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1 Introduction

In 1938, due to the applications in elliptic partial differential equations, Morrey [28| introduced a
class of function spaces, nowadays named after him. In recent years, there is an increasing interest
in applications of Morrey spaces in various areas of analysis, such as partial differential equations,
potential theory and harmonic analysis; we refer, for example, to [1], [11], [12], [21], [25], [33],
[35] and their references.

We begin with some basic notation from the theory of Morrey spaces.

Let u be Lebesgue measure in R™, let S(u, R™) = S(u) be the space of all Lebesgue measurable
functions x : R™ — R and let x(D) stand for the characteristic function of a set D C R™. Along with
the Lebesgue spaces LP = LP(R"), p € [1,00] ideal spaces X are often used in harmonic analysis.
Recall their definition (see, for example, [20], [24]).

A Banach space X of measurable functions on €2 is said to be ideal if it follows from the condition
zr € X, the measurability of y and the validity of the inequality |y(¢)| < |z(t)| for almost all ¢ € Q
that y € X and ||y|X|| < ||z|X]|| (the symbol ||z|X|| denotes the norm of an element x in the space
X). Let v € S(u), v > 0 almost everywhere (v is a weight). We denote by the symbol X, a new
ideal space in which the norm is given by the equation ||z|X,|| = ||z - v|X|. When X = LP, our
definition of weighted space differs somewhat from the often used one: when the weight is included
in the measure.

Along with function spaces we need ideal spaces of sequences. Let ¢! = {...,0,1,0,...}, (i € Z, the
unit stands in the i-th place) be the standard basis in the space of two-side sequences. We denote
by the symbol [ an ideal space of sequences z =Y = _ w;e' (z; € R) with the norm |[[z|l||. All the
properties listed above for function spaces are preserved for sequence spaces. For details concerning
the theory of sequence spaces, see [23].
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The classical Morrey space M) 1», (A € R) (see [28]), consists of all functions z € L%°¢(R") for
which the following norm is finite:

2| My, 1o|| = sup sup =z (t + )x(B(0, 7)) L7
teR™ r>0

We note that if A = 0, then M) 1» = LP, if A = %, then Myrp = L™, if A <0 or A > %, then
M) r» consists only of functions equivalent to zero.

As a natural generalization of Lebesgue spaces, the interpolation properties of Morrey spaces
became an interesting question. The first result on this problem is due to Stampacchia [34] and,
independently, Campanato and Murthy [17]. They obtained an interpolation property for linear
operators from Lebesgue spaces to Morrey spaces on R"™ and showed that, if a linear operator 7' is
bounded from L%(R™) to Morrey spaces M), r»; (R") with the operator norm M;, i € {0,1}, then T
is also bounded from L% (R™) to M), rre (R™) when

1 1—-6 0 1 1—-6 40
L + 2 2 + 2 A= (1= + 0\ (1.1)
do do d1 Do Po b1

for some 6 € (0,1) with the operator norm not more than a positive constant multiple of Mg % M?.
In 1969, Peetre [31] found that the previous conclusion still holds true when (L% (R™), L9 (R")) and
L% (R™) are replaced, respectively, by a certain abstract pair (Ag, A1) and an interpolation space A
constructed from (Ag, A).

However, the converse result in general is not true. In 1995, Ruiz and Vega [32| proved that, when
n>2u€e(0,n),0e€(0,1),1<p <p3< ”T_l <pp <ooand A\ = 1}1—%,)\2 = p%—%,)\g: pi?)—%for
any given C' € (0,00), there exists a positive continuous linear operator T : M), r» (R") — L*(R"),
i € {1,2,3}, with the operator norm satisfying || T|My, r» (R") — LY(R")|| < K;, i € {1,2}, but
| T| My os (R") — LYR™)|| > CKPKY for pig = 11);09 + pil. This implies the lack of convexity of
operators on Morrey spaces.

