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1 Introduction

The problem considered here is a linear version of the inverse potential problem, considered in [8].
The paper provides a solution to the problem of restoring the shape of the Newtonian potential
density carrier for bodies of constant thickness belonging to the Sretensky class, defined in [9], which
ensures the uniqueness of the solution of the inverse potential problem. In [9], the uniqueness of
the inverse potential problem is proved for bounded homogeneous bodies having a common secant
plane, such that every line perpendicular to it intersects the body at no more than two points lying
on different sides of this plane. The problem is formulated in the framework of the odd-periodic
model [4], which allows us to obtain a solution in the form of a Fourier series, which is essential
for the application of numerical methods for solving the problem. The error of the periodic model
with respect to the non-periodic one is studied in [5]. In the problem considered in this paper,
information about the potential is given in the form of a potential field on a surface of a general
form. Both the field and the surface are given approximately. The idea of the method in [6] is the
basis for constructing a solution to the problem. The problem in this case, including for bounded
bodies of constant thickness with variable density, is reduced to a linear integral equation of the first
kind, the approximate solution of which, stable with respect to the error in data on the potential
and the surface, is constructed on the basis of the Tikhonov regularization method [10], [11|. As an
approximate solution, we consider the extremal of the Tikhonov functional, obtained as a solution of
the Euler equation for this functional. The approximate solution is obtained in the form of a Fourier
series with a regularizing factor. The convergence theorem of the approximate solution to the exact
one is proved. The linear problem of reconstructing the distribution density function of sources with
an infinitely thin carrier in the model of a heat-conducting body with convective heat exchange at
the boundary, solved in [1], is closely related to the problem considered here.
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2 Problem statement

In an infinite cylinder of rectangular cross-section
D® ={(z,y,2):0< 2 <l;,0<y<l,—00<z<oo} CR? (2.1)
we consider the following model for the Newtonian potential

Av(M) = —4np(M), M € D>,
U‘x:O,lI = 07 /U‘y:(),ly = 07 (22)
v — 0 when z — Fo00.

We assume that the support of the density p is located in the domain z > H > 0 in the cylinder D>.
Let ¢(M, P) be the source function of problem (2.2) in the domain D> of form (2.1). The
function p(M, P) can be obtained as a series

2 o —knm|zp—2n]
o(M, P) = l Z ¢ -~ sin WZP sin Wﬂ;yp sin WTZM sin m}ZyM, (2.3)

33[3/ Y Y

n,m=1

where

= ) )
ly L,
If zp > H, series (2.3) converges uniformly with respect to the variable M in the domain

D(—o0,H —¢) ={(z,y,2) : 0 <z <l;,0<y <l,,—oc0o<z<H-—¢},e>0. (2.4)

In the domain of D(—oo0, H — ¢) the solution of problem (2.2) can be represented as

87T o0 e_k'nm(zP_ZI\/I)
o0 =tx [ pPreOnP)ve = [ avep(p) Y
L, < Fum
suppy suppyp Hm=
¢ sin( Y sin( TPy gin (T i (TTAMY (9 5)

ly L, Ly L,
It can be shown [4] that such a potential corresponds to a Newtonian potential with an odd-periodic
source distribution function p in R3.

In the domain of D(—oo0, H — ¢) the field of potential (2.5) has the form

8
E(M) =iE; +JE, + kE. = ~Vo(M) = —; 7; / dVpp(P)
Y suppe
B L 7
n,m=1
+] T i T o TN e i T iy meM). (2.6)
Lk o 1 L, L, I,

Thus, within the framework of model (2.2), if the density p is given, then the potential of density p
and the potential field can be calculated using formulas (2.5) and (2.6), respectively.

