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1 Introduction

Let 0 < ¢,p,0 < oo and Z—1J+I% = 1. Let ¢ = {¢;}3°, be a sequence of non-negative numbers,
u = {u;}2, and w = {w;}°, be sequences of positive numbers, which will be called the weight
sequences. We consider the Hardy operator H, defined for any f € [; by

k
(Ho )k = o Z fis
i=1

where k € N. Let us denote by [,, the space of all sequences f = {f;}7°; of real numbers such that

1
0 13
Hpr,u = (Z |uifi|p> <oo, 1<p <o
i=1

For any f € [,, we characterize the following iterated discrete Hardy-type inequality with three

weights 1
" e
) §O<Z|U1fi|p> ; (1.1)
i=1

where C' is a positive constant independent of f. The dual discrete version of inequality (1.1) has

k

SOkaz

i=1

n

S (3

k=1

the form )
0 0o 00 q % 0 00 %
> (Z oe > L ) <C <Z\uifixp> . (1.2)
n=1 k=n i=k i=1

The continuous analogue of inequality (1.1) can be written as follows

1
q P

de | <C /|u(x)f(x)|pdx : (1.3)

o0 T

Ju@ ([ oo / f(s) ds L

0 0
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The boundedness of the Hardy-type operator in Morrey-type spaces, weighted Sobolev spaces
was studied in many papers (see, [6], [9], [15]). In paper [3], the problem of boundedness of the
Hardy operator from a Lebesgue space to a local Morrey-type space has been reduced to the validity
of inequality (1.3). The results of paper [3| have aroused the interest to study inequalities of form
(1.3). We believe that the relation between p and 6 is more important than between p and ¢ because
we have found out that inequalities of form (1.3) are easier to characterize for p < 6 rather than
for 6 < p, as for the standard Hardy inequalities. Paper [14] has covered all possible relations
between p, 0 and ¢ for characterizations of inequalities of form (1.3), but the obtained results require
some auxiliary function and are not given explicitly. Paper [3]|, where inequality (1.3) was firstly
considered and explicitly characterized, has completely covered the case p < @, in sense that ¢ can
be any positive number, and partially covered the case § < p only for 0 < g < 6. In paper [12],
discrete Hardy-type inequality (1.1) have been characterized for the same relations between p, 6 and
¢, namely, for the cases p < 0 <00, 0 <gand 0 < p < oo, 0 < q < 6. Here we consider the most
difficult case § < p < 0o and 0 < 6 < ¢ or, equivalently, 0 < # < min{p,q} < oo, which has no
explicit characterizations even in the continuous case.

In the relations between p, 8 and ¢ listed above, for the continuous case it is assumed that
p > 1, since for the interval 0 < p < 1 inequalities of form (1.3) hold only in the trivial cases.
For the discrete case the interval 0 < p < 1 is not excluded, so in this paper we consider the case
0 < 6 <min{p, ¢} < oo for both p > 1 and 0 < p < 1. Paper [11] also contains results for inequality
(1.2) for the case 0 < p < 1, but when p < min{q, 0} < co. In order to complete the relation p < 0,
we include the case 0 < ¢ <p <0 < o0, 0 < p <1, as an auxiliary result.

t

w(t) { f(s)ds

T

The iterated operator K f(x) = (f

q q
dt) in inequality (1.3) has the same types
0

o

of integrals as well as the operator K~ f(x) = (f

xT

q q
dt) in the continuous analogue

p(t) [ f(s)ds
t
of dual inequality (1.2). We can also write two inequalities with the iterated operators T f(x) =
0\
dt) and T~ f(x) = (f

(f e 7ete f F(s)ds

integrals. In paper [8], the problems of boundedness of the conjugate Hardy operator from a Lebesgue
space to a Morrey-type space and boundedness of the Hardy operator from a Lebesgue space to a
complementary Morrey-type space have been reduced to the validity of the inequalities with the
operators TF f and T~ f, respectively. The inequalities with the operators TF f and T~ f have been
studied more fully than the inequalities with the operators Kt f and K~ f (see, [2], [4], [5], [10],
[13] and [16]). On the contrary, the study of (1.1) and (1.2), which are discrete analogues of the
inequalities for the operators K f and K~ f, is almost completed in this paper, while the investigation
of inequalities for the discrete versions of the operators 7" f and T~ f has only started.