In the case n = 1, Blasco, Ruiz and Vega [9] in 1999 proved that, for a particular u, if 1 < pg <
P <u<ooand A\ = pil - %, Ay = p% — %, then there exist gy, ¢1 € (1,00) and a positive continuous
linear operator 7" which is bounded from M), 1»: (R) to L%(R), ¢ € {0,1}, but not bounded from
My, 7 (R) to L%(R) when conditions (1.1) are satisfied. These counterexamples show that Morrey
spaces have no interpolation property in general.

Nevertheless, under some restriction, Morrey spaces also have some interpolation properties. Let
0<A <0< < b€ (0,1) and pg, \g be defined by (1.1). Recently, Lemarie-Rieusset [21],

[22] showed that for py, p1, Ao, A1, 0, pg and Ay as above,

[Mg,00 (R™), My, 11 (R™)]g = My, 1o (R") (1.2)

if and only if
PoAo = P11, (1~3)

holds, which gives a necessary and sufficient condition ensuring the interpolation property of Morrey
spaces on R™. Here, [My, rro (R™), My, 1r1 (R™)]p denotes the space obtained using the first of Calderén
interpolation methods [16] for a pair of Morrey spaces (My, zro (R™), My, o1 (R™)).

Note that the situation changes radically for pairs of local Morrey spaces [13]|, [14], [15], [2],
[3], [6]. For example, if in (1.2) global Morrey spaces are replaced by local Morrey spaces, then
equality (1.2) will hold without restriction on the indices (1.3).

In this paper, we give a generalization of equality (1.2) to general Morrey spaces. Namely,
for any functions ; : Ri — R, each of which is concave, positively homogeneous of degree one,
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nondecreasing and continuous in each variable and such that ¢;(0,0) = 0, (i=0,1,2), the triple of
spaces

{QOO(MZZ,X()?MIZ,Xl% 801(M12,X0>M11X1); @(Mlz,XOaMlTl,Xl)}-

has interpolation properties. Here, ©(t,s) = @a(po(t, s), v1(t,s)), (t,s > 0), (M x,, M x,) is a
pair of general Morrey spaces, and ¢(Xg, X;) denotes the space constructed from the pair of ideal
spaces (Xo, X1) using the construction of Calderén — Lozanovskii. In particular, we show that for
any concave function ¢, the triple of spaces

{MA(LL”O(Rn)? M>\17L”1(Rn)7 SZ(MA,U(R”)vLOO(Rn))} (14)

has interpolation properties, when condition (1.3) is met. Here, p(t,s) = @(t%s!=% t0151-01) (g, =
1/po, 61 = 1/p1, A= Ao/bo; t,s > 0).

Note that if instead of the triplet of global Morrey spaces (1.4) we consider the corresponding
triplet of local Morrey spaces, then the triplet of local Morrey spaces will have the interpolation
property not only when (1.3) is satisfied, but also in a much more general case |[3], [6].

2 Basis constructions

We now replace the Lebesgue space LP in the definition of the classical Morrey space by an ideal space
X, the outer sup-norm by the norm in an any ideal space L and replace the balls B(0, ) by homothetic
sets U(0,7) C R™. Below, we always assume that 0 € U(0,1) and u(U(0,1))) € (0,00). Moreover,
we often assume that U(0, 1) is star-shaped with respect to the point 0, that is, if ¢ € U(0, 1), then
~vt € U(0,1) for all v € (0,1). In general, the star-shapedness assumption is not necessary, but
sometimes is useful.

We also need local Morrey spaces constructed from a family of sets {U(0,r;)} with discretely
varying parameter.

We denote by T the set of non-negative number sequences 7 = {7;} each of which satisfies the
conditions

Vi : Ti < Titl, U(TZ‘,TH_J = R_|_.

When 7,41 = 00, we assume that (7;, 00| = (73, 00).

Definition 1. [2|. Let an ideal space X on R"™, an ideal space [ of two-sided sequences with the
standard basis {e'} and a sequence 7 € T be given. By Morrey space M x we mean the set of all
functions x € LY°¢(R™) for which the following norm is finite:

2| Mix ]| = sup | > el + )XW m)IXI-

1=—00

The spaces introduced in Definition 1 are called global discrete Morrey spaces.

