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1 Introduction

This article is concerned with the existence of weak energy solutions of the boundary value problems
for quasilinear elliptic systems of the form

—diva(z,u,Du) = f in{,
{ w =0 ondf), (1.1)

where €2 is a bounded open domain in R™ (n > 3) with a smooth boundary 02 and f belongs to
L>(Q;R™). Here u: Q — R™, m € N*| is a vector-valued function and Du is the Jacobian matrix
of u given by

Du(z) = (Dyu(z), Dyu(z), ..., Dyu(z))  with  D; = 9/0;(;).

We denote by M™*" the real space of all m x n matrices equipped with the inner product £ : n =
> i Gignig for all §,n € M™*™.

We assume that the function a : Q x R™ x M™*" — M"™*" is a Carathéodory function, i.e.,
x — a(z,s,€) is measurable for every (s,&) € R™ x M"™*" and (s,&) — a(x, s, &) is continuous for
almost every x € Q) and satisfies the following conditions: £ — a(z,u,§) is continuously differentiable
and such that for a convex and C'-mapping A : Q x R™ x M™** — R, we have

a(x,u,§) = (%A(x,u,f) (1.2)

and
A(z,u,0) =0 (1.3)

for almost every x € 2 and all u € R™. Moreover, we assume that

(@, s, < di(@) +[s~" + [¢]" (1.4)
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for almost every z € Q and for every (s,£) € R™ x M™ " where 0 < d, € LP(Q), with 1/p+1/p' =1
and the exponent p is such that 2 < p < n. In addition, the mapping £ — a(z, s, ) is monotone, i.e.,

(a(x, $,&) — a(x,s,n)) (&—=n) >0, V¢ neM™™ (1.5)

Finally, the following inequality holds:

€7 < a(x,s,8) - & < pA(x, s, €). (1.6)

The concept of Young measure was introduced in [15] to prove the existence of solutions for (1.1)
when p € (1,2 — %] and f = p is a measure. The authors used weak monotonicity assumptions
on the function a and the weak derivative Du is replaced by the approximate derivative apDu.
Hungerbiihler has studied, in [19], the existence of weak solutions for (1.1) when the right-hand side
belongs to the dual of the Sobolev space W, ”(€; R™). He used also mild monotonicity assumptions
and Young measures to achieve the result. The uniqueness and maximal regularity for nonlinear
elliptic systems (1.1) have been proved in [16] when f = u a Radon measure. Zhou [28] introduced
the sign condition:

a;(x,u,&)-& >0 fori=1,....m,

instead of the angle condition:
a(w,u,§) - ME >0

assumed in [15], to prove the existence and regularity of solutions to (1.1) with f = u € M(Q;R™).
For more results, we refer the reader to see [14, 20, 21, 22, 23, 24, 26, 27| and [1, 2, 3, 4, 5, 6, 7, 8]
where we have used the theory of Young measures for various quasilinear systems.

In |2, 3] we have proved the existence of weak solutions for various kinds of quasilinear elliptic
systems similar to (1.1), for f € W~ (Q;R™), under various kinds of monotonicity assumptions
and based on the theory of Young measures. See also [10, 11, 12, 13| for more results and |25] for
different theories and methods used in nonlinear analysis.

In this paper, the source term in (1.1) is assumed to be in L>(2; R™) and a to satisfy conditions
(1.2)-(1.6). The main objective is to prove the existence of a weak energy solution using the concept
of Young measure and energy functionals. Moreover, a is assumed to be the derivative over the third
argument of another function A. This assumption is necessary in order to associate with the problem
an energy functional, and then to minimize this functional to obtain a weak solution. The main
result of the paper consists in justification of sufficient assumptions for such minimization

A prototype example that is covered by our assumptions (1.2)-(1.6) is the following p-Laplacian
problem: Consider

A@mé)=%ﬁﬂ alz,u,€) = €72

where p > 2.
The remaining part of this paper is organized as follows: a brief review on Young measures is
presented in Section 2, while Section 3 is devoted to state the existence result and its proof.

2 A brief review on Young measures

By Co(R™) we denote the closure of the space of continuous functions on R™ with compact support
with respect to the ||.||-norm. Its dual can be identified with M(R™), the space of signed Radon
measures with finite mass. The related duality pairing is given for v : Q — M(R™), by

e = [ el
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Lemma 2.1 (See p. 19 in [17]). Let {z;};>1 be a bounded sequence in L>(2;R™). Then there exists
a subsequence {z}r, C {2;}; and a Borel probability measure v, on R™ for a.e. x € 2, such that for
almost each ¢ € C(R™) we have

o(zk) = © weakly in L>(Q; R™),
where P(x) = Vg, ©) = [gm @(N)dvy(N) for a.e. x € Q.

