ISSN (Print): 2077-9879
ISSN (Online): 2617-2658

Eurasian
Mathematical
Journal

2023, Volume 14, Number 1

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples’ Friendship University of Russia (RUDN University)
the University of Padua

Starting with 2018 co-funded
by the L.N. Gumilyov Eurasian National University
and
the Peoples’ Friendship University of Russia (RUDN University)

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Astana, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy
Vice-Editors—in—Chief
K.N. Ospanov, T.V. Tararykova

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (Kazakhstan), O.V. Besov (Russia),
N.K. Bliev (Kazakhstan), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud
(France), A. Caetano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov
(Russia), A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia),
M.L. Goldman (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany),
A. Hasanoglu (Turkey), M. Huxley (Great Britain), P. Jain (India), T.Sh. Kalmenov (Kazakhstan),
B.E. Kangyzhin (Kazakhstan), K.K. Kenzhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin
(Great Britain), V.I. Korzyuk (Belarus), A. Kufner (Czech Republic), L.K. Kussainova (Kazakhstan),
P.D. Lamberti (Italy), M. Lanza de Cristoforis (Italy), F. Lanzara (Italy), V.G. Maz’ya (Sweden),
K.T. Mynbayev (Kazakhstan), E.D. Nursultanov (Kazakhstan), R. Oinarov (Kazakhstan), I.N. Para-
sidis (Greece), J. Pecari¢ (Croatia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden), E.L. Presman
(Russia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia), M. Reissig (Germany), M. Ruzhansky
(Great Britain), M.A. Sadybekov (Kazakhstan), S. Sagitov (Sweden), T.O. Shaposhnikova (Swe-
den), A.A. Shkalikov (Russia), V.A. Skvortsov (Poland), G. Sinnamon (Canada), E.S. Smailov (Kaza-
khstan), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia), D. Suragan (Kazakhstan), I.A. Taimanov
(Russia), J.A. Tussupov (Kazakhstan), U.U. Umirbaev (Kazakhstan), Z.D. Usmanov (Tajikistan),
N. Vasilevski (Mexico), Dachun Yang (China), B.T. Zhumagulov (Kazakhstan)

Managing Editor
A .M. Temirkhanova

(© The L.N. Gumilyov Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research papers
in all areas of mathematics written by mathematicians, principally from Europe and Asia. However
papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of the EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,
MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal — Matematika, Math-Net.Ru.

The EMJ is included in the list of journals recommended by the Committee for Control of
Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education and
Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted electronically in
DVI, PostScript or PDF format to the EMJ Editorial Office through the provided web interface
(www.enu.kz).

When the paper is accepted, the authors will be asked to send the tex-file of the paper to the
Editorial Office.

The author who submitted an article for publication will be considered as a corresponding author.
Authors may nominate a member of the Editorial Board whom they consider appropriate for the
article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the EMJ.
Manuscripts are accepted for review on the understanding that the same work has not been already
published (except in the form of an abstract), that it is not under consideration for publication
elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors’ names (no degrees).
It should contain the Keywords (no more than 10), the Subject Classification (AMS Mathematics
Subject Classification (2010) with primary (and secondary) subject classification codes), and the
Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.

References. Bibliographical references should be listed alphabetically at the end of the article.
The authors should consult the Mathematical Reviews for the standard abbreviations of journals’
names.

Authors’ data. The authors’ affiliations, addresses and e-mail addresses should be placed after
the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in the
paper being published in a later issue.

Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice

For information on Ethics in publishing and FEthical guidelines for journal publication see
http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic thesis or as
an electronic preprint, see http://www.elsevier.com/postingpolicy), that it is not under consideration
for publication elsewhere, that its publication is approved by all authors and tacitly or explicitly by
the responsible authorities where the work was carried out, and that, if accepted, it will not be
published elsewhere in the same form, in English or in any other language, including electronically
without the written consent of the copyright-holder. In particular, translations into English of papers
already published in another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent
data, incorrect interpretation of other works, incorrect citations, etc. The EMJ follows the Code
of Conduct of the Committee on Publication Ethics (COPE), and follows the COPE Flowcharts
for Resolving Cases of Suspected Misconduct (http://publicationethics.org/files/u2/NewCode.pdf).
To verify originality, your article may be checked by the originality detection service CrossCheck
http:/ /www.elsevier.com /editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be
chosen in such a way that there is no conflict of interests with respect to the research, the authors
and/or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will
only accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clarifications, retractions and apologies when needed. The acceptance of
a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure

1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject to
mandatory reviewing.

1.2. The Managing Editor of the journal determines whether a paper fits to the scope of the EMJ
and satisfies the rules of writing papers for the EMJ, and directs it for a preliminary review to one
of the Editors-in-chief who checks the scientific content of the manuscript and assigns a specialist for
reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly qualified scientists and specialists of the
L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other universities of
the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at creating
conditions for the most rapid publication of the paper.

1.5. Reviewing is confidential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education and
Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES). The
author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.