Discrete spaces are more convenient to consider at least for the following reasons. Firstly, all
classical Morrey spaces can be realized as discrete Morrey spaces (see the example below), and
secondly, one does not need to think about the measurability of the function ||z (¢ +.)x(B(0,7))|X]||.

Note that all discrete Morrey spaces are ideal.

The following example shows that most recently investigated Morrey spaces can be implemented
as discrete Morrey spaces.
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Example 1. Let U(0,1) be a star-shaped set of a positive measure, A > 0, p € [1,00], the ideal
space X and the space M) ,.x, the norm in which is given by the equality

o, A\ 1
Hx‘M)\p.XH = { SuptER"(f(] (T‘ )‘Hl’(t—F )X(U<07T))|X‘|)pd7) /pu fOI‘ p € [1’00)7
. supezn sup,{r~*|z(t + )x(U(0, )X}, for p = oo
be given.

If p € [1,00), then for each function = € M, x the following inequalities hold:

sup 27(1n2) 7 (Y (27| (t + )x(U(0,29)[ X))V < (|| Mol

teR™ i

< sup 2%+ (In2)7(Y (27 a(t + )x(U(0,2'))1 X)) 7.

teRn” P

Thus, for p € [1,00) on the space M), x we can introduce an equivalent norm
[ M pix o = f&g(Z(QWIII’(t +)x(U(0,2)) X)) 7.

If p = oo, then for each x € M) «.x the following inequalities hold:
sup 27 sup 2 Mt + (U0, 2))|X || < [lal My srx]

teRn” 7
< sup 2 sup 27 (t + ) (U(0,2))|X .
teR™ %

So on the space M) . x
|| M oo:x |6 = s%p{sup 27 Mla(t + )x(U(0,27) 1 X}
teR™ 7

is an equivalent norm.

Put 7; = 2, (i € Z), for the sequence of points {7;}>°_ consider the corresponding partition 7 for
R, and define a weight sequence by setting wy (i) = 27, (i € Z). Then we get that for all p € [1, o0]
up to equivalence of the norms:

l%/\,X = My px-

Let C., denote the set of all functions ¢ : R7 — R, concave, positively homogeneous of degree
one, nondecreasing and continuous in each variable and such that ¢(0,0) = 0.

The class C,, is a cone with respect to the operations of addition and multiplication by a non-
negative number.

We recall the definition of the construction of Calderén — Lozanovskif.

Definition 2. Let a couple of ideal spaces (Xg, X1) on Q and ¢ € C,, be given. The space ¢(Xy, X;)
consists of all measurable functions x, for which there is a pair of functions xg € Xy, 1 € X7 such
that almost everywhere holds the inequality

|z(8)] < @(xo(t), 21(t)).
On the space p(Xp, X1) the norm is introduced by the equality
2] (Xo, X1l

=inf{\ > 0: |z(t)] < Ap(zo(t),z1(t)) (for a. e. t € Q),
zi € X, ||| Xil| < 15 (2= 0,1)}. (2.1)
The space (X, X1) is an ideal Banach space equipped with this norm.



Calderon — Lozanovskii construction for a couple of global Morrey spaces 29

If py(t,s) =t s'7% then the definition of the space ¢y(Xo, X1), which is usually denoted by
X - X17% was proposed by A.P. Calderén [16]; for an arbitrary ¢ € C., the space ¢(X, X;) was
defined by G.Ya. Lozanovskii [26].

The equality proposed below is well known

0o (Xo, X1)I| = mf{[lzo| Xol|” - laa| Xa [0+ |2 ()] < @g(t) - 217°(f) ae. on Q}.

The Calder6n — Lozanovskii construction of ¢(Xy, X;) has found many applications in the theory
of ideal spaces [27], in the theory of interpolation of linear operators [10], [19], [30], in the geometric
theory of Banach spaces [8].

