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1 Introduction

The Swift-Hohenberg equation is a model pattern-forming equation which was introduced by Jack
Swift and Pierre Hohenberg as a model for a fluid which is thermally convecting [24]. The Swift-
Hohenberg equation is one of important equations for describing localized structures in the modern
physics. This equation occurs in fluid dynamics, optical physics and other fields [4, 11, 22|. The
Swift-Hohenberg equation with dispersion has the form [9]

U + 2ux:r — OUggy + Uggpze = QU+ BUQ - 7“37 (11)

where «, 3,7 and o are parameters of the equation. At ¢ = 0 equation (1.1) is reduced to the
standard Swift-Hohenberg equation. We consider the problem with the boundary conditions

u=0, ug,=0,atxz=0,[ Vit t>0,

(1.2)
u(z,0) = ug(x), Vo, 0 <z <,

so that solutions can be extended as periodic functions over the real line. For ¢ = § = 0 and
a=1-a, a€R, equation (1.1) and (1.2) were solved by the homotopy analysis method in [3| and
the differential transform method as time-fractional derivative in [19].

The aim of this paper is to find an approximate analytical solution of (1.1) and (1.2) with the
help of powerful analytic methods. We use the differential transform method (DTM) and reduced
differential transform method (RDTM) to obtain the solutions and compare them with each other.
We know that the DTM is based on the use of Taylor series in all variables, while RDTM does not
require Taylor series in all variables and therefore it reduces significantly the numerical computation.
For the standard cases, comparing the methodology with some known techniques, shows that these
approaches are effective and powerful.
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2 Methods

In this section, the techniques are explained for the two-dimensional differential transform.

2.1 The DTM

The DTM was first proposed by Zhou [25], who solved linear and nonlinear initial value problems in
electric circuit analysis, then was widely used in the literature and was successfully applied to frac-
tional differential equations 5], integro-differential equations [6], higher-order initial value problems
[1], systems of differential equations [2, 7, 12|, partial differential equation [10, 13, 21, 23], high index
differential-algebraic equations [20].

In [8, 14] the basic definitions and fundamental operations are introduced for the two-dimensional
differential transform as the following

1 ak—i—h

(0,0)

where u(z,t) is the original function and U(k, h) is the transformed function. The differential inverse
transform of U(k, h) is of the form

u(a,t) = Uk, h)z*t", (2.2)

P =1 orth b

In Table 2.1 the fundamental mathematical operations of the two-dimensional differential transform
are listed. The proofs are available in [8].

Table 2.1. Two-dimensional differential transformation

Original Function | Transformed Function
u(z,t) £v(x,t) U(k,h) £V (k,h)
cu(z,t) cU(k, h)
Ou(z,t)
=S (ESTIES)
arggu(x,t) (k+r) (h+ )! U(k +r, h+ S)
Qz" Ot k'
u(z, t)v(z, t) g Zs oU(T h—s)V(k—rs)
ulz, oz, w(e,t) | 3003 ag gm0 dopmg U h—a = p)V (s, )W (k — 7 — 5,p)

2.2 The RDTM
The basic definitions and operations of the RDTM [15, 16, 17, 18] are defined as follows.
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Definition 1. If a function u(z,t) is analytic with respect to time ¢t and space x in the domain of
interest, then let

(2.4)
where the t-dimensional spectrum function Uy(x) is the transformed function. In this paper, the

lowercase u(x,t) represent the original function while the uppercase Uy (x) stands for the transformed
function.

Definition 2. The reduced differential transform of the sequence {Ux(z)}72, is introduced as follows:

= U(x)th (2.5)
k=0
By combining equation (2.4) and (2.5), we have
1 [d* k
u(xz,t) = % i [@u(x,t)} tzot . (2.6)

Some basic properties of the reduced differential transformation obtained from definitions (2.4)
and (2.6) are summarized in Table 2.2. The proofs and the basic definitions of the RDTM are
available in [15].

Table 2.2. Basic operations of RDTM

Original Function | Transformed Function
u(z,t) Un(x)
u(z,t) £ v(x,t) Un(z) £ Vi (z)
cu(z,t) cUp(x) ¢ is a cons.
™" x™§(h —n)
™t u(z, t) "Up_p(x)
Zulw, ) e
O () 0=, (o)
u(z, v(z, 1) S U )V, @
ulz, v, w(z,t) | 3o >oezg Un(@) V(@) Wi ()

3 The Swift-Hohenberg equation

In this section, we consider two methodologies DTM and RDTM for the Swift-Hohenberg equa-
tion. To illustrate the capability, reliability and simplicity of the methods, several different cases for
parameters of the equation will be discussed here.