q q
dt) , which have different types of

[e.e]

Note that the interest in inequalities with iterated operators has been caused not only by their
applicability to Morrey-type spaces shown in [3] and [8], but also by the fact that their character-
izations can be applied to obtain characterizations for the bilinear Hardy inequalities (see, [2] and

[7])-

The work is organized as follows. Section 2 contains all statements and definitions, which are
needed to characterize inequalities (1.1) and (1.2). The main results for 0 < 6 < min{p, ¢} < oo,
p > 1, are presented in section 3. The main results for 0 < < min{p, ¢} < o0, 0 < p < 1, are given
in section 4. Section 5 contains the auxiliary result for0 < ¢ <p <0 <oo,0<p<1.
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2 Preliminaries

In the proofs of our main results for the case 0 < ¢ < p <0 <00, 0 < p <1, we need the following
theorem. This theorem proved in [1, Theorem 1 (iv)| presents characterizations of the following
weighted discrete Hardy-type inequality.

Theorem 2.1. Let 0 < p <1, p < q < oco. The inequality

5

=1 =

q) S C (Z |uzfz|p> ) vf € lp,ua (21)
=1

holds for some C > 0 if and only if A < oo, where

1
— q -1
A = sup (ZUZ) u;

izl \i=;

k

fi
1

Moreover, C = A, where C' is the best constant in (2.1).
For the proofs we also need the following lemma.

Lemma 2.1. Letr >0, 1 <n< N < oo. Then

Su(5) (50 5a(5) »

k=n i=n k=n j=n

Convention: The symbol N < M means N < C'M with some positive constant C', depending on
the parameters p, 6 and q. Moreover, the notation N ~ M means N < M < N.

For the estimations we use various classical inequalities such as the Minkowski inequality, the
Holder inequality and the following elementary inequalities.

Ifa; >0,i=1,2,....k, then

k « k
(Z ai> < Zaf‘, 0<ac<l, (2.3)
=1

i=1
and

(i ai> > ia?, a> 1. (2.4)

=1

3 Main results for 0 < 6 < min{p,q} < 00, p > 1

Theorem 3.1. Let 0 < 0 < min{p,q} < oo, p > 1. Then inequality (1.2) holds if and only if
By < 0o, where

P =0
M . 0 p—0 pt
7 q

p—0 1
Sl (z )
n=1 n

k=

oo e.¢]

/ /

— § —-p E —-p
i=1 j=i

Moreover, C' = By, where C is the best constant in (1.2).
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Proof. Necessity. Suppose that inequality (1.2) holds with the best constant C' > 0. Let us show
that By < co. For an arbitrary 1 <r < N < oo we take a test sequence f, = {f.;}32, such that

0, 1<i<r, >N,

~ 0—1 1

fr7i = / N / p=f i 7 % p=0
[OR DIE Zwﬁ(Zgog) , r<i<N<oo.
Jj=t n=r s=n

P

Then
Il = (£ 17 b

[

p(6—1)

p
0 —
p—0 AN

q

Zl:wz (i: gog) —: Br < co. (3.1)

N N
_ § : —p’ E : —p’
i=r j=i

Substituting f, in the left-hand side I = I(f) of inequality (1.2), we derive that

0o 0 00 q % % N N N N q g é
= (S (Sl ) ) = (e (e () )
n=1 k=n i=k n=r k=n i=k

By applying Lemma 2.1, we obtain
1
7

N N N N/ N\ .
s [ (S es 7 (Zﬁ)

k=n i=k

Next, changing the orders of sums and using Lemma 2.1, we get

_ N N /N (¢=1)
RO (3@-)

i N /N (¢=1) = g
AP (Z fs> >yt
k=n m=i s=m z=n
N _ N _ (¢—1) N _ N _ (g—1) % i i % é
Si(Sr) (A ) Se(sa)
i=r j=t m=i s=m n=r k=n