Let us formulate the inverse problem. We assume that the source density p in problem (2.2)
corresponds to a body of constant thickness h, located on the plane z = H:

plx,y,z) =o(x,y)0(z — H)O(H + h — 2), (2.7)
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where 6(z) is the Heaviside function. According to (2.7), we consider the source distribution density
functions as constants along the z axis and variables in the (z,y) plane inside the density carrier.
THE INVERSE PROBLEM. Let in the framework of model (2.2) on the surface

S={(z,y,2):0<x<,,0<y<l,z=F(r,y) < H}, FeC*I), (2.8)
H={(z,y):0<2x<l,,0<y<ly,}. (2.9)

the field E of form (2.6) of potential (2.5) be given as a vector function E°:
E|s = E°, (2.10)

and the density p of form (2.7) is unknown. Let us set the problem of restoring the function p of
form (2.7) for the field EY given on S. Assuming that the parameters H and h are known, in fact,
the inverse problem consists in reconstructing the function o(x,y) in (2.7) for the known function
E° on the surface S.

3 Reducing the inverse problem to an integral equation in the case of a
flat surface S

Let us consider the z—component of a field (2.6) with a density (2.7) in the domain D(—o0, H — ¢)
of form (2.4). The value of ¢ is arbitrarily small and can be chosen so that the surface S of form
(2.8) is located in the domain D(—oo, H — ¢), that is, e < H — r(na})c F(z,y).

2y

Given formula (2.7) for the density p, and also given that z); < zp — e if M € D(—o0, H — ¢),
for the component E, of field (2.6), we obtain

le ly H+h

E.(M) = - 187;// o(rp,yp) /dZP Z ¢~ knmzp=2a)
aly

0 0 n,m=1

. niUP . T™TMmyp . TNIp . TMYy
X sin sin sin sin dxpdyp
l, Ly l, L,

= / , / / Z e /{nm Sin lx S1n ly
0 0

n,m=1

lac ly
™I

sin mydmdy://KZ(xM,yM,ZM,a:,y)J(m,y)da:dy, (3.1)

T Y

X o(z,y)sin

where

00 h
167r k(A —20) sh kg

K. (zpm,ym, 2m,2,y) =

nml

. NIy . TMYy . TNT . TINY ™\ 2
X sin sin sin sin . kpm = T
xX

+ (2—m>2 (3.2)

Y

Ly I, L I,

So, if the function ¢ in (2.7) is known, then we obtain the component of the field E, in form (3.1).
If now, in accordance with the inverse problem, the field E, or only its component E, on a flat
surface (2.8) when F(x,y) = a < H, is known, i.e. according to (2.10)
E, = ES,

zZ=a
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from (3.1) we obtain an integral equation of the first kind, linear with respect to the desired function
o:

//K(ffM,yM,%y)U(fE,y)d@"dy = E)(varym),  (wn,ym) €11 (3.3)
0 0
where the kernel of the integral operator according to representation (3.2) has the form

K(meyeruy) :KZ(xM7yM7a7x7y>

S h
_ 167 Z o~ hnm (H+5~a) sh kg < TN o sin TMYnr sin TNIT <in wmy‘ (3.4)
lxly n,m=1 knm Ly ly lx ly

We shall now obtain an equation similar to (3.3) in the case when the surface S has form (2.8)
with the function F' of general form.

4 Reducing the inverse problem to an integral equation in the case of a
surface S of general form

We note that the z-component, like every component of field (2.6) of potential (2.5), is a harmonic
function in the domain D(—oo, H). It also follows from (2.6) that the component E, satisfies the
conditions

Ez|ac:0,lx =0 Ez|y:0,ly = 07

E, — 0 when z - —o0.

Taking into account condition (2.10) of the inverse problem for E, of form (2.6), we obtain the
problem
AE.(M)=0, M e D(—oco,H),
Ez|S = Ega
Ez|x:0,lx =0 Ez|y:0,ly = 07
E, — 0 when z — —o0.

(4.1)

If £ is z-component of field (2.6) on the surface S of form (2.8), then problem (4.1) is the Dirichlet
problem in the domain

D(—o00,F) ={(z,y,2): 0 <2 <l;,0 <y <ly,—00 < z< F(z,y)} (4.2)

which has an unique solution, represented with formula (2.6).

From condition (2.10) of the inverse problem for field (2.6), an additional condition for the normal
derivative on the surface S can be obtained. Indeed, field (2.6) is potential, and in the domain
D(—o00, H) satisfies the equations

rot E(M) =0, M€ D(—o0,H),
divE(M) = 0.