1.7. A positive review is not a sufficient basis for publication of the paper.

1.8. If a reviewer overall approves the paper, but has observations, the review is confidentially
sent to the author. A revised version of the paper in which the comments of the reviewer are taken
into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is confidentially sent to the author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The final decision on publication of the paper is made by the Editorial Board and is recorded
in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor
informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial Office for three years from the date of publica-
tion and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review

2.1. In the title of a review there should be indicated the author(s) and the title of a paper.

2.2. A review should include a qualified analysis of the material of a paper, objective assessment
and reasoned recommendations.

2.3. A review should cover the following topics:

- compliance of the paper with the scope of the EMJ;

- compliance of the title of the paper to its content;

- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words and
phrases, bibliography etc.);

- a general description and assessment of the content of the paper (subject, focus, actuality of
the topic, importance and actuality of the obtained results, possible applications);

- content of the paper (the originality of the material, survey of previously published studies on
the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);



- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of biblio-
graphic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and understanding
of the presented scientific results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The final part of the review should contain an overall opinion of a reviewer on the paper
and a clear recommendation on whether the paper can be published in the Eurasian Mathematical
Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of the EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in the EMJ (free access).

Subscription
Subscription index of the EMJ 76090 via KAZPOST.
E-mail

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EMJ)

The Astana Editorial Office

The L.N. Gumilyov Eurasian National University
Building no. 3

Room 306a

Tel.: +7-7172-709500 extension 33312

13 Kazhymukan St

010008 Astana, Kazakhstan

The Moscow Editorial Office

The Peoples’ Friendship University of Russia
(RUDN University)

Room 473

3 Ordzonikidze St

117198 Moscow, Russia



EURASIAN MATHEMATICAL JOURNAL
ISSN 2077-9879
Volume 14, Number 1 (2023), 39 — 54

AN INTRODUCTION TO COMPOSITION OPERATORS
IN SOBOLEV SPACES

(. Bourdaud

Communicated by M. Lanza de Cristoforis

Key words: composition operators, Sobolev spaces.
AMS Mathematics Subject Classification: 46E35, 47TH30.

We propose a survey of the results on the composition operators in classical Sobolev spaces, obtained
between 1975 and 2020. A first version of these notes were the subject of a series of lectures, given
in Padova University in January 2018.

DOI: https://doi.org/10.32523/2077-9879-2023-14-1-39-54

1 Introduction

The composition of two maps f and ¢ is defined by (fog)(z) := f(g(x)), if the range of g is contained
in the definition set of f. We denote by Ty the composition operator T¢(g) := f o g.

Definition 1. Let E be a set of real valued functions, and let f : R — R. We say that f acts on
by composition (or: superposition) if T¢(E) C E.

Here are some elementary examples :

e Let E be a vector space of functions, which means that g; + go € E and A\g; € FE, for all
1,92 € E and all A € R. Then every linear function f: R — R acts on FE.

e Let E be an algebra of functions, which means that F is a vector space as above, and that
9192 € E for all g1, 9> € E. Then any polynomial f such that f(0) =0 acts on E.

We have a list of natural problems concerning operators 7%.
In case I is a vector space of functions, a composition operator T is said trivial if the function
f is linear. Then we have the following questions :

O1: Do nontrivial composition operators exist ?

In case E is an algebra of functions, the answer is positive. We will see that it is negative for
certain Sobolev spaces.

Q» : Describe explicitly the set of functions which act on E.

For instance, if E is the set of all continuous functions from R to R, then a function f acts on F
if and only if f is itself continuous.
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In case E is endowed with a norm, then the following problems make sense :
Qs: Determine the functions f for which Ty : E— E is bounded.
Qu: Determine the functions f for which Ty : E — E is continuous.

We propose a wide survey on the answers to the above questions, in case E is the classical Sobolev
space W' (R"). Some results are given together with their proofs. Some proofs are simpler than the
original ones.

2 Notation

N denotes the set of all positive integers, including 0. Z denotes the set of all integers. For x € R",
|z| denotes its euclidean norm.

If E. F' are topological spaces, then £ < F means that £ C F', as sets, and the natural mapping
E — F is continuous. If B is a Lebesgue measurable subset of R", we denote by |B| its Lebesgue
measure. We denote by x4 the characteristic function of a set A.

A multi-index is n-tuple o := (aq,...,®,) € N". For such «, and for all h := (hy,..., h,) € R",
we set |a| := aq + - - - + @, (this differs from the euclidean norm), a! := aq!--- !, h® := A" -+ Ao,
If fis a function defined on an open subset of R”, and a € N™ as above, we denote by f® the
partial derivative

olel f
dxt - Qaon’

If h € R", the translation operator is defined by (7,f)(z) := f(x — h) for all function f on R™.
The finite difference operator is defined by A, f := 7_,f — f. The m-th power of A, satisfies the
following formula :

@ =3 () 0t i 2.)

k=0
(easy proof by induction).

Let © be an open subset of R". We denote by Lj;,.(€2) the set of (equivalence classes of)
locally integrable functions on €2, endowed with its natural topology (mean convergence on compact
subsets of ), and by D(Q) the set of all indefinitely many times differentiable compactly supported
functions on €2, endowed with its natural topology, see [1, 1.56].