0

N -1 i
Zf;) > <Z¢> : (3.2)

J=1

QD

N~
> Zﬁ(

First we estimate
= j AN
)
> "l (E wi)
n=r

[
p—0
k=n

N N N

o -7’ —p’
D= ut | Do
j=i j=i s=j
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QD

p—1
N = i
> () (e (2]
j=i n=r k=n
Now, we put (3.3) into (3.2), then substitute f, and find

1
p(6—1) oN 25\ @
p—0

I
!

_ N N
I(f)y> [ > u™” (Z ujp’>

k=n
From (3.1), (3.4) and (1.2) it follows that

Epp;ee<<(], forall 1<r < N < o0.

i i AN
S (z ¢z> .

85

(3.3)

(3.4)

(3.5)

Since r > 1 is arbitrary, taking the supremum on both sides of inequality (3.5) with respect to r (C

is independent of r) and passing to the limit N — oo, we get that

B1<<C<OO

(3.6)

Sufficiency. Suppose that B; < co. Now, we prove that inequality (1.2) holds. Let 0 < f € [,

be such that > f; < oo.
i=1
Let oo
ki :=sup{k € Z: Zfz <27F}
i=1

then N
9 k-1 < Zfi <97k,
=1

We consider the sequence {ji}, where j; are defined by

Jr:=min{j > 1: Zfl < 7Rk

i=j
We note that

i=j

jr=min{j>1:> fi<2M}=1
J

For all k > 1 it yields that
Zfz < 2 Rk < Z Ji-
i=ji i=ji—1
Therefore, the set of natural numbers N can be written

N= U ks i1 — 1]

k>1

Furthermore,
jm,+1 -1

o—ki—m+1 Z fi = Z fi+ Z f;

i:jm_l i:jm_l i:jm+1
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jm+1_1
< Z fz + 27k17(m+1)+1’ m 2 92
i=jm—1
Jm+1—1
2hm e N i, m>2.
i=jm—1
Jm41—1
R g N i, m > 2.
1=jm—1
Substituting m by m + 1, we obtain
jm+2*1
phmmtl g N i, m> 1
1=Jm41—1

Hence, taking into account (3.7), we get
0
q

P =Sl (z

=n

stz.fz

)

QD

oo Jr+1—1 00 Jma1—1 00 q
S 303 bolD DIEL D o7y
k=1 n=jx m=k s=max{n,jm} 1=Jm
Therefore, using (3.7) and (3.8), we have
oo Jk+1—1 00 Jma1—1 Jm42—1 7
ORI DR D DR DI B DR
k=1 n=j m=k s=max{n,jm } 1=Jm+4+1—1
Using inequality (2.3), we get
0
oo Jr+1—1 00 Jm41—1 q Jm+2—1
<> S w1 DD ¢l ook
k=1 n=j m=k \ s=max{n,jm} 1=jmy1—1
Next, changing the orders of sums, we have
. 0 . .
00 Jmi2—1 m Jek+1—1 Jma1—1
<Oy > K 2D w| D 4
m=1 \i=jm41—1 k=1 n=jj s=max{n,jm}
. 0 . . 0
00 Jmi2—1 m—1Jk+1—1 Jm+1—1 q
(S ) (BT )
m=1 ’L'ij+171 k=1 n:jk S:jm

Jmy1—1 Jmy1—1 g
+ ) wi( > @Z)

S=n

QD

SRS
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0 Jm+2—1 m Jr+1—1 Jm4+1—1
[/
<4y | > Z 2wl X v
m=1 \i=jmi1—1 k=1 n=ji