In cases in which exact estimates of constants are important, we can introduce on the space
©(Xo, X1) norms different from (2.1) as follows. Let ¢ (a1, az) : R* — R, be a norm on R% Then on
©(Xo, X1) the norm is defined by the equality

|z [{p(Xo, X1), ¥} = inf{(ar, as) :

|z(t)| < o(xo(t), x1(t)), a.e. on Q, z; € Xy, ||z Xi|| = ai; (0 =0,1)}. (2.2)

The space (X, X;) is an ideal Banach space equipped with the norm || . [{¢(Xo, X1), ¥ }|.

Of course all the norms on ¢(Xy, X;), defined by equation (2.2), are equivalent. If we put
Voo(ay,a3) = max{|ai|,|az|}, then the norm on the space {¢(Xg, X1), ¥} coincide with the norm
defined in (2.1). For example (see [4]), using the introduced norms one can to define the exact dual
space {p(Xo, X1), 9} and exact dual norm on the space {¢(Xo, X1),%}.

For each ¢ € C,, for all a, b, c,d > 0 the following inequality holds

a+b c b d
1 d -
c+d’ ) =(ct+d) (cc+d+dc+d

(p(a—i_b?C—’_d):(C_'—d)QO( 71)2

a

(e o) + (5, 1 = (e d) + 9(0,d). (2.3

Now we will show that condition (1.3) is equivalent to the fact that the corresponding Morrey
spaces are obtained using Calderdn’s constructions g, (.,.), @g, (., .) for one special pair of spaces.

Lemma 2.1. Let the space M[x be constructed from the spaces X, I, the sequence T € T and the
set U(0,1). Let 6 € (0,1). Then

(MZT,X)G(LOO)I_G = IZ,X"

and the norms on these spaces coincide.

Proof. Let x € (M )*(L ) ~%. This means that there exists xo € M]x with ||zo|M]y|| = 1 such

that the equality |z(t)] = Azf(t) - 1'% (¢t € R") holds and X = |[z|(M[)?||. Then the following
relations follow

T T oco\1— oo @
IIIXIV"I(MZ,X)"(L =1 = srtlpllE_oollx”g(H-)x(U(O,m))IXlle 1% =X

& sup [N (et + )x @O, r)IXIN’) ol = X & || M ol = X
Let us prove the reverse inequality. Let z € M}, = 1. This means that

10 x0T 2 0 and ||z|M
the equality

-
o xoll

sup || (¢ + )x(B0, )| X)) e li]| = 1
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Put zo(t) = /%(t). Then obvious equality x(t) = z(¢) - (1)'~?, t € Q holds. Let us check that the
equality ||| M] x| = 1 holds. Indeed,

2ol M|l = sup X% [lo(t + Ix(U 0, )X €' f2]

= sup =X ll0(t 4+ )x(U (0, 7)) | X |1

= sup [ X% ("7t + )x(U©0,r)) X)) Yot = 1.
O

Corollary 2.1. Let 0 < X < % and 6 € (0,1) be given. We define the numbers v and q by the
equalities

Then the space (M ;,)(L>)""% and the space M, coincide and the norms in these spaces are
equal.

Proof. If the inequalities |z(t)] < ~|xo(t)]” and [|zo|MJ ]| < 1 are satisfied for all ¢, then the
following relations are valid

2(t+ )1\1/0) 7
5 )Ly <1

sup{sup P I (U0, 7))

& sup{sup X (U (0, 7)) |zt + )| [LP||"} < v

t r>0
& sup{sup =[x (U0, m)x(t + L7} <.
r>
]

Corollary 2.2. Let a couple of Morrey spaces (M, o, My, 1r1) be given. Condition (1.3) is satisfied
if and only if there are numbers X\, p and 0y,6, € (0,1) for which the following equalities are satisfied

M)\OJJPO _ (MA,Ll )00 (Loo)l—Go’ M)\hLPl _ (M)\,Ll )91 (Loo)1—61

Proof. Define the parameters 6y, 0; by the equalities 0y = pio,@l = p%’ A= ’9\—8 = 2—11. Then the
following equalities are valid

M)\O,LPO _ (M/\’Ll )00 (Loo>1—007 ]\4)\1’[}71 — (M)\,Ll)el (LOO)1—91
and it suffices to apply Corollary 2.1. [

Let us note the connection between the Calderén — Lozanovskil construction and the generalized
Orlicz - Morrey space.