Let Q := [—1/2,1/2]". We fix some function p € D(R™) such that p(z) = 1 on ) and supp p C 2Q).

Let £ be a subset of Ly ;,.(R"). We say that a function f € Lj,.(R") belongs locally to E if
of € E for all p € D(R") ; in case E is endowed with a norm, we say that a function f € Ly ;,.(R")
belongs locally uniformly to E if

sup ||(a9) fll & < 400,
acR"”

for all ¢ € D(R").

Through the paper, “ball” means “closed ball with nonzero radius” (we exclude balls reduced to
one point).
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3 Composition operators in Lebesgue spaces

Proposition 3.1. Let 1 < p < +oo, and let f : R — R be a Borel function. Then f acts on L,(R"™)
if and only if there exists ¢ > 0 such that

|f()] < clt|, forallt € R. (3.1)

Proof. 1. If estimate (3.1) holds, it is easily seen that g € L,(R"™) implies f o g € L,(R"). Indeed,
the following holds :
Ifogly <cligllp, forallg € Ly(R"). (3-2)

2. Assume that f acts on L,(R"™). Since the null function belongs to L,(R"™), the same holds for
the constant function f(0). By condition p < oo we deduce f(0) = 0. Arguing by contradiction, let us
assume that estimate (3.1) does not hold. Then, for some sequence (ax)r>1, we have |f(ax)| > k|ak|
for all k > 1. Consider a sequence (By)x>1 of disjoint measurable sets in R™ such that

|axl?|B| = k771 (3.3)

Let

9= axxs, -

k>1

By (3.3), it follows easily that g € L,(R™). Since

fog:Zf(ak)XBka

k>1
(3.3) implies again f og ¢ L,(R"), a contradiction. ]

Remark 1. The above proof works as well in case of L,(A), for any measurable subset A of R™ such
that |A| = +o0o. For the generalization of Proposition 3.1 to L, spaces on abstract measure spaces,
we refer to [3, Theorem 3.1].

In case of linear operators on normed spaces, it is well known that boundedness is equivalent to
continuity. Of course that does not hold for nonlinear ones. In particular, composition operators can
be bounded but not continuous.

Proposition 3.2. Assume 1 < p < +oo. Let (X, u) be a measure space. Assume that (X, p) is non
trivial, i.e. there exists a measurable set A in X such that 0 < u(A) < 4o00. Let f: R — R be such
that Ty takes L,(X, p) to itself. If Ty is continuous from L,(X, p) to itself, then f is continuous.

Proof. Assume that T is continuous from L,(X, i) to itself. Without loss of generality, assume
f(0) = 0. Let A be as in the above statement. For all real numbers u, v,

fouxa— fouvxa=(f(u)— f(v))xa,

hence
If o uxa — fovxall, = [f(u) = f(v)| p(A)"?. (3.4)

Clearly

limoxa =uxa inL,.
v—U

By continuity of T, and by (3.4), we obtain the continuity of f. ]
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By Propositions 3.1 and 3.2, it follows that, in case of L,(R"™), there exist bounded composition
operators which are not continuous. Proposition 3.2 admits a converse statement :

Proposition 3.3. Let f : R — R be a continuous function such that, for some constant ¢ > 0,
lf(t)] < clt|, for all t € R. Let (X,pn) be a measure space and let 1 < p < 4o00. Then Ty is
continuous from L,(X, p) to itself.

Proof. Tt suffices to prove the following : for all sequence (g;) converging to g in L,(X, ut), there
exists a subsequence (g;, ) such that (fog;,) converges to fogin L,(X, u). By the classical measure
theoretic result (see, for instance, the proof of Theorem 3.11 in [15]), there exists a subsequence (g;, )
and a function h € L,(X, i) such that

Gjx =g ae., gl <h.
By the continuity of f, it holds f o g,;, — f o g a.e.. By the assumption on f,
|fogj,—fogl <2ch.
By the Lebesgue dominated convergence Theorem, we conclude that ||f o g;, — f o ng tends to 0. [
Remark 2. If f : R — R is bounded and continuous, 7% is easily seen to be continuous from

Lo (X, p) to itself. The details are left to the reader.

4 Automatic boundedness

Definition 2. Let E be a normed space. A mapping 7' : F — FE is said bounded if, for all bounded
set A of E, the set T'(A) is bounded.

For instance, according to estimate (3.2), any composition operator, which sends L,(R") to itself,
is bounded on L,(R™). More generally, for all “reasonable” function space, a weak form of boundedness
is satisfied by composition operators. Thus we have a kind of automatic boundedness for a large
class of function spaces.

Proposition 4.1. Let E, F be vector subspaces of Ly 0.(S). Assume that

o E and F are endowed with complete norms such that the embeddings of E and F into L (1)
are continuous.

e D(Q) is embedded into E.
e pge I, for all p € D(N) and g € F.