For the normal derivative of the component E, on the surface S of form (2.8), given by the
equation z = F'(z,y) < H, we obtain

OF,
n
Yon s

OE,

OF, OF,
F —
ox

oy Y 8Z)S’

— (n, VE.)|, = (52F +
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where n; = (F}, F;, —1) is the inner normal with respect to the domain D(—oo, F) of form (4.2).
Then, extracting from the equation div E = 0, valid at the points of the surface S C D(—o0, H), the
derivative with respect to the variable z, we obtain

nl% = (o, VE.)|, = (%%F; + aa%F; + aa% + 88%) . (4.3)
Using the equations rot E = 0 at the points of the surface S C D(—o0, H), namely
OE, _ O0E, OE, _ OE,
oxls 0z 1ls Oyls 0z ls
from (4.3) we obtain
m%% (aazz F 4 8£yF;+ aaE T 88—2) (4.4)

We shall consider the field E° in (2.10), given on S, as a function of the variables z and y on the
rectangle IT of form (2.9). Differentiating the components of the field E° by the arguments x and y,
we obtain

0 po_ 2. 0E, | OE,
) 0 9 _ 0E, 0E,

Substituting these derivatives in (4.4), we obtain the expression for the normal derivative in terms
of the derivatives of the components of the vector E°:

OE.| _ O, 0B, OE, OE,,

OE, ( N ) 0 0
"on ls T Vor oz * Oy 0z Y

= —FE)+ —E,. (4.5)
y

s@w 0

If we add condition (4.5) to (4.1), then the component E, of field (2.6) in the domain D(—o0, F) C
D(—o00, H) of form (4.2) is a solution of the problem

AE,(M)=0, M € D(—o0,F),
EZ‘S = E,(z)v
OF, 1 ,0E° 8E2

S = _( + )7
on ny > Ox dy
Ez‘x:O,lI = 07 Ez’y:O,ly = Oa
E, — 0 npu z - —o0,

n, = (F,, F,,—1), (4.6)

where the vector E? = (EJ, E), E?) is field (2.10) in the formulation of the inverse problem.

We shall show now that, following the scheme in [6], the inverse problem can be reduced to an
integral equation.

The source function (M, P) of problem (2.2) can be represented as the sum of the fundamental
solution and the function W (M, P), harmonic in P:

90(M7P) =

+ W(M, P), (4.7)

TrpmMP

where r,p is the distance between points M and P. Let us put the point M in the domain

D(R,F)={(z,y,2) : 0<z<,;,0<y<l,,R<z<F(z,y),R= Const <0}
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and apply Green formula in the domain D(R, F') to the solution of problem (4.6) E,(P) and to
functions (47rprp)~t and W (M, P). Then we obtain

E.(M) = / [ o D)y = Bo(P) g e — (M, P)}dap, M € D(R, F) (4.8)
OD(R,F)
and
oF, oW
0— / [SE(PIW M, P) — E.(PYS (M, P)] doy, M € DR, F) (49
dD(R,F)

Here the normal is external to the domain D(R, F'). Summing (4.8) and (4.9) and taking into account
(4.7), we obtain

dp

ﬁnp

gon= [ [SEe0np) - EP)E

= (M, P)]dap, M € D(R,F).

OD(R,F)
Given the boundary conditions for E, and ¢ in problems (4.6) and (2.2), as well as replacing the

external normal with the internal one, we obtain the representation of the component of the field E,
as the sum of the surface integrals

B0 = [ [ L)+ 2 p)) o, 2y + BAP) 2 (01, ) o
_ / {gfp (P)o(M, P) — E,(P )gni (M, P)}dap, M € D(R,F), (4.10)