First we recall the definition of Young functions. A function N : R, — R, is called a Young
function if N is convex, left-continuous, strictly increases and lim;_,o N(t) = N(0) = 0, limy_,o, N(t) =
00.

Let a Young function N be given, by which the Orlicz space LY (R") is constructed. A natural
generalization of the Lebesgue-Morrey space is the Orlicz-Morrey space, the norm in which is given
by the equality

2| My x| = sup{]| D el )t + )L 1]}
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jz(t + )|

= sup{| > e{inf{A > 0: HX(U(O,W))N(A—z)\LlH < 13-

If we put [ =[5, then the formula for the norm in the space M, ;v has the form
| M x|l = Sltlp{ll > XU, r))a(t + )LV}

= supfsup (i) (inf x> 0 (@0, rNEEED ) < 1y (2.4)

Let 0 € (0,1), p=3, No(t) = to, (t € [0,00)). Then from (2.4) follows the equality
z}o,m = MIEO,LP

and the norms in these spaces coincide.

Another natural generalization of the Lebesgue-Morrey space is the Orlicz-Morrey space
goN(Ml 11, L), constructed by the Calderén — Lozanovskii construction.

Let a Young function N be given. We define the function ©n(.,1) by the equality ¢n(s,1) =
N~1(s), (s € [0,00)), and put on(s,t) = teon(s/t,1). Then py € Co,.

Lemma 2.2. Let N be a Young function, and the function pn € C., is constructed.
Then the following equality is true

. Z .T
el (M, I = supGinf{3 > 0 13 e @, gV < 1y
Proof. If [z(t)| < ypn(xo(t),1) and [|zo|M] || = 1, then

()] _
<

& sup{| 3 ¢V 0. 2)N(

lz(t)] < von(zo(t),1) &

v (wo(t), 1) < [N (

|z (t)]
fy

)’MlT,LIH = Hivo!Mf,LlH

LI} = [lwo ML |

[zt + )|
A

jz(t + )|
v

= sup{inf{A > 0 || 37 /| x(U0. 7)) N(

From here it follows that

LY < 13 < .

felen (M L) 2 sup{int(a > 0+ )3 ln@ (O )N < 1y

On the other hand, if

sup(inf{3 > 0: | €@, )N (SR < 1y <1,

A

then 2t + )
x(t+ .
sup{l| 3 (0, ry N (EE)

Therefore N(|z(.)[) € M1, [[N(lz()DIM] )l < 1 and [z(2)] = on(N(|z(2)]),1). From here it
follows that

LI} < 1.

lzlon (M1, L) < 1.
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If we put [ = [2°, then the formula for the norm in the space on (M, ;1, L>°) has the form

Jelon(M 12, L)) = sup{in (3 > 0 sup{e@lx@ 0, )N (S < 1y
= supfsup{int(h > 0+ (@, V(D < Ty 2.5)

Let 6 € (0,1). We define a Young function by the equality Ny(t) = t7, (t € [0,00)) and put
. A L .
p =g, we(i) = (w(i))?, (i € 2).
Then it follows from (2.5) that

SDNQ(MJEO,LM L) = Mz%é,m

and the norms in these spaces coincide.
Note that from (2.5) it turns out that the space ¢, (M. ;1, L>) coincides with the Orlicz-Morrey

space introduced by E. Nakai [29|. It is for these spaces that interpolation theorems are formulated
below.
The following theorem is a basis for obtaining interpolation theorems for global Morrey spaces.