For all f : R — R such that f(0) = 0 and T¢(E) C F, there exist a closed ball B C Q and two
numbers cy,co > 0 such that, for all g € F,

lglz <ci and suppgC B = |[foglr<c. (4.1)
Proof. By contradiction, assume that, for all B, ¢, ¢ there exists g € E such that

lglle < e, suppg € B, |fogllr>c. (4.2)

Consider a sequence (Bj);>1 of disjoint closed balls in €2. Take functions ¢; € D(2) such that
¢;(x) =1 on $B; (the ball of the same center and half radius than B;) and ¢;(z) = 0 out of B;. Tt is
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easily seen (Closed Graph Theorem, see [17, Chapter II, §6, Theorem 1] or [14, Theorem 2.15]) that,

for ¢ € D(R), the linear multiplication operator g — g is bounded on F. Thus we can consider
M; = sup{|lp;gllr : llgllr <1}

According to (4.2), there exist functions g; such that

_ 1 ,
lgillz <277, suppg; C 55 1fogillr> 7M.
Let g := . g;. Clearly g € E and, by the embedding £ — L1 1,.(2),
g(z) = Zgj(x) a.e. .
Jj=0
By considering supports, ¢;(f o g) = f o g;, hence
iM; < lpi(f o g)llr < Mjl[f o gllr
for any 57 > 1, a contradiction. O]

Remark 3. If Q = R", and if F is translation and dilation invariant, the conclusion of Proposition
4.1 can be improved : indeed for all balls or cubes B, there exist ¢1,co > 0 such that (4.1) holds for
all g € F.

As an example of use of Proposition 4.1, we give the following variant of Proposition 3.1 :

Proposition 4.2. Let 1 < p < 400, let  be an open subset of R" such that || < 400, and let
f:R — R be a Borel function. Then f acts on L,() if and only if there exist o, f > 0 such that

If(O)] < alt|+ 8, forallteR. (4.3)

Proof. Since the sufficiency of condition (4.3) is clear, we deal only with necessity. Assume that f
acts on L,(€2). Without loss of generality, we can assume that f(0) = 0. By Proposition 4.1, there
exist a cube @' C 2 and two numbers ¢y, co > 0 such that, for all g € L,(Q),

gy <ci and suppg € Q= |[fogl,<c. (4.4)
Let b € Q and r > 0 be such that Q' =0+ 2rQ. For any a € R, and 0 < e < 1, let

oo (221

Then the support of g, . is contained in )’. We choose € depending on a in the following way.
In the case of large a, more precisely if |a| > R :=r~"/?¢;||p|| !, we choose € such that

jal P |lplly €™ = 1. (4.5)

If la| < R, we take € = 1. In both cases, we obtain ||gsc|l, < ¢1, hence || f o gacll, < co. Since
-
()
re

[ i<,
bt+er@

hence |f(a)|Pe™ < c3, for some constant c.
If |a] > R, by using (4.5), we obtain |f(a)| < c4lal, for some constant ¢. If |a] < R, we obtain

f(a)] < e O

Remark 4. The above proof can be viewed as a prototype of a number of results on composition
operators, as we will see further.

on the cube b+ er@, this implies
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5 Definition and main properties of Sobolev spaces

Definition 3. Let f € L;;,.(R™), and o € N". We say that f has a weak derivative of order « if
there exists g € Ly jo.(R") such that

| st@eta)de = 0 [ @) da

for all ¢ € D(R").

If such g exists, it is easily seen to be unique, up to equality almost everywhere; then we denote
it by £ and we call it the weak derivative of f of order a.

Definition 4. Let m € N and 1 < p < +o0. The Sobolev space W' (R") is the set of functions
f € Li1oc(R™) such that, for all |a| < m, f@ exists in the weak sense, and f® € L,(R™).

W, (R") is a vector subspace of L,(R"). It will be endowed with the following norm :
I lwpen =Y 1@l (5.1)
la<m

We give here some useful properties of Sobolev spaces.

First of all, W;"‘(R”) is a function space which satisfies the assumptions of Proposition 4.1, see
[1, Theorem 3.3].

The behavior of (5.1) with respect to dilations is described in the following assertion, with a
simple proof :

Proposition 5.1. It holds

Lf ) lwe@ny < X2 F il ey
for all X > 1.
Then we have the so-called Sobolev embedding theorems, see |1, Theorem 4.12] :

Proposition 5.2. If
n o on
my —my > — — — >0,
p1 P2

then W (R") — Wr2(R").

In particular W (R") — L (R") if m > n/p. In fact, we have a more precise statement, where
Cy(R™) denotes the space of bounded continuous functions on R™ :

Proposition 5.3. If m > n/p, or p=1 and m = n, then W*(R") — Cy(R").

The assumptions on the parameters are sharp : W (R") is not embedded in Lo (R") in the case
m < n/p,orm=n/pandp> 1.

Remark 5. The elements of W (R™) are equivalence classes of functions with respect to the equality
almost everywhere. Thus the precise meaning of Proposition 5.3 is the following : all f € W*(R")
contains a (necessarily unique) bounded continuous representative such that ||f|l.c < c[|f|lwy, for
some constant ¢ > 0 depending only on m, p, n.