Hence,

0 IJm+2—1 0 Jm+1—1 Jm41—1 s
> 47 Z Z fi Z ( Z (ps> .
m=1

i=jmi1—1 n=1

Using the Holder inequality with powers p and p’ in (3.9), we have
v

0
[e'e] Jm+2—1 Jm+2—1 v
o
(f) <4 E E | fiwi|” E ot
m=1 i:jmﬂ»l*l i:jmﬁ»l*l

Jm+1—1 Jma1—1 q
6
X E Wy E vl

For the outer sum in (3.10) again using the Holder mequahty with the parameters %

and
0 o(p—1)
0o Jmt2—1 p 00 Jm+y2—1 (r—9)
§ E | fiwl? E E u;
m=1i=jmt1—1 m=1 \i=jm+1—1
p—0
: 0 = P
Im+1— 1 .77n+1 1
x| D> w Z 7t
n=1
Now, applying Lemma 2.1 to (3.11), we find that
) . p(6—1)
P oo Jm+2—1 Jm42—1 p—0
0(2+1) —p’
I°(f) <2 § | fiul? > D >
m=11i1=jm4+1—1 Jj=t
p—0
» p=0
[ 5—0 p
i i a\ "’ 00
0 q _ 90(2+1) —p’
> wh | Y et =277 Uiy —1
n=1 s=n m=1
p(O=1) N
Jm42—1 p—0 Jm+1—1 Jm+1—1 q
_p/ 0 q
X E UZ wn E QOS
J=Jm+1—1 n=1 s=n
p—0
. . p(6—1) 6 pfe )
Jm+2—1 Jm42—1 p—0 i i q
} : —p’ § : —p’ 6 § : q
+ U, uj Wy, Ps ||f||pu
1=Jm+1 Jj=t n=1 s=n
p—oy 0
p(0—1) = AN

. ) 0 —0 po

87

(3.9)

(3.10)

, we get

(3.11)
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XS o < 2" B
Hence,
I(f) < Bil| fllp.u (3.12)
and C' < By, where C'is the best constant in (1.2). Inequalities (3.6) and (3.12) give that C' ~ B;. [

Theorem 3.2. Let 0 < 0§ < min{p,q} < oo, p > 1. Then inequality (1.1) holds if and only if
By < 00, where

p(o—1) o\ 25| »P
p—6

00 ) 9] n 7\ P7°?
me | (Sar) (S (Sa)
i=1 n=t k=1

Jj=1

Moreover, C' = By, where C' is the best constant in (1.1).

The proof of Theorem 3.2 is similar to the proof of Theorem 3.1.

4 Main results for 0 < § < min{p,q} < o0, 0 <p <1

Theorem 4.1. Let 0 < § < min{p,q} < o0, 0 < p < 1. Then inequality (1.2) holds if and only if

B3 < 0o, where
p—0

p
p—o | P¢

© gy % %
po |3 (Lt (Y1)
i=1 n=1 k=n
Moreover, C' =~ Bs, where C is the best constant in (1.2).

Proof. Necessity. Suppose that inequality (1.2) holds with the best constant C' > 0. Let
1 <r < N <oco. We take a test sequence f, = {f;}i2, such that f.; =0for 1 <i <r,i> N and

Fo=u ™ (z o (£ o)
Then
1l = (1w

q

=
) forr <i< N <.

1
» 1
O\ p—a\ P
q

N i i
= Zuz_”p% sz (ng‘é) —: B7 < cc. (4.1)

In the same way as in the proof of Theorem 3.1, we substitute fr in the left-hand side of inequality
(1.2) and obtain inequality (3.2). Now, let us estimate

[%) -0

N i i q
Y fizw Dl (Z @Z) : (4.2)
Jj=t n=r k=n
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We put (4.2) into (3.2), then we have

53]
K
=

N N i i q
1> [ Lut (et (2]
From (4.1), (4.3) and (1.2), as a result we get

)
B% < C,foral 1<r< N < .
Since r > 1 is arbitrary, passing to the limit N — oo, we have

Bg<<C<OO

i
2

89

(4.3)

(4.4)

Sufficiency. We start to prove the sufficient part of Theorem 4.1 in the same way as the sufficient
part of Theorem 3.1. Since in this case 0 < p < 1, we can not use the Holder inequality in (3.9).