Definition 1. We call {v,},cq the family of Young measures associated with the subsequence {zy}.

Remark 1. e In [9], it is shown that for any Carathéodory function ¢ : Q@ x R™ — R and {zx }
a sequence that generates the Young measure v,, we then have

Pl 2) = ol ) = [l o)

weakly in L' () for all measurable Q' C Q, provided that the negative part o~ (z, z) is equiin-
tegrable.

e Ball shows also in 9], that if z; generates the Young measure v,, then for ¢ € L*(Q; Co(R™))

lim [ g(z, z(z))de = /(Vx,g(a;, )ydz.

k—oo Q Q
Lemma 2.2 ([18]). If |Q] < oo then
2, — z in measure < v, = 05, for a.e. x € (1.

Lemma 2.3 ([1]). If {Dz}x is bounded in LP(Q2;M™*™), then the Young measure v, generated by
Dz has the following properties:

(i) vy is a probability measure, i.e. ||[Vy|| pmaamxn) = [ypmxn AVa(X) = 1 for almost every x € Q.
(i) The weak L*-limit of Dz, is given by (Vy,id) = [jmwn AdVg(N).
(i1i) v, satisfies (v,,id) = Dz(x) for almost every x € ().
We conclude this section by recalling the following Fatou-type inequality.
Lemma 2.4 ([15]). Let ¢ : Q@ x R™ x M™*™ — R be a Carathéodory function and z, : Q@ — R™

a sequence of measurable functions such that z, — z in measure and such that Dz, generates the
Young measure vy, with ||y || pmaumxny = 1 for almost every x € Q. Then

lim inf gp(x,zk,Dzk)de// o(x, 2z, \)dv, (\)dz
Q JMmmxn

k—o0 Q
provided that the negative part ¢~ (x, z, Dzy) is equiintegrable.

For more results and details about Young measures, we refer the reader not familiar with this
concept to see for example |9, 17, 18, 25].
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3 Existence of weak energy solution

Before we state the main result of this paper, let us introduce the following definition of weak energy
solutions of (1.1).

Definition 2. A weak energy solution of (1.1) is a function u € WyP(Q;R™) such that

/(a(x,u,Du) : Dp)dx = / f(x)edz, for all p € WyP(Q;R™).
0 0

The main result is given in the following.

Theorem 3.1. Assume f € L®(Q;R™) and (1.2)-(1.6) hold. Then there exists a weak energy
solution of (1.1).

Proof of the main result. Let us define the energy functional J : W, ?(Q;R™) — R by
J(u) = / A(x,u, Du)dx — / fudzx.
Q Q

Proposition 3.1. The functional J is well-deffined on WyP(Q;R™) and J € CY(WyP(Q;R™),R)
with the derivative given by

o) = |

(a(x,u, Du) : Dp)dx — / fedz,
Q Q

for all o € WyP(Q; R™).

Proof. For any = € Q, u € Wy ?(Q;R™) and £ € M™", we have

1 1
A(z,u,§) :/0 %A(z,u,t{)dt:/o a(x,u,tg) : &dt.
Using (1.4), we get
1
Alw§) < [ (dilo) + a0 g e
0 ) (3.1)
< dy(@)[€] + |ulP €]+ Z—)Iflp-

This and the Holder inequality imply that
_ 1
0< /Q |[A(@, u, Du)|dz < ||dily || Dull, + [|ullp~ | Dull, + Z—QIIDUIli

and
/ |fuldx </ f|lg]|ullq, where 1l < g < p.
Q

Next we deduce that J is well-defined on W, 7 (Q; R™).
Let us fix € Q and 0 < |r| < 1. According to the mean value theorem, there exists 6 € [0, 1]
such that

|a(z,u, Du + 0Dy)||Dy|
B |A(z,u, Du+ rDyp) — A(z,u, Du)|
N 7]

< (di(@) + [ul™* + [Du+ 0r D) Dy
< (i (@) + ™" + 272 (| Dl + (0r) D) ) D).
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Holder’s inequality gives that
| ai@ipelds < Ll 1D,

| 1puP=Deids < 1Duly 1Dl
and
| el Deide = 14l
From these inequalities, we deduce that
(cda() + [ul™ + 272(| Dl + ()| Dl ™) ) Dyl € L}(€).