Proposition 5.4. If m > n/p, or m =n and p = 1, the Sobolev space W*(R") is a subalgebra of
Cyp(R™).

See [1, Theorem 4.39] for the proof.



An introduction to composition operators in Sobolev spaces 45

6 Necessity of Lipschitz continuity

In case m > 1, any function which acts on W by composition is necessarily Lipschitz continuous, at
least locally. This is a major distinction with the case of L,. To prove this property, we need some
preliminary results.

Lemma 6.1. Assume that W) (R") is not embedded into Lo(R™). There exists a sequence (0;);>1
in D(R™) such that

0;(x)=1 on 277Q, suppd; CQ, jginoo 10|l wnny = 0.
Proof. In case m < n/p, we take 0;(z) = p(2’x). By Proposition 5.1,

Thus the sequence (6;) has the desired properties.
Now assume that m =n/p and 1 < p < +o00. Let

0;(z) == % Z p(25z).
k=1

If |a] = m, then the function z + p(®(2*z) has support in the set Sy := 27**1Q \ 27%Q. Thus, for
all 1 <k <jandz €S,

«@ 1 m «a —1lom
‘9](. )(m)‘ = 32 F |p( )(2’“95)’ <cjromk,

Hence ,
j
«a p - mpo—n 11—
Gj(- )(a:)‘ dxﬁcypg okmpy=nk — cil=p,
k=1

J
()
1= [
k=1 "5k

Thus the sequence (\]6§a)\|p) tends to 0 for all |« = m. The same holds, with a simple proof, for
la| < m. O

Lemma 6.2. Define the sequence of functions (Bp,)m>1 i L1(R) by By := 1j91) and By, 41 := BBy
for all m. Then

A;"f(x):/_+003m(t) > Z—;f<a>(x+th)ha dt (6.1)

0o
|a|=m

for almost all x € R”, all h € R”, allm > 1 and all f € W*(R").

Proof. We consider the case of an m times continuously differentiable function f. An approximation
procedure will complete the proof in general case.
Step 1 : case n = 1. In this case, formula (6.1) reduces to

A f(z) = /_ m B (t) £ (z 4 th) h™dt . (6.2)

[e.9]

We prove it by induction. The case m =1 is well known. Assuming that (6.2) holds, we obtain

+0o0
AL () = B / B () A f™ (z + th) dt

—00
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= pmtt / o B, (1) ( /_ o Bi(s)f™ ) (x + (t + s)h) ds) dt .

—00 [e.e]

By Fubini, a change of variable, and the definition of B,,, we obtain formula (6.2) at rank m + 1.
Step 2 : general case. We fix z,h in R™, and set g(t) := f(x + t(h/|h|))) for all ¢ € R. Then

A} f(z) = Aj9(0). Applying Step 1 to the function g, we obtain (6.1). The details are left to the

reader. ]

Lemma 6.3. For allm > 1, 1 < p < o0, there exists ¢ > 0 such that

1/p
( i |ATf ()| dx) < oA fllwm @)

for all h € R™ and all f € W*(R").

Proof. By definition of B,,, B,, > 0 and fj;o B, (t)dt = 1. Applying (6.1), we obtain

A7l < B 37 2@,

la|=m
[

Theorem 6.1. Assume that m > 1 and that W' (R") is not embedded into Loo(R™). Then any
function f: R =R, such that Ty sends W"(R") to itself, is Lipschitz continuous on R.

Proof. Throughout the proof, ||.|| will denote the norm in W™ (R").

Step 1 : construction of the comb-shaped function. This construction was first introduced by
S. Igari [11]. Let Ay :=Z" N [—N, N]|", for every positive integer N. We fix a real number s such
that

0<s< (6.3)

2m+1°
Let b,b" be real numbers. Then we consider integers N,j > 1, and a real number r» > 0, whose
values will be fixed depending on b, 0. Our test function will be defined by

1 /x
g(x) ==Y p (5 (; - u)) (0" = b) +0;(x)0b. (6.4)
HEAN
The first condition on parameters will be
3rN <277, (6.5)

By inequality s < 1/2 and by condition (6.5), we deduce that the cubes r(2sQ + u) are disjoint, and
that r(2sQ + p) C r(Q + ) C 277Q, if p € Ay. Hence

g(x)="b", if x€r(sQ+p) forsome p € Ay, (6.6)
glz)=0b, ifre277Q\ U r(2sQ + ) . (6.7)
HEAN

By (6.5), we have r < 1. Then Proposition 5.1 gives us

D) E o9
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for some constant c;.