1(R)
where the rectangle II(R) has the form

I(R) ={(z,y,2): 0<x<;,0<y<l,z=R}, R< {nh}F(;ﬂ,y). (4.11)
T,y

The integral over the rectangle II(R), due to the representation of field (2.6) and the representation
of the source function for a fixed point zp; > zp = R in accordance with (2.3)

o °] — —
2 e PR mpay  mmyy . mnae | Tmyp
(M, P) = E sin sin sin sin ,
el

. L, I, L, l,

n,m=1

converges to zero when R — —oo.
The integral over the surface S in (4.10) is reduced to the integral with respect to the variables zp

0
and yp, given that 8£(M, P)=(n,Vpp(M,P)), n= E, n, = (I, F,,—1), and dop = nydxpdyp,
n m

E.(M) :// [— (gTEj( P,?/P)+27Ej(ﬂfp,yp)>‘;0(MaP)

+ E%(zp, yp) (01, Vpp(M, P))] . dordye.
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Integrating by parts, taking into account the boundary conditions for ¢, we obtain

// EO $P7yP SO(MP|PES E2($P79P>@¢<M7P)}Pes

+ EX(zp,yp)(n1, Vpo(M, P)) drpdyp. (4.12)

|pes]

Let us introduce the notation

(zpr, yum) = E.(M)| a < min F(x,y), (4.13)

—n?
M= ()

where F, is the function of form (4.12). Since the field EY is given, ® is a known function, and the
source function (M, P) for M € Il(a) of form (4.11) where z = a and P € S of form (2.8) can be
represented as an uniformly convergent series (2.3).

On the other hand, since E, of form (4.12) is a component of field (2.6) of the potential, integral
representation (3.1) is valid for E,. Then, from integral representation (3.1) in order to determine
the unknown density of o, we obtain the Fredholm integral equation of the first kind with respect to
the desired function o, similar to (3.3)

//K(xM,yM,%y)U(%y)dxdy = ®(zy,ym),  (Tu,ym) € 11 (4.14)
where the kernel of the integral operator has form (3.4) and the rectangle II has form (2.9).

5 Exact solution of the inverse problem

When solving the inverse potential problem, we assume that the field E° in (2.10) is field (2.6) on
surface (2.8), so the solution of equation (4.14) exists in Ly(II). Since the system of eigenfunctions
of the Dirichlet problem for the Laplace equation in the rectangle 11

. TNT . Tmy
{sm I } . {sm }

Ly

n,M=00

n,m=1

is complete, the kernel of integral equation (4.14) is closed and the equation has an unique solution.
The solution of integral equation (4.14) can be obtained as a Fourier series

Z Onm sin 2% gin me Z Dy Ky, SID 7rln:z: sin W;ny, (5.1)
x y

n,m=1 y n,m=1

where ®,,,, are the Fourier coefficients

P = l //@(x, y) sin T Sin mlnydxdy (5.2)
v

of the function ® of form (4.13), and

h_g knm 2 m 2
o = htts4o_an_ mm:¢gr>+<7g. 53)
nm T Y
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Since, when solving equation (4.14), we consider that the function ® of form (4.13) corresponds
to the density o of form (2.7), the coefficients ®,,,(a) = Opm/Knm decrease faster than the value
ekrm(H=a)kincreases and series (5.1) converges to o in Lo(I).

In the case when o(M) = ogxp (M), where xp(M) is the characteristic function of some domain
D C II and o¢ is a known constant, the solution of the inverse problem is reduced to finding the
support D of the source density function. To do this, we can use the formula

1
D ={(z,y) eIl U—a(x,y) >\ =Const, 0 <\ <1} (5.4)
0

As it is known [10, 11|, the Fredholm equation of the first kind is an ill-posed problem. Its
approximate solution is unstable with respect to the error of the right part and requires the use of
regularizing algorithms. Let us construct an approximate right-hand side of the integral equation in
the case of an inaccurate data on the field E and the surface S and estimate its error.

6 Approximate calculation of the normal to an inaccurately defined sur-
face

As follows from (4.13), (4.12), when forming the right-hand side of integral equation (4.14), it is
necessary to calculate the vector function of the normal n; to the surface S of form (2.8), which is
the gradient of the function F(z,y) — z,

n; = grad (F(z,y) — z) = V,, F — k. (6.1)

Let the surface S is given with an error, namely, instead of the exact function F' in (2.8), the
function F* is known, given on a rectangle II of form (2.9), such that

|F* — Fllam < o (6.2)

For the approximate calculation of integral (4.12), it is necessary to calculate the normal to the
surface given approximately, which is also an ill-posed problem, since the calculation of the normal
n; is associated with the calculation of the derivatives of the function F.