Thanks to the Lebesgue theorem, it follows that
(J'(u), ) :/a(a:,u, Du) : D(pd:r:—/fgoda:.
Q Q

Assume now that uw, — w in Wy?(Q;R™). Then (ug) is a bounded sequence in Wy (Q;R™).
According to Lemma 2.1 there is a Young measure v, generated by Duy, in LP(2; M™*™) and satisfying
the properties of Lemma 2.3. Using (1.5) and [2, Lemma 5.3|, we get that

0 < (a(z,u,\) — a(z,u, Du+7E)) : (A = Du — 7€)
= a(z,u, Du) : (A — Du) — a(x,u, \) : 7€
—a(x,u, Du+ 7€) : (A = Du — 7€),
which gives
—a(z,u,A) : 7€ > —a(z,u, Du) : (A — Du) + a(z,u, Du+ 7€) : (A — Du — 7§),

for every A, & € M™*™ and 7 € R. We have & — a(x,u,§) is continuously differentiable, hence we
can write

a(x,u, Du+ 7€) : (A — Du — 7€)
= a(z,u, Du+7E) : (A — Du) — a(x,u, Du+ 78) : 7
= a(z,u, Du) : (A — Du)
+ T((V(L(I, u, Du)§) : (A = Du) — a(z, u, Du) : f) + o(7),
where V is the derivative of a with respect to its third variable. Therefore,
—a(z,u,\) : 7€ > T<(Va(:z:,u,Du)§) : (A= Du) — a(z,u, Du) : 5) + o(T)
which gives, since 7 is arbitrary in R, that
a(z,u,\) : € = a(z,u, Du) : £+ (Va(z,u, Du)€) : (Du — \) (3.2)
on the support of v,. Since (a(x,ux, Duy)), is equiintegrable by (1.4) and (ug), is bounded in
Wy (Q;R™), it follows that its weak L'-limit @ is given by
a(zx) = / a(x,u, \)dv, ()
men
(3.2)

=" a(z,u, Du)/ dvy(N) + (Va(z,u, Du))t/ (Du — N)dv,(\)

Supp Vg

[\ J/

-~

=1 =0
= a(z,u, Du).



A note on quasilinear elliptic systems with L°-data 21

As LP'(; M™") is reflexive, it follows that (a(x, uy, Dug)), converges in L' (Q; M™*™) and its weak
LPlimit is also @(z) = a(z,u, Du). This and the Holder inequality imply

[ (ug) = J'(u) / |a(z, uy, Dug) — a(z, u, Du)||Depldz
and so
| (ug) = J'(w)]| < ||a(x, ug, Duy) — a(z,u, Du)||y, — 0
as k — 00. O

Lemma 3.1. The functional J is bounded from below, coercive and weakly lower semi-continuous.

Proof. By (3.1) and Hoélder’s inequality, it is obvious that J is bounded from below. Using (1.6), we
have

J(u):/A(x,u, Du)dx—/fudx
Q 0
1 :
> [ 1Dupds = Il (with 1< g <p)
0
1
> —/ | DulPdz — cllu||1, — +o0
D Ja

as ||ul|1, — oo, since Wy (Q;R™) is continuously embedded in L?(Q;R™). Then .J is coercive. Let
(ur) C WyP(;R™) be a sequence which converges weakly to u in W, ”(Q;R™). Hence uj, — u in
LP(2; R™) and in measure on € (for a subsequence still indexed by k), by the compact embedding
of WyP(QR™) in LP(Q;R™). Since v, = dpy( for ae. z € Q by Lemma 2.3, then Lemma 2.2
implies Duy — Du in measure. We have (A(z, ug, Dug))x is equiintegrable by (3.1), it follows then
by Lemma 2.4 that

// Az, u, )\)dym(/\)dxSliminf/A(az,uk,Duk)dx. (3.3)
Q JMmxn Q

k—o00

On the other hand, assumption (1.5) and the relation a(x,u,§) = (%A(x,u,f) imply, in particular,
that £ — A(x,u, &) is convex, i.e.,

A(z,u, \) > Az, u, Du) + a(z,u, Du) : (A — Du), VA& M™ "

2:},(/\) Z:Ev'r()\)

Since A — F()) is a C'-function by Proposition 3.1, then for 7 € R
FAN+78) — F(\) < GA+71E) — G(N)

< for T <0
T T
and F( F(N) _ GO GO\
(+7O - FO) L GO+ -GN
T T
Hence VF = VG, i.e.,
A(z,u, \) = A(z,u, Du) for all X € supp v,. (3.4)

Going back to (3.3), it follows by (3.4) that

// Az, u, N)dvg (A // Az, u, Du)dv,(\)dx
Mmxn supp Vg
—/A(a: u, Du)dz
Q

gliminf/A(:r;,uk,Duk)dx.
Q

k—o0
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This fact implies that
J(u) < liminf J(uy).

k—o0

Hence, J is weakly lower semi-continuous and the proof is complete. O

Since J is proper, weakly semi-continuous and coercive, then J has a minimizer which is in fact
a weak energy solution of (1.1). The proof of the main result is complete.
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