Step 2 : adjustment of parameters. Now we assume that f acts on W]"(R") by composition. By
Proposition 4.1, we can find constants 01, ds such that ||f o u|| < dy for every function u such that
|lu|| < 01, and u has support in Q). In order to apply this property to u = g, we need the following
inequalities :

)
o) < 2 69)
01 < p(n/p)=m pnrn/p < 01 (6.10)

301|b—b/| - 201|b—b/| )

Now we discuss the choice of j, N, r with respect to b, b, such that conditions (6.5), (6.9) and (6.10)
hold. First, we choose j = j(b) > 1 such that (6.9) holds. This is possible by Lemma 6.1. In the

case m < n/p, we define
P

51 n—mp
= —— NP
" (2c1|b — ) ’

which ensures condition (6.10) ; since

p

N = _— Npmfn
" (ch b— b’|) ’

condition (6.5) holds for all sufficiently large N, depending on |[b — V/|.
In the case m = n/p, we take N such that (6.10) holds. Such a choice is possible if |b — 0| < ¢,
where ¢ > 0 depends only on p,n,d;. Then we put r := 277 /3N.

Step 8 : end of the proof. By combining inequalities (6.8), (6.9) and (6.10), we deduce ||g|| < d;.
Using Lemma 6.3, we obtain
AR (f o 9)llp < dslh|™,

for all h € R™, where 03 depends only on dy, m,n, p. Let @ :=]0,1/2]" and e; := (1,0,...,0) € R™.
By condition (6.3) we have
x+lrse; €r(Q+p)C27Q (U=0,...,m),

T+ lrsey ¢ U r(2sQ+ ), (L=1,...,m),

WEAN

for all z € r(sQ™ + p); for such z, equalities (6.6) and (6.7), and formula (2.1), imply that

AT (fog)(@)] = [f(¥) — f(b)].

Hence

1/p
A ( S [ g og><x>|pdm)
HEAN r(sQT+p)

> el f(¥) — ()| NV/prtnim,

By (6.10) we obtain the existence of a constant d4 such that |f(0') — f(b)| < d4|b— V| for all b,b" € R
satisfying |0’ — b| < ¢. Thus f is uniformly Lipschitz continuous. O

Theorem 6.2. Assume that m > 1. Then any function f : R — R, such that Ty sends W*(R") to
atself, is locally Lipschitz continuous on R.
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Proof. Let f: R — R be a function which acts on W)*(R"). Let a € R. We introduce a localized
version of T with the help of the following statement :

Lemma 6.4. There exists a nonlinear operator U, which sends W;”(]R”) to itself, such that, for all
g € Wr(R"),
Uwg(x) = fla+g(z)) — f(a), forall ze€@,
lgllwm@ny <61 and suppg C Q = |Uagllwgny < 02

The proof is essentially the same as that of Proposition 4.1, see [6, Lemma 1| for details.

Returning to the proof of Theorem 6.2, we argue in the same way as in the proof of Theorem 6.1,
just replacing Ty by U,. We define g by (6.4), with 6;(z) replaced by p(2x), s =1/4 and r = 1/6N.
Inequality (6.9) becomes |b| < d3, for some constant d3 depending only on ¢;. The double inequality

(6.10) reduces to

04 5
f < NTM< 2 6.11
|b—b] — b=V’ ( )

where d4,d5 depend on 67 and ¢;. If |b — V| < &4, we can choose N satisfying (6.11). We obtain a
constant dg such that
[fla+b) = fla+b)] < d6lb—V],

for b, b satisfying |b| < 03 and |b — b'| < d4. Thus f is Lipschitz continuous in a neighborhood of
a. U

An easy modification of the above proof gives us the following statement :

Proposition 6.1. Let us assume m > 3, and define py by :

o L, (6.12)
p1 p

Then every function f : R — R, such that Ty sends W) (R") to W2 (R"), is locally Holder continuous
of order 2/m.

7 A case of degeneracy: Dahlberg Theorem

As announced in Introduction, Sobolev spaces provide simple examples of spaces for which the answer
to question Q; is negative.

Theorem 7.1. Assume that m is an integer satisfying
1 n
l+-<m< —. (7.1)
p p
Then, for each function f : R — R which acts on W (R") by composition, there exists c € R such

that f(t) = ct for all t € R.

This theorem was first proved by B. Dahlberg |9] for smooth functions f. Indeed, we have a
slightly stronger property :

Proposition 7.1. Under condition (7.1), let us define py by condition (6.12). Then, for each function
f R = R such that Ty sends W*(R") to W2 (R™), there exists ¢ € R such that f(t) = ct for all
teR.

By Proposition 5.2, we have W,*(R") < W7 (R™). Thus Theorem 7.1 follows by Proposition 7.1.
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Proof. Step 1. We assume first that f is of class C?. Since Wi (R™) does not contain nonzero
constant functions, we have f(0) = 0. By Proposition 4.1, there exist two numbers ¢, ¢ > 0 such
that, for all g € W*(R"),

lg[lwpm@n) < e and suppg C 2Q = 1f o gllwz @ < c2. (7.2)

Define the function u € D(R™) by

u(z) = zp(x), (7.3)
where z; denotes the first coordinate of x € R". Let a > 0, and 0 < ¢ < 1 (a number to be
determined with respect to a). Let us define g, € D(R"™) by

x
ga(x) == au (E) :
Then supp g, C 2Q, and |[gallwm@n) < c1 if
(lg(n/p)_mHUHlen(Rn) =Cq. (74)

Due to the condition m < n/p, the above equality determines ¢ as a function of a, if a is sufficiently
large. Hence it holds [|f o ga[[wz (®n) < ¢z for all large numbers a. Since

(fog@)=f(2m), we=q.