Theorem 2.1. Let Xy, X; be two ideal spaces, p, o, p1 € Cep and

@(tv 8) = 90(900(757 S)?@l(tvs»’ t,S S R-l-' (26)

Then © € C.,, the following equality is true

P(Xo, X1) = o(@o(Xo, X1), p1(Xo, X1)),

and for each x € §(Xo, X1) the inequalities

[2](po(Xo, X1), p1(Xo, X1))||

< lzlp(Xo, X0)[l < 2l[xfe(eo(Xo, X1), ¢1(Xo, X1)) (2.7)
hold.

Proof. Let us prove first that 3 € C.,.
The positive homogeneity of first degree of the function © is obvious. Let us check the concavity.
Indeed, using inequality (2.3), we obtain

to + 11 to + 11 to + 11

@( 9 71) :90((100( 9 ’1)a901( 9 71))

> 90(%(900(%7 1) + ¢o(t1, 1)), %(@1(1507 1)+ ¢1(t1,1)))

1
= 590(900(%7 1) + wo(t1, 1), w1(to, 1) + ¢1(t1, 1))

1

5 (oloolto, ) t0, 1) + lultr, 1, a(t1, 1)} = 5 {0, 1) + B0, 1),

Let us prove the left inequality in (2.7).
Let € $(Xo, X1) and ||z|@(Xo, X1)|| < 1. Then there are zy € X, 21 € X such that

v

[2(8)] < Pl(xo(t), 21(t)), (€ Q);  zwolXoll <1; flaa[Xa]] < 1.
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Let us define new functions zg, z; by the equalities:

20(t) = wo(wo(t), 71(t)),  21(t) = @r(zo(t), 21(1)); (¢t € Q).

Then
20 € o(Xo, X1),  ||20l0o(Xo, X1)|| <1, 21 € ¢1(Xo, X1), [z1]e1(Xo, X1)[| <1
and
©(20(t), 21(t)) = B(po(zo(t), T1(t)), w1 (wo(t), 21(1))), (t € Q).
Therefore

z € p(wo(Xo, X1), 01(Xo, X1)),  [|z[e(po(Xo, X1), p1(Xo, X1))|| < 1.

These relations prove the left inequality in (2.7).
Let us prove the right inequality in (2.7).
Let

z € p(po(Xo, X1), 1(Xo, X1)),  [[z]e(po(Xo, X1), 1(Xo, X1))[| < 1.
Then there are zg, 1 € Xo, Yo, y1 € X1 such that

2o Xoll <15 flza|Xoll <15 flyol Xall <1, flsn[Xall <1

and
[2(1)] < @lpo(o(t), 0(1)), pr(x1(E), 31(1))), (€ Q).
Let us define new functions by the equalities: zy(t) = max{zo(t),z1(t)}, 21(t) = max{yo(t), y1(t)}.
Then

wo(o(t), yo(t)) < wolz0(t), 21(1)), (£ € Q); @r(xa(t), 11(t)) < pr(20(t), 21(2)), (t € Q);

[20| Xoll <2 [lar] Xal| < 2.
For all t € 2 holds the inequality

[(8)] < @(po(20(t), 21(t)), p1(20(t), 21(1))) = P(20(1), 21(2)), (€ Q).
Therefore ||z[@(Xo, X1)|| < 2. These relations prove the right inequality in (2.7). O

Corollary 2.3. Let a couple ideal space X; on R™, a couple ideal space of sequence l;, (i =0,1), a
set U(0,1) C R™, for which 0 € U(0,1) and u(U(0,1)) € (0,00), and a sequence T € Y be given. Let
the spaces M x. be constructed from the spaces Xi, i, (i = 0,1), the set U(0,1) and the sequence
TeT.