To obtain a stable solution to this problem, we use the approach of [7], that is, we consider the
problem of calculating the gradient of a function as the problem of calculating values of an unbounded
operator [2].

As an approximation to the function V., F in (6.1) calculated from the known function F*,
associated with the function F' by condition (6.2), we consider the gradient of the extremal of the

functional ,

NE[W] = HW—F“‘

w H VW‘ 5> 0. (6.3)

2
)
Lo Lo (1)

For simplicity of calculating the extremal, we consider such surfaces S, for which
Fle=os, =0, Fly=o, =0.

This condition, in particular, occurs in the case when S can be considered as a perturbation of the
plane z = 0. Then the extremal of functional (6.3) is the solution of the following problem for the
Euler equation

—BAW + W = F*,

W’x:O,lI = 07 W‘y:ﬂ,ly = 0.
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The solution of this problem is

Z e in T me, (6.4)

I _
Wale )= 2. v, L,

n,m=1

where the Fourier coefficients F¥* are calculated by formulas of form (5.2) and k,, has form (5.3).
It is easy to see that series (6.4) converges uniformly on II.
As an approximate value of the gradient of the function F*, we consider the vector function

—  Fr
vmng(‘ruy>: Z 1 QL2

1 k2
o L+ B (6.5)
.TTn m™Tmx . 7Tmy LTm m™Tmy . TnI
X | 1= cos sin + j—— cos Sin
ly ly Ly Ly Ly ly

Series (6.5) converges in Lo (II).
Let F~ be an odd-periodic continuation of the function F, given on the rectangle IT of form (2.9),
with a period of 2[, for the variable x and with a period of 2[, for the variable y, i.e.

F(z,y) = F(z,y), (v,y) €l

F~ ( )I—F<$C,y>, (l’,y) EH,

F~ ( z, y):—F(I,y), <x7y)€H7

Fo(—z,—y) = F(z,y), (z,y)€ll

F~(z +2l n,y+2l,m)=F (x,y), (z,y) €R* n,m==+1+2 ..

Theorem 6.1. [7] Let F~ € C*(R?), [ =0(u) >0, B(u) — 0 andp//B(p) = 0 when p — 0.
Then

I Ve Whiy = Ve Fll 1y +—HAFHL — 0 when p — 0.

2\/_
Based on the theorem, we can use formula (6.5) to approximate the normal to the surface using
formula (6.1):
n’fﬁ = nyW[; — k. (6.6)
With a known estimate
AP 1y < M,

it follows from the statement of the theorem that
< My VB M

Hnlf,ﬁ_anLQ(n) = || Vay W — waF”L 2\/— T

\(b

The maximum for the § expression on the right is achieved when

Blp) = - (6.7)
and, thus denoting in accordance with (6.6) and (6.7)

T———" 1
M= Mg = Vay W,

-k, (6.8)

we shall obtain:

H nj —m H LQ(H) vV Mp — 0. (6.9)

u—>0
It is also not difficult to obtain the estimate

H Wg(u) - FH Lo (TD) < 2p (6.10)
The surface defined by the equation z = Wg(#)(x, y), we denote as
St={(r,y,2):0<2z<l,,0<y<ly,z= Wé‘(u)(x,y)}. (6.11)
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7 Solution of the inverse problem in the case of an approximately given
field E° on an approximately given surface

Let instead of the exact vector function E? in condition (2.10) of the inverse problem, the function
E% = (E2° E)° E%%) is known, given as a function on the rectangle II of form (2.9), such that

|E® — E%|| 1, < 6. (7.1)

In this case, we assume that the surface S of form (2.8) is given approximately by condition (6.2).
We assume that we also know that

a; < F(z,y) < as. (7.2)