(7 [l )

By using (7.4) and a change of variable, we obtain a constant c3 > 0 such that

we deduce that
p

ldxgcgl.

+a/2
aPr! / ()P dt < es, (7.5)

a/2

for all large numbers a. By the assumption m > 1+ (1/p), we have p; > 1. If we take a to +00, we
deduce that

+oo
[ irora-o.

Hence f”(t) = 0 almost everywhere. Since f” is continuous, we conclude that f(t) = ct, for some
constant c.

Step 2. We turn now to the general case. By Theorem 6.2 and Proposition 6.1, we know that
[ is continuous. Let w € D(R), with support in [—1,+1], even, such that [w(¢)dt = 1. Let us
set w;(t) := jw(jt) for all positive integers j. The convolution w; * f is defined, and it is a smooth

function. Let us define
fi(t) := (wy * f)(E) = (w; * f)(0).
For all function g with support in @,

(fieg)(@) = p(z) /R (f((g(z) +t)p(z)) — f(tp(x))) w;(t) dt
for all x € R™. In other words :

SuppgC Q= bw:pAGM@+W%fMWMNMt (7.6)
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Let M := sup{||p hllwp®n) : [|hllwm@n) < 1}. Let jo be the first integer such that

Jo = 2¢1 lpllwye @y -

Let g be such that suppg C @ and
m n < —
||9||W (Rn) = 2M

Then, for all j > jo, and all |¢t| < 1/j, it holds
(g +t)pllwmmn) < e

By (7.2), we obtain
| fi OQHng(Rn) < 2Mecy

for all j > jg. All together, we have obtained constants c3, ¢4 > 0 such that
lgllwm@mny < ez and suppgCQ = 15 0 gllwz ®n) < ca, (7.7)

for all j > jo. Reasoning as in Step 1, we conclude that, for some constants a;, j > jo, we have
fj(t) = a;t for all t € R. Thus we obtain

(wj * f)(t) = (wj * f)(0) + ajt

for all t € R. Since f is continuous, we know that lim; , . (w; * f)(t) = f(¢) for all t € R. Taking
t =1, we obtain lim; ., a; = f(1). We conclude that f(t) = f(1)t for all t € R. O

8 Composition operators on I/Vp1

First of all, we recall a classical result :

Theorem 8.1. For all f : R — R, the following properties are equivalent :
(1) f is Lipschitz continuous,
(2) f has a weak derivative in Lo (R),

(3) There exists g € Loo(R) and a constant ¢ € R such that
VeeR f(x) :/ g(t)dt +c.
0

Proof. The implication (3) = (1) is straightforward. The equivalence (2) < (3) is easy to prove.
Concerning (1) = (3), we refer to [10, Theorem 7.18] (Alternatively, we can observe that any Lipschitz
continuous function is absolutely continuous, then apply [15, Theorem 8.17]). ]

Theorem 8.2. Let f: R — R, such that f(0) = 0. Then f acts on WI}(R”) if and only if
e [ is Lipschitz continuous, if W; (R™) ¢ Loo(R),
o [ is locally Lipschitz continuous, if W}}(R”) C Loo(R).

This theorem is due to Marcus and Mizel [12|. Roughly speaking, sufficiency result relies upon
the formula 9;(f o g) = (f’ 0 g)9;¢. In the case Wl(R") C Loo(R™), we just need that f’ belongs to
Lo on the range of g. The necessity of the Lipschitz conditions follows by Theorems 6.1 and 6.2.



An introduction to composition operators in Sobolev spaces o1

9 Full description of acting functions in higher order Sobolev spaces

Let us give a sufficient condition for composition :

Theorem 9.1. Assume that m > max(2,n/p), or m =2, p = 1. If a function f : R — R satisfies
f(0) =0 and f' € W)*"'(R), then f acts on W' (R").

Proof. A preliminary remark : under the assumptions of Theorem 9.1, it holds
m—1
W (R) = Loo(R).

That follows by Proposition 5.3.

Here we restrict ourselves to the case m = 2. The method that we use is typical of the general
case. Also we assume that f is of class C"™, with bounded derivatives up to order m, and that ¢
is smooth, with derivatives tending to 0 at infinity; see [4, 5] and [16, 5.2.4, Theorem 2| for the
approximation procedure to cover the general case.

Let g € W2 (R"). We have to prove that the second order derivatives of f o g belongs to L,(R™).
It holds

0;0k(f © g) = (f" 2 9)(9;9)(Org) + (f' © 9)0;0kg - (9-1)

The second term belongs to L,, because f’ € L.,. Thus we can concentrate on the first one. By the
applying Cauchy-Schwarz inequality, we obtain

(" © 9)059 drgll, < U} U (9.2)
where
U; ::/ (f" 0 g)(2)P|0;g(x) [ dz .
Let us introduce

+o0
ha) = [ 170 at.

