N,

< M. Indeed, from Theorem 2.6 and (2.25), we get

N oo = Ef e = 9y = M),

q,00,v q,00,v
becuase of s — % >0 — ;% > —%. Thus
7, S 1AL

Using (3.14) and (3.15) we arrive at the inequality

< 1-0 0
£, S (0 171, )
In this estimate replacing f(-) by f(A-) and using (3.14) we obtain

s, S 01 (g W)’
Taking A sufficiently large we obtain (3.16)-(3.17). O
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