Therefore, we continue the proof in the following way

A pe . 0

oo Jm+2—1 P Jm4+1—1 Jm+1—1 q

(<4 | > S| Y wi( 2. @?> ~
m=1 s=n

1=jm+1—1 n=1

Applying (2.3) with 0 < p < 1, we obtain that

%) jm-42—1 %
1°(f) < 4° 2:1 ( ’ > |fiui|p>

i:jm+1_1

Jmy1—1 Jmy1—1 q

—0 6 q

X sup uy, wy el | .
Jm1—1<k<jm42—1 n—1 o—n

Using the Holder inequality for the outer sum, we get

I°(f) < 2" (i |fmz'|p>

2]
p

) . ) =2
oo Jm+2—1 0 Jm+1—1 Jm+1—1 q
T p—6 0 q
S DIRD IR I DR PR
m=1k=jm4+1—1 n=1 s=n
p—0

» k K AN
1 1
o (525 (S (54) ) ) o
n

[e.e]

k=1 n=1 S=

Hence, X
I°(f) < 2+ Bi| 17

p?u’
so that
I(f) < Bsl| fllpu-

(4.5)

Therefore, from inequalities (4.4) and (4.5), we get C' &~ Bs, where C is the best constant in (1.2). O
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Theorem 4.2. Let 0 < 6 < min{p,q} < 00, 0 < p < 1. Then inequality (1.1) holds if and only if
By < 00, where

A= e
6p q

oo o n
E T p—0 E 0 E q
ui U)n gOk
i=1 n=i k=i

Moreover, C = By, where C is the best constant in (1.1).

The proof of Theorem 4.2 is similar to the proof of Theorem 4.1.

Remark 1. Theorems 3.1 and 4.1 mean that inequality (1.2) holds for both cases 0 < § < ¢ < p < c©
and 0 < 0 <p<q<oo.

5 Auxiliary result for 0 <g<p<bO<oo,0<p<1

Theorem 5.1. Let 0 < ¢ < p < 0 < 00,0 < p < 1. Then inequality (1.1) holds if and only if
B = max{Bj5, Bg} < 0o, where

i>1

1
= 6
Bs = sup Zw (Z ) u;

e (50) (£4) o

>1 k=1
Moreover, C = B, where C' is the best constant in (1.1).

Proof. Necessity. Assume that inequality (1.1) holds with the best constant C' > 0. First, we prove
that Bs < co. Let j > 1. We take a test sequence fj = {fﬂ}o"1 such that fﬂ = ;" for i = j and
f, =0 for 7 # j. Then

I Fillp = (Z i u|) =1 (5.1)

Substituting f; in left-hand side of inequality (1.1), we deduce that
9

E

(Z wZ) uyt (5.2)

oS

0
2 v | 2
n=1

Sokrz.f]z

> (3

‘;Okzz.sz

From (5.1), (5.2) and (1.1) it follows that

1
9\ o

iwz <z": @Z) u;l <C, Vj>1.
n=j k=j
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Since j > 1 is arbitrary, we have

6

Bs = sup ng (Z ng) u;t < C < oo. (5.3)
n=j k=j

QD

j>1

Now, let us show that Bs < co. For 1 < r < j < oo, we take a test sequence v, = {U3,}22, such
that vy, = u, ! for r = k and vy, = 0 for r # k. Then

[0r [l = 1. (5.4)

2
Q> q

oo % J %
> Zwﬁ) (ng%) ut, Vr <j. (5.5)

Substituting vy, in the left-hand side of inequality (1.1), we find that

1
0

k
Pk E Ui r

=1

q % 0 ) J
) (et
n—j

k=1

00 n k
= (S (z a3

k=1

n=j k=1
1 1
o0 0 J q
(Z wZ) ( gp,‘i) supu, ' < O, Vj>1.
n=j k=1 rsy

Therefore,

Jj=1 r<j

1 1
oo 3 J q
Bg = sup (Z wZ) (Z ng) supu, ' < C < o0, (5.6)
n=j k=1

Sufficiency. Let B < oo. Without loss of generality, we assume that 0 < f € [,,,,.