In this case using the results of the previous paragraph, the right part ®(M) of form (4.13) in integral
equation (4.14) will be calculated approximately on a rectangle

M(a) ={(z,9,2) : 0 <2 <, 0 <y <ly,z=a}, a<minWy (z,y), a<a (7.3)

(z,y)

in accordance with formula (4.12) and (4.13) as a function

lm ly
0 0
B (M) = / / B (p, yp) =2 (M, P)lpesn + B2 (2p,yp)—o—o(M, P)|pess

drp dyp
00

+ EX (zp,yp) (0}, Vpp(M, P))|pesuldrpdyp, M €Tl(a), (7.4)

where the surface S* has form (6.11), the approximate normal n/' is calculated by formula (6.8) and
the function

o —_ —
e~ knm(EP=a) mpgy  mwmyy . mnzp . mmyp
Sin n S

L, - L si L, n L sin L,

n,m=1

(M, P) =

is source function (2.3) of problem (2.2).

Let us estimate the error in calculating the function E%* of form (7.4) with respect to the function
E. of form (4.12) on the rectangle II(a) — the right-hand side of integral equation (4.14), i.e. we
estimate the difference

| EEH(M) = E(M)| < | B(M) = BSN(M) | + | BN (M) - BE(M) |

+ | BS(M) — E.(0M)

, M ell(a). (7.5)

where TI(a) has form (7.3). In this estimate the function E%#! of form (7.4) is introduced, where
formally the approximate normal n}' is replaced by the exact normal n; (note that ni(zp,yp)|pess =

n; (561% yp) |PeS):

la: ly

0 0
£200) = [ 1B wrur) oM. Plpess + B (an,ye) 5 oM, P)lpes
0 0

+ EY(zp,yp) (1, Vpo(M, P))|pes|depdyp, my = (F;,F;,, —1), (7.6)
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and is also introduced the function E° of form (7.4), which is calculated on an exactly specified
surface

lz ly

0 0
Eﬁ(M) = //[Eg’é(xpayp)aT (M, P>|PES+E8’5<$vaP)a_<P(M7 P)|pes
P Yp

+ Eg’(s(l’p, yp)(nl, VP(,O(M, P))|pes]d$pdyp, n; = (F;, F?;, —1) (77)
Let us estimate the difference between functions (7.4) and (7.6) in the right-hand side of inequality
(7.5):

ES(M) = B2 (M) |

MelIl(a)

—| [ [ B wrye) (0~ ). VoML, P pesidarndyr
0 0
Ly

< / / B @) | - |04 (P) = mi(P)| - [Vpp(M,P) || depdye

PeSk

le

ly

< Mrrelﬁx | Vpo(M, P) | / ‘Eg’(S(l'p,yp) | - |n{(P) — ny(P) ‘P€SHdl'dep.
Pess

Using the Cauchy-Bunyakovsky inequality, estimate (6.9) and estimate ||E%?|| < |E°|| + 4,

we obtain

BN — B (M ‘ _ (M, P) ||| E% _
) = BN | = e [V P)[IE2] It~
Pes:
S fax, | Veo(M, P) | (B +6) - VMp < Cri/u. (7.8)
PES“

Let us estimate the difference between functions (7.6) and (7.7) in the right-hand side of inequality
(7.5) using the Lagrange formula

ESL(M) — BS(M) |

MeTl(a)

Iy l'U

) 0
‘ // JCP,Z/P ﬂ%ﬁ(Ma P)‘PGSM - % (M7 P)|PGS>
0 0
+ Eg’é(mp,yp)<a " (M, P)|pesn — @SO(M, P)!Pes)
+ E2(zp,yp) (n1, Vpp(M, P)|pese — Vpo(M, P)|P65)]dedyP ’

lz ly

0,6 0°
N ‘ // [EI’ (xP7yP)<apop90<M’ Pl)(ZP‘PESH - ZP|Pes))
0 0 6 .
+ Eg (ZL'PayP)<8yPZPQ0(M, PQ)(ZP|P€SM — ZP‘PES)>