Then —Uj is equal to

/ (10 9)(x)9;9(x)Dy9(x)|0s9(x)*~* dz = / 0;(h 0 )(x) 9;9(x)|0;g(x)[*~* da.

n

An integration by parts gives

U= @ -1) [ (hog)@) Bg()og(o)" * do.

Hence
Uy < (2p— 1)||f”||§/]R |079()] |059() [~ da. (9.3)
In case p = 1, the above inequality becomes U; < || f”|1]|07g]|1. That completes the proof of Theorem

in the case m =2, p = 1.
In case p > 1, we use the Holder inequality to derive

1=(1/p)
Uy < o= D18, ([ oaPras)

By Proposition 5.2 and condition 2 > n/p, WZ(R") < W5, (R"). That completes the proof of
Theorem 9.1. [
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Remark 6. The above proof shows also that the composition operator is bounded under assumptions
of Theorem 9.1. More precisely, there exist a constant ¢ = ¢(p,n) > 0 such that

2—(1
1 o gllwzaey < el (ol + lglifin) (9.4)

2
p

We turn now to the complete description of composition operators. Due to Theorems 7.1 and
8.2, we will consider only the case m > 2, together with the three following subcases :

e m>n/p,orm=nandp=1.
e m=n/pandp > 1.
em=2p=1landn>3.

Theorem 9.2. Let m > 2, 1 < p < 4o0. If m > n/p, or if m = n and p = 1, then a function
f R =R acts on W(R") if and only if f(0) =0 and f belongs locally to W (R).

Proof. 1- Assume that f belongs locally to W*(R), and that g € W*(R"). By Proposition 5.3, g
is bounded. Let ¢ € D(R) such that ¢(¢) = 1 on the range of g. Then fog = (¢ f)og. Since
¢ f € W(R), we can apply Theorem 9.1, and conclude that fog € W (R").

2- Assume that Ty sends W]"(R") to itself. By considering f o g, where g € D(R") satisfies
g(x) = 1 on an arbitrary ball of R", we conclude that f, together with all its derivatives up to order
m, belongs to L” on each bounded interval of R. O]

Theorem 9.3. Let m =n/p > 2 and p > 1. Then a function f : R — R acts on W;"(R") if and
only if f(0) =0 and f" belongs locally uniformly to W;”_I(R).

Proof. The sufficiency of the condition on f follows by a modification of the proof of Theorem 9.1,
see [4, 5] or [16, 5.2.4, Theorem 2|.

To prove the necessity, we use the same ideas as in the proof of Theorem 6.1. Let f: R — R be
a function which acts on W"(IR"). We introduce constants d,d, as in the proof of Theorem 6.1. Let
b be a real number. Let j = j(b) > 1 such that (6.9) holds. Let us consider the function

g(7) 1= Mu(2/z) + 0;(z) b,

where u is the function introduced in (7.3), and A is a constant, to be fixed below. By the assumption
m = n/p, it holds ||u(27(.))|| < |Ju||. Thus, the choice of X := §;/2||u| implies ||g,| < d;. Hence we
have

1f o gll <05 (9.5)

On the cube 277Q), it holds (f o gp)(x) = f(A\2z; + 1), hence
O (f o gy)(x) = A" I (A2 g +b) .
Then using (9.5), a change of variable, and condition m = n/p, we find a constant d3 > 0 such that
b+(A/2)
[ umwray <,
b—(1/2)

for every b € R. Thus we have proved that f™ belongs to L,(R) locally uniformly. Since we know
yet that ' € L, it follows easily that f’ belongs to W;””(R) locally uniformly. O

Theorem 9.4. If n > 3, then a function f : R — R acts on WZ(R™) if and only if f(0) =0 and
" e Li(R).
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Proof. Sufficiency of f” € L;(R) follows by Theorem 9.1. To prove necessity, we proceed as in the
proof of Theorem 7.1. Then the estimate (7.5) becomes

+a/2
[ i<,
—a/2

for all large a. By taking a — 400, we obtain f” € Li(R). O

10 Continuity of composition on Sobolev spaces

The more precise versions of Theorems 9.1, 9.2, 9.3 show that all the composition operators which
send W) (R") to itself are bounded. They are also continuous, according to the following :

Theorem 10.1. Let m be an integer > 1, 1 < p < oo, and let f : R — R. If f acts by composition
on WM (R™), then the composition operator Ty is continuous from W) (R") to itself.

This theorem was proved step by step between 1976 and 2019 :

e for m =1 and p = 2, by Ancona [2],

e for m = 1 and any p, by Marcus and Mizel [13],

e for m >n/p and 1 < p < oo, by Lanza de Cristoforis and the author 6],

e in the general case by Moussai and the author [7], who proved also this “automatic” continuity
on the so-called Adams-Frazier spaces W" N Wr}w(R"), where W denotes the homogeneous

Sobolev space, and on the spaces W;,” N W},LP(R"), conveniently realized.
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