Let inf ) = oo and N S
koo = inf {k: c7: Z (%Zfi>q - 2q(k+1)}.
s=1 i=1

Assume that k < k. if ks < 00 and

J

jr=inf{j=1:3" (wsifi)q > 20},
s=1 =1

Then

Jr—1 s Jk s

q q
> (edon) <2 <> (v 2o5)"
s=1 i=1 s=1 i=1
Therefore, the set of natural numbers N can be written

N = [jr: frsr — 1.

k>1
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Since in this case 0 < ¢ < 1, we have
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9ak _ 9q(k—1) 1 ]’C 5
ga(k=1) _ <
20—1 21 1\% "DSZZ_;f’
Jr—1—1 s q 1 s
- (SOS : fz) ) S 2 _ 1 <90st1)
s=1 i=1 S=Jr_1
1 Jk Jk— s
<L z<s i>+z "3
§=Jjkr-1 =1 5=jk-1 1=Jk—1
Hence,
( : 2%71 Jk—1 q Ik s 7\
k—1 .
weve 2 (a A ey 57
$=Jjk—1 =1 $=Jk—1 1=Jk—1
For the left-hand side I(f) of inequality (1.1) we have
oy 1
Jry1-1 7\’ Jry1—1 g
(S (S(exs)) ) <o) e
n=jg s=1 k n=ji
Combining (5.7) with (5.8), we have
1
Je+1—1 Jk Jk—1 7\ 4
(2T (3 (5]
n=jp s=jr_1 i=1
1
, A
Jk s a
1 DI DN
S=Jr—1 1=Jk—1
In both cases # > 1 and 0 < 0 < 1, we get that
Jk+1—1 Jk % Jk—1 0\ °
(T3 (S
n=jj, s=jk-1 i=1
0
Je+1—1 Jk s ANAN
Z >own| Do et X = I+ (5.9)
n=jg §=Jr—1 1=Jjk—1
Let us estimate I
VIR
5 (z fi) i) (5.10)
i=1

j=1
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where
Jet1—1 Jk a
n(j) = Z Z w, Z er| 00 = Jk-1)
k  n=ji $=jk-1

and §(-) is the Dirac delta-function. By Theorem A from (5.10) we have

1
0

I < sup(Zu(i)) u o 1 llpa (5.11)

r>1

Since
2 0
00 Jr+1—1 Ik q 00 n q
§ N — E E 0 § q § 0 § q
M(]) - wn 905 S wn (,05 )
j=r Jk—12T n=jk $=Jk—1 n=r s=r
we have

SN

[

sup sz (Z @?) u ' < Bs. (5.12)

r>1

From (5.11) and (5.12) we obtain

I < Bs|| fllp,u- (5.13)
Let us estimate I5:
) 2 2] %
Jr+1—1 Jk a Jk
LD > wi| D et | X f
k. n=j 5=Jr—1 1=Jk—1
) pS 4 o\ 7
Jk P oo Jk q
<[22 ) Sur(Sa)
k 1=JK—1 n=jg s=1

Using the condition (2.3), we get

1
0

SAR

. , 0
L< | i [fowil? | supu;® D " wf) (i 903) q
s=1

L 1<J -
k 1=Jk—1 =Tk n=jg

1
3

, I 1
. oo 0 Jk q
sup g w? E 1] supu;’t.
& k , -
k 1=Jk—1 n=jg s=1

hSA

Jk
< Z Z | fiwil? s
>Jk

Therefore, by applying (2.4) with o = §> we obtain that

1 1 1
[e'e) ) [ee) 9 r q
(S ) () (S et
=1 r= n=r s=1 =

so that
I < By fllpa (5.14)
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From (5.9), (5.13) and (5.14) we have

I(f) < max{Bs, Bs}|| fllpu- (5.15)
Therefore, from inequality (5.15), we get C' < B. The latter together with (5.6) gives that C' ~ B,
where C'is the best constant in (1.1). O
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