0
+ Eg’é(m% yP)(n1, —Vpp(M, PS))(ZP|P65u - ZP‘PES)] drpdyp ‘ M€ i(a)

aZp
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Since according to (6.11) ZP‘PGSM = Wll;(u) (xp,yp) and ZP‘PeS = F(xzp,yp), we obtain

ESL(M) — BS(M) |

MeTl(a)

lz ly

- 0/ 0/ (B9 (wp,yi) (- (M. P (WE () — P, e)

a$pr

2

+ B2, yp) (5o (M, P) (Wi, (2p,yp) — Flap, yp)))

Oypzp

inQO(M, Pg))(Wg(u)(fl]p,yp) — F(l’p, yp)):| dl’pdyp ‘ . (79)

EO,(S
+ z (xPa yP) (nlv 021:

We introduce the following notation using (7.2)

(zp,yp) = min{Wg .\ (zp, yp), ar},

z
7.10
z(zp,yp) = maX{W Blw) (xpayp) az}. (7.10)
Now from (7.9) using (7.10) we obtain
ES\ (M) — EX(M) |
sian - B0
Iz ly
04
Mrrelﬁé ‘8xp2p (M, P) ‘//\E x,y) ‘ oo (@ F(x,y)’dxdy
P:z1<zp<zg
(M, P)| EY(a,y)| - | W | dd
+max, ‘aypngo //I (@, y)| - | Wi (2,y) — F(z,y) | dedy
P21<Zp<22
1 l’y
0 0.5
+ Mnel%é) ‘(nl,a—vpgpMP ‘//|E (z,y)| ‘ ﬁ(u F(x,y)’dazdy.
P:z1<zp<zo

Applying the Cauchy-Bunyakovsky inequality, assuming that 6 < dg, and using the estimate (6.10),
we obtain

2

EJ,,u,l M _E5 M ‘ — M. P ‘ EO,& SWE L — F
SO - BXM) | = max | 5 o(M P B W, - F
Pz1<2p<22
0? 0,6
M. P ‘ EO9(| . |[WH  — F
b | S P) [ W, Fl
P:z1<zp<zo
) 0,6 n
+max | (0 5 Vee(MP)) [ |12 - W, — F
P:z1<zp<zo

< CIE" i < CUIE") + ) < Cop. (7.10)

Let us estimate the difference between functions (7.7) and (4.12) in the right-hand side of in-
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equality (7.5):

le

ly
0
Efj(M)—EZ(M MEH(a // an (xp,yp) — Eﬁ(xp,yp))<% (M,P)!pes)
0 0
(B (apyyp) — Eoap, ) (22o(M, P)|pes
dyp

+ (ES’5($P; yp) — ES@P,?JP)) (nla Vpo(M, P)>Pesi| dzpdyp ‘ .

Using the Cauchy-Bunyakovsky inequality, as well as (7.1), we obtain from here

lz lZ/
8

BSOM) - EL(M)| = max UWPWJ//W“xw EY(z, y)\dady
;GS 0
lz l'y

a 0, 0
+ x| o \//w;mw—@mwm@
PeS 0

+ e |, Vo (M, P))res| / [ 1B ) = o, p)ldady

PesS 0 0

< GH||E™ — B < C8, M €Ti(a). (7.12)
Collecting estimates (7.8), (7.11), (7.12) and assuming that p < pg, from (7.5) we obtain

| ES(M) — E.(M < Civi+ Cop+ C30 < Cay/i+ Csd. (7.13)

) ‘ Mell(a)

Denoting, similarly to (4.13), the approximate right-hand side of integral equation (4.14)

OO (xpp, ynr) = B (M (7.14)

’MGH(&)’

from (7.13) we obtain an estimate in Ly of the error of the approximate right-hand side of integral
equation (4.14) B B
107 = @ ) < Cav/i+ T30 = 7(11,6) —> 0, (7.15)

6—0

where Cy, C'3 are some constants.