Let ¢, o, @1 € Cup be fized, and the function @ € C., is constructed by equality (2.6).
Then

PIM x0 M] x,) = (oM, x0o M} x,)s 01(My, 500 M} )
and for all v € (M] x , M[ x,) the following inequalities are valid

”I|90(%00(M12,X07MlTl,Xl)a@1(Mz€,X07MzT1,X1))HS Hx|¢(Mlz,X07MlT1,X1)H

< 2 Hm‘SD(%OO(MzE,XOvMz:,xl)v901(M12,X07M171,X1>>H-
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Corollary 2.4. Let 0 < 0y,0, <1, ¢ € Cy, be fized, and the function pg, g, € Cey is constructed by
the equality
¥00,01 (t, S) - @(teosl_eoa t9181—01)' (28)

Then
Poo.on (M, L®) = (M )" (L>) =%, (M] )" (L)'~

and the following inequalities are valid
(M) (L)% (M) (L)) < |l ag 00 (M, L)

< 2 [lelp((M]x) " (L)%, (M) (L) =)

Corollary 2.5. Let 0 < Ao < o5, 0 <Ay < 2%, 0 € (0,1) and ¢ € C, be given and condition (1.5)
be satisfied. Let 6y = pio, 0, = pil, A =92, and the function pg, g, is defined by (2.8).
Then
Poo.0: (Mpp1, L) = (Mg Lro, My, 1o1)

and the following inequalities are valid
[z|o(Mg,Lros Mayeo)|| < [l2]pgg,00 (M, LZ)|| < 2 [lzfo(Mag,Leo, May,re:) |-
To obtain interpolation theorems, we need one geometric property of an ideal space.

Definition 3. Say (see, for example, [20], [24]) that an ideal space X C S(p,€2) has the Fatou
property if from 0 < z,, 1 x; 2, € X and sup,, ||z,|X|| < oo it follows that x € X and ||z|X]| =
sup,, ||| X1

It is well known that the Lebesgue spaces L, (I2) for p € [1,00| have the Fatou property, and
the space ¢ has not the Fatou property.

The following theorem is not a very general fact for the Calderén — Lozanovskii construction on
a couple of ideal spaces. The question of when the space ¢(Xy, X;) has the Fatou property depends
on the properties of the couple of ideal spaces (Xy, X7) and the function ¢ is discussed in more detail
in [5].

Theorem 2.2. [5]. Let ¢ € C., and an interpolation couple of ideal spaces (Xo, X1) be given. If
Xo and X have the Fatou property, then the space p(Xo, X1) has the Fatou property too.

The next theorem shows that if parameters of the global Morrey space have the Fatou property,
then the global Morrey space also has the Fatou property.

Theorem 2.3. [7]. Let an ideal space X on R", an ideal space of sequences I, a set U(0,1) C R",
for which 0 € U(0,1) and u(U(0,1)) € (0,00), and a sequence 7 € T be given. Let the space M[ y be
constructed from the spaces X, I, the set U(0,1) and the sequence T € Y.

If both ideal spaces | and X have the Fatou property, then the space M[y has the Fatou property
too.

We apply Theorems 2.1 - 2.3 to obtain interpolation theorems. Namely, we write out conditions
for the coincidence of the Calderén — Lozanovskii construction on a couple of Morrey spaces with the
value of the Gustavsson — Peetre — Ovchinnikov interpolation functor on a couple of Morrey spaces.

We recall [10] that a couple of normed spaces (A, Ay) is referred to as an interpolation couple
if both spaces are embedded in a separable topological linear space V.
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Let ¢ € C, and a interpolation couple (Ao, A;) be given. Denote by (Ag, A1), the Gustavsson —
Peetre — Ovchinnikov interpolation functor [10], [19], [30] calculated for the couple (Ao, A;):

a€ (Ap, Ay, ©a= Z a;;a; € Ag ﬂ Ay, the series converges in the spaceAg + Ay;
lal(Ao, A1)l
= inf{max{sup{ su gi————|Ao||, su gi——|A fa = a;} < oo.
{ { np{az:ElHZn (70<172Z>| OH &:ElHZn @(2171)‘ 1||}} Zoo }

Theorem 2.4. [10], [19], [30]. Let ¢ € C., and an interpolation couple of ideal spaces (Xy, X1)
on Q be given. If Xo and X, have the Fatou property, then

{p(Xo, X1), 90} = <X07X1>w

the norms in these spaces are equivalent, and the equivalence constant does not depend on Xy, X;
and the function .