3.1 Solution of the problem by the DTM
We apply the DTM to equation (1.1), the resulting transformed version of equation (1.1) is
(h+ DUk, h+1) = =282 0 (k4 2, h) + o B U (K + 3, h) -
+aU(k,h)+ B3 S U(r,h— s)U(k — 1, 5)
S S S U (r h — g — p)U (s, U (k — 1 — s,p).

EET (ke + 4, 1)
(3.1)
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From the boundary conditions given by (1.2), we have

U(k,0) = Lu$?(0), k=0,1,2,...
UO,h)=0, h=0,1,2,...
U(2,h) =0, h=0,1,2,... (3.2)

SR Uk RIFE=0, h=0,1,2,...
St B Uk +2,h)F =0, h=0,1,2,....

In real applications, the function u(z,t) is given by a finite series of equations (3.1) and (3.2) can be
written as follows

>

n—2h m
u(z,t) > Uk, h)att",
k=0 h=0
where the value of the parameter m should not be greater than 7.

By using equations (3.1) and (3.2), the corresponding U(k,h) can be calculated for arbitrary
different selections of n and m. In real applications, we seek obtain an excellent approximate solution
of the differential equation. Therefore the selection n and m i.e. iterations continue until the absolute
value of the error function defined as follows

EDTM(xa t) = |at + Q{me - O-aacac;r + ax:vacac —au — BQQ + 7ﬂ3|, (33)
becomes very small for each z,t in the domain, in other words |Epry(x,t)| < tolerance for all

z € [0,1], t €[0,t*].
Then the corresponding U (k, h) can be obtained as follows

If h =0, then from (3.1) for k =1 and k = 3,...,n — 4 we have

U(k,1) = —2%2' 07k 4 2,0) + o E2'U (K + 3,0) — EELU (K + 4,0)
+aU(k,0) + 8 327_, U(r,0)U (k = 7,0)
- Z]::O Z];;g U(’I", O)U(S’ O)U(k —-r =25 0)7

and by the final two relations of (3.2) also can obtain

Uln—3,1) = 5 i g U (K, 1),
Un—2,1) = Lo S0k + 1) (k + 2)1FU (k + 2, 1).

(n=—3)(n—2)10"D

If h=1,thenfork=1and k=3,...,n— 6 we have

U(k,2) = 2(=2%28 0 (k +2,1) + o W2 U (k +3,1) — TR Uk 44, 1)
+aU(k, 1)+ B F SO U@ 1= s)U(k —1,5)
S S oS AU (r 1 — g —p)U(s, Uk — 1 — 5,p)),
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and
Un—5,2) = ot SIS IFU(, 2),

- (n75)(n£4)l("*6) Z;g(k + 1)(k + 2)lkU(k +2, 2)

If h=2, then for k=1and k=3,...,n — 8 we have

U(k,3) = 2(—2%2'U(k +2,2) + o B0 (k 4 3,2) — E U (K 4 4,2)
+aU(k,2) + B3 S22 OU(T 2—35)U(k—r,s)
Y S (S U(r 2 — g — p)U(s, Uk —r — 5,p)),

and
Uln—17,3) = = 7)22 o [FU U(k,3),
U(n—6>3):tho(’ﬁL1)(k5+2)lkU(k+2>3)-

By using the recursive scheme of equation (3.1) and conditions (3.2), the rest values of U(k,h) can
be obtained.

3.2 Solution of the problem by the RDTM

To solve equation (1.1) by the RDTM, we consider differential transformation of Table 2 and have

(h+ 1)Uy () = =20y () + oUD (2) — U (@) + aly(a)+

. (3.4)
B30 Un(@)Un—r(x) =7 30— 202y Ur(@)Us () Un—p ().
We can obtain the initial and boundary conditions as follows
Uo(z) = up(z),
Un(0)=0, h=0,1,
Un(l)=0, h=0,1,... (3.5)
U,(0)=0, h=0,1,
U,()=0, h=0,1,

By substituting (3.5) into (3.4) and by a straight forward iterative calculations, we obtain the all
required values of Uy(x). Therefore, the inverse transformation of the set of values {U,(z)}7", gives
the approximate solution as

m

u(z,t) = a(x,t) = Z Up(x)t".
Similarly to the previous case, let us consider the error functional for approximate solution
ERDTM (l’, t) - |7th + 2axa; - Uﬂ:mca: + 'aac:cxx - CW,AL - 5712 + 7@3’a (36)

and the iterations continue until |Egrpra(x,t)| < tolerance for all x € [0,1], t € [0,t*].
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4 Numerical results and discussion

The convergence of the proposed methods will depend on «, 3,7,0,l and on the number of terms
employed in a series approximation. These methods consist in building a sequence of numerical
approximations of u(z,t) via the generated sequence. To find the solution of equation (1.1), an error
analysis is performed. Here, Epry(z,t) and Erpras(z,t) show the error functions of the proposed
method for fixed n,m,a, 3,v,0 and [.