Let us now construct an approximate solution of integral equation (4.14) with right-hand side
(7.14) by the Tikhonov regularization method [10, 11]. As an approximate solution, we consider the
extremal of the Tikhonov functional

Mw] = [|[Kw — @MHL +CszHL2 . a>0, (7.16)

where K is the integral operator in (4.14). The extremal o%* can be obtained as a solution of the
Euler equation
K*Kw+ aw = K*®™*

for functional (7.16) and has the form
= éfg#@Knm . TNT . TMy

J, _
oot (x,y) = n;ﬂ T+ oK. sin = — sin L a > 0. (7.17)
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Here ®%# are the Fourier coefficients

FOu 5u mmy
Bt = //@ e Py (7.18)

of the function ®>* of form (7.14). The value K,,, in formula (7.17) has form (5.3).

Let us note that for § =0, p = 0 and o = 0, formula (7.17) turns into an explicit representation
of exact solution (5.1). When 6 > 0, p > 0 and a = 0, (7.17), generally speaking, may diverge in
accordance with the fact that the inverse problem is ill-posed. For 6 > 0, p© > 0 and o > 0, the
convergence is provided by the regularizing factor (1 4+ aK?2, )"

The following theorem proves the convergence of approximate solution (7.17) in Lo(II) to the
exact solution of the integral equation.

Theorem 7 1. For any a = a(y) > 0 such that a(y) — 0, ~v//a(y) — 0 when v — 0, the
function O’ 7 ofform (7.17), where according to (7.15) v = v(u,0) = 64\/ﬁ+636, converges to the
exact solution of integral equation (4.14) in Lo(1l) when § — 0, p — 0.

Proof. Following the general scheme [2] of estimating an approximate solution of a linear integral
equation, introducing a function o, of form (7.17) when § = 0, u = 0, we obtain

log” = ollz, < lloa” = oallz, + o0 — oL (7.19)

To estimate the first difference in the right-hand side of inequality (7.19), we use estimate (7.15)

Ll < Kpm 1/2
YT Ty o 2
||0-oé'u O'aHLQ < [ 4 E (1 T ak? ) | nm| i|

n,m=1 nm
v

2\/a(y)

We estimate the second difference in the right-hand side of inequality (7.19). We note that according
to (5.1) @, Ky = Gpm, SO We obtain

gm:? (1+cwc2

)@ — |1, < (7.20)

i o )21 2]

- <
loa =l <[22 3 (52

= 1+aK2 ) o]

Since the series depending on the parameter o is majorized by a converging numerical series with
coefficients G2 it is possible to pass to the limit in a, and hence

|loa —ollL, = 0, when o — 0. (7.21)

It follows from (7.19), (7.20), (7.21), and the assumptions of the theorem that

HUZ’(”W) — 0|, =+ 0, when §—0,u—0.
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In the case when o(M) = ooxp(M), where xp(M) is the characteristic function of the domain
D in accordance with (5.4), we construct an approximation Di’“ to the support D of the density o
based on the approximate density function of sources (7.17)

1
Di’” = {(z,y) eI : 0_06’“ (x,y) > A= Const, 0 < XA < 1}. (7.22)
0

a(y)

A criterion for the quality of the approximation can be the measure of the symmetric difference
between domain (7.22) and the domain D of form (5.4).

Theorem 7.2. Under the conditions of Theorem 7.1 the measure of the symmetric difference
mes(D"AD) — 0 when § — 0, i1 — 0.

Proof. 1t follows from theorem 7.1,

1
||J—<7fi’“ — XDz, —+ 0 when 6 — 0, p— 0.
0

1
From the convergence of —o? to xp in Ly, the convergence in measure follows (see [3]). Further,
o

0
the proof repeats verbatim the proof of the theorem in [1]. ]
Formulas (7.4), (7.14), (7.17), (7.18), (7.22) give the solution to the inverse problem.

8 Conclusions

The inverse problem of the Newtonian potential for bodies of constant thickness is posed and solved in
the case when the potential field on the surface of the general form is known. In this case, the density
function of the distribution of potential sources is found as an approximate regularized solution of
the linear integral Fredholm equation of the first kind, which is stable both with respect to the error
in setting the potential and to the error in the surface.
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