Thus, the triple of spaces {Xo, X1; ¢(Xo,X1)} is an interpolation triple.
From Theorems 2.1 — 2.4 we obtain the following interpolation theorem.

Theorem 2.5. Let a couple of ideal spaces X; on R™, a couple of ideal spaces of sequence l;, (i =0, 1),
a set U(0,1) C R", for which 0 € U(0,1) and u(U(0,1)) € (0,00), and a sequence T € Y be given.
Let all spaces Xo, X1, lo, 11 have the Fatou property. Let the spaces M . be constructed from the
spaces X;, l;, (i =0,1), the set U(0,1) and the sequence T € Y. Let ¢, g, p1 € Coy be given. Define
the function @ by equality (2.6). We form the triple of spaces

{SOO(MIE,XOaMz:,Xl)a wl(Mzﬁ,meﬂ,xl); @(MZZ,XOleTl,Xl)}‘

Let an interpolation couple (Ao, A1) be given.
1) If a linear operator S is bounded as an operator

S Az — SDZ'(MZE,X()’MZZ,XJ’ (Z = 07 1)7

then
S . (AO, Al)go — @(Mlq(—),)(b’ Mlﬂ;,Xl)

and 15 bounded.
2) If a linear operator P is bounded as an operator

P: (’Oz(M;(—)’XO,MZZ’Xl) —>AZ7 (Z:O, 1)7

then
P @(Mlg,xoa MlTl,Xl) — (Ao, A1)y

and 1s bounded.

Proof. From Theorems 2.2 and 2.3 it follows that all spaces
MIZ,XN Mle,Xl; QOO(MIZ,XW MlTl,Xl)7 Qpl(Ml;,Xm Mle,Xl)Q

oMy, x0s M} x,)s 01(My, 0o M x,)); - (Mg xs Mj) x,)



36 E.I. Berezhnoi

have the Fatou property. Therefore, it follows from Theorem 2.4, that
SO(SOO(MZ‘;,XN Mlle)a 801(M12,X0> MJTI,XI))

= (900(]\/[12,)(0’ MlTl,Xl)a 901<Ml7(—)7X07 lexl))so (2.9)

and the norms in these spaces are equivalent.
From Theorem 2.1 it follows that

@(Mzg,x)v My, x,) = o(wo(M xo, M} x,), 01(M[, x0s Mj] x,)) (2.10)

and the norms in these spaces are equivalent.
From (2.9) — (2.10) it follows that

@(MIE,X) s My x,) = (0o My xos Mi x,)s o1(My 0 My x,))

and the norms in these spaces are equivalent.
From the latter relation we obtain statements 1) and 2). O

Corollary 2.6. (An interpolation theorem for classical Morrey spaces.)
Let 0 < Xo < 26, 0 <A < 5, 0 € (0,1) and p € Cpy be given and condition (1.3) be satisfied.
Let 6y = pio, 0, = pil, A= 2—37 and the function @g, ¢, is defined by (2.8).

Then statements 1) and 2) in Theorem 2.5 hold for the triple of spaces

{Myyzro, My, o5 @og0,(My 1, L)}

Corollary 2.7. (An interpolation theorem for generalized Orlicz — Morrey spaces.)

Let two Young functions No, Ny be given, and the functions oy, (s,1) = N; '(s) and on,(s,t) =
ton,(s/t,1) (i =0,1) are constructed.

Let ¢ € C,, be fized, and the function pn, n, € Ce be defined by the formula

1,8 1,8
¥ No,N (t, S) = (p(tNO 1(;)7 tN; 1(;))7 t,s > 0.
Then statements 1) and 2) in Theorem 2.5 hold for the triple of spaces
{(pNo(MlEO,Ll ) Loo)a PN, (MZEO,LU LOO); Y No,N: (MIEO,LU Loo)}
Remark 1. In the article we considered the Morrey space defined on R”. If we consider the Morrey

space defined on a subset 2 C R", (0 € Q) then in Definitions 1 it is necessary to replace U(0, 1) by
U(0,7) N2 All results will remain true.
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