To sce the effects of the parameters on the solutions, we fix ug(z) = Fsin(ZE) and [ = 10,
consider solutions u(z,t) for various values of parameters. To avoid a three-dimensional plot, we plot
two-dimensional cross sections. The qualitative properties of such solutions are displayed in figures
1, 3 and 5. A comparison of the figures allows one to see the influence of the parameters on the
solution profiles.

A clear conclusion from the numerical results is that the DTM and RDTM provide highly accu-
rate numerical solutions without the need for spatial discretizations in solving the Swift-Hohenberg
equation.

Because of memory problem, we only increase the number of iterations until we achieve that the
modulus of the error function is less than 0.05 (tolerance). The results show that in the memory
problem and boundary conditions the DTM acts better than the RDTM, and in the number of
iterations and careful of solutions the RDTM is better than the DTM.

Here, we take different values of the parameters to compare the results of DTM and RDTM in
the form of two dimensional figures for each case, we would see that DTM and RDTM solutions are
in excellent agreement.

Fig. 1: (a) Profiles of u(x,t) versus z at « = —0.3,0 = —1,4=0.1 and v = 0.2
for t = 0 (Upper),2 (Middle), 4 (Lower) with n = 15 and m = 4 by DTM.
(b) Profiles of u(x,t) versus z at « = —0.95,0 = —1,3 = 0.1 and v = 0.2
for t = 0 (Upper), 2 (Middle),4 (Lower) with n = 20 and m = 5 by DTM.

(c) Profiles of u(x,t) versus z at « = —0.3,0 = =1, =0.1 and v = 0.2
for t = 0 (Upper), 1 (Middle), 2 (Lower) with m =4 by RDTM.

Fig. 2: (a) Profiles of Eppas(z,t) for Fig. 1 (a). (b) Profiles of Epps(x,t)
for Fig. 1 (b). (c) Profiles of Egpra(z,t) for Fig. 1 (c).
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Fig. 3: (a) Profiles of u(x,t) versus z at « = 0.25,0 = 0.2, = —0.04 and v = 1.1

for t = 0 (Lower), 2 (Middle),4 (Upper) with n = 14 and m = 6 by DTM.

(b) Profiles of u(x,t) versus z at & = 0.25,0 = —0.15,8 = —0.04 and y = 1.1

for t = 0 (Lower), 2 (Middle),4 (Upper) with n = 15 and m = 6 by DTM.

(c) Profiles of u(x,t) versus z at a = 0.25,0 = 0.2, = —0.04 and vy = 1.1

for t = 0 (Lower), 1 (Middle),2 (Upper) with m = 3 by RDTM.

Fig. 4: (a) Profiles of Epra(z,t) for Fig. 3 (a). (b) Profiles of Epras(x,t)

for Fig. 3 (b). (c) Profiles of Egrpr(z,t) for Fig. 3 (c).
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Fig. 5: (a) Profiles of u(x,t) versus z at « =0.1,0 = 0.4, 5 =0.1 and v

for t = 0 (Lower), 2 (Middle),4 (Upper) with n = 16 and m = 6 by DTM.

(b) Profiles of u(x,t) versus z at « =0.1,0 = 0.4,8 = —0.16 and v = —2.3

for t = 0 (Lower), 2 (Middle),4 (Upper) with n = 16 and m = 6 by DTM.
(c) Profiles of u(x,t) versus z at « =0.1,0 = 0.4, = —0.16 and v = —2.3

for t = 0 (Lower), 1 (Middle),2 (Upper) with m = 3 by RDTM.

Fig. 6: (a) Profiles of Eppas(z,t) for Fig. 5 (a). (b) Profiles of Eppys(x,t)

for Fig. 5 (b). (c) Profiles of Egpra(z,t) for Fig. 5 (c).
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5 Conclusion

Application of the DTM and RDTM to the Swift-Hohenberg equation with dispersion have been
presented. The results show that the DTM and RDTM are powerful and efficient methods for
finding analytic approximate solutions to the Swift-Hohenberg equation. Also, not many iterations
are required to achieve fairly accurate solutions of the equation by the DTM and RDTM.
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