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1 Introduction

Let X be a Banach space with the norm || - ||. Denote by Bx(x,r) a closed ball centered at = € X
with radius » > 0. Let X* stand for the topological dual to X and stand || - ||« for the norm of X*.

Given a positive integer k£ and Frechet differentiable functions fy, fi, ..., fr : X — R, consider the
optimization problem

fo(z) > min, fi(z)=0, .., fi(x)=0. (1.1)
Define the Lagrange function L : X x R¥*! — R by the formula
Lz, A) == Xofo(x) + M fi(x) + oo+ Mfi(2), z€ X, A= (Ao, A, oo M) € REFL
Denote the set of all admissible points by M, i.e.

M ={zre X: fi(z)=..= fr(x) =0}.

The Lagrange multiplier rule (see, for example, [10, Section 1.2|) states that if a point ¥ € X is a

local solution to problem (1.1), then there exists a nonzero vector A € R¥*! such that a—(ic\, A)=0
x
and \g > 0.
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In this paper, we show that if a function fy is bounded from below on M # () then there exist
L
sequences {z"} C M and {\"} C R¥*! such that a—(x", A")
x *
and ||A"|| = 1 for every n. This result is an analog of the known result for unconstrained optimization
problem stating that for a bounded below differentiable functional fy on X there exists a minimizing

9fo

Moreover, in this paper, We obtain an estimate of the derivative of the Lagrange function. When
X is a Hilbert space, similar estimates for the first-order and the second-order derivatives were
obtained in [2| and [3]. For the unconstrained optimization problem the estimates of the first-order
and the second-order derivatives of the minimizing function were obtained in |7, §2.5.2].

— 0, fo(z") — Jél/a fo(z) asn — oo

sequence {z"} such that ( ") — 0 as n — oo (see, for example, [6, Chapter 5, Section 3]).

2 Main results

Given xg € M and R > 0, denote
¥(xg, R) := inf{ fo(x) : x € M N Bx(xp,R)}.

Here v(z9, R) may take the value —oo. However, in what follows, we will assume that v(x, R) > —oc.
Note also that fo(z¢) — v(zo, R) > 0 for every xy € M and R > 0.

Theorem 2.1. Given a point xo € M and a number R > 0, assume that
¥(xg, R) > —o0.

Then for every e > 0 there exist vectors A = (Ao, A1, ..., \p) € R¥TL and 7 € M N Bx(xo, R) such
that

Al =1, Ao > 0, fo(Z) < fo(zo),

fo(wo) — (w0, R)
5 .

H— 2N <1+ (2.1)

of; —
Note that if the set M N Bx(xg, R) contains a point z for which the vectors a—f(x), =0,k
x
are linearly dependent and fy(x) < fo(zo), then the proposition of Theorem 2. 1 trivially holds. In

fz

this case, T = x and the unit vector A = (Ao, A1, ..., A\x) satisfying the equality Z Ai—=—(x) =0 and

the inequality A9 > 0 is the desired one (if Ay < 0 then we take —\ instead of )\) In thls case, the
left-hand side of (2.1) equals zero and the right-hand side is nonnegative.

Ofi — .
If the vectors a—f(x), i = 0,k are linearly independent on the set {x € M N Bx(zo, R) : fo(z) <
T
fo(zo)} then the proposition of Theorem 2.1 is nontrivial. In this case, inequality (2.1) implies that
Ao > 0.
Note also that inequality (2.1) implies the following weaker estimate

HaL Jo(@o) — (20, R)

—(z <
ax(m,/\) <(l1+¢) 7 ,

*

(2.2)

since [|A|| = 1.

Theorem 2.2. Assume that the function fy is bounded from below on M. Then there exist sequences
of vectors {z"} C M and {\"} C R*" such that

oL

Gx(x A") =0, fo(x")—>zi€n/\f4f0(x) as n—oo and [[A'|=1 Vn.
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The proofs of these theorems are presented in Section 4. Let us now discuss the ideas of proofs
of these assertions.

Given a point 7y € X and a number R > 0, we put v := (-1,0,0,...,0) € R F .=
(fos f1s -5 fr)- Since y(xg, R) is the infimum of fy over the admissible set M, the points F'(xq) + pv,
p > 0 do not belong to F(Bx(xzo, R)) as p > fo(zo) — v(xo, R). If the mapping F is a-covering in

the direction v at every point © € M N Bx(xg, R) such that fy(z) < fo(zo) (i-e. a—(az)X =Y and
T

sup{a >0: av € g—F(x)BX(O,l)} > @) then F(zg) + puv € F(Bx(x, R)) for u € [0,aR). This
T

assertion is Lemma 3.1 below. These reasonings imply that there exists a point  such that F is
a-covering with the constant @ not exceeding the right-hand side of inequality (2.1). Inequality (2.1)
simply follows from this fact (see Lemma 3.2 below). To prove Theorem 2.2, it is enough to take an
arbitrary minimizing sequence {z{} and apply Theorem 2.1 as z( := 2}, R := 1 and € := 1 for every
n.

3 Auxiliary assertions

In this section, we prove two auxiliary assertions: Lemmas 3.1 and 3.2. In the proof of Lemma 3.1,
we will use the following minimum existence conditions from |1, Theorem 3| (see also [8, Lemma 1]).

Theorem 3.1. Given a complete metric space (M, p), a lower semicontinuous function U : M — R,
and a number a > 0, assume that the function U satisfies the Caristi-like condition

VeeM: U(x)>0 Fz'e M\{z}: U+ ap(z,2') <U(z). (3.1)
Then for every xg € M there exists a point & € M such that U(z) = 0 and p(xo,z) < a U (zg).

Let Y be a finite-dimensional linear space with a norm || - ||. Denote by Y* a dual space to Y. We
denote the value of the functional A € Y* on the vector y € Y by (\,y). An analogous notation we
will use for the functionals from X*. Denote the unit sphere in Y by 5, i.e.

S:={veY: || =1}

For an arbitrary linear bounded operator A : X — Y we denote by A* : Y* — X* the adjoint
operator to A. For an arbitrary vector v € S we put

cov(Al|v) :==sup{a>0: ave ABx(0,1)}.
It is a straightforward task to ensure that cov(A|v) > 0 if and only if v € AX.

Lemma 3.1. Given a Frechet differentiable mapping F : X — Y, vectors vy € X, v € S and a
number R > 0, assume that

(i) a:= inf{cov(%—i(x)

(ii) g—i(x)X =Y Vx € Bx(xo,R) : F(z) € F(xg) + cone{v}.

v) : x € Bx(zo, R), F(x) € F(xo) + Cone{v}} > 0;

Then
F(xz9) + arv € F(Bx(zo,7)) Vrel0,R], Vaec(0,a).
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Proof. Fix an arbitrary r € [0, R] and « € (0,@). Put
M:={ze€X: F(zx)— F(xg) — sarv =0, ||z —zo| <sr, s€][0,1]}.

Obviously, the set M is nonempty, since it contains the point xy. Moreover, M is closed, since F' is
continuous. Define a functional U : M — R by the formula

U(z) = ||F(z) — F(xo) — arv||, z € M. (3.2)

To prove the lemma it is enough to show that there exists a point £ € M such that U(z) = 0. To
prove this assertion we will apply Theorem 3.1.
Obviously, the functional U is continuous and nonnegative. So, it is enough to prove that U
satisfies the Caristi-like condition (3.1).
Fix an arbitrary x € M such that U(x) > 0 and show that there exists a point ' € M \ {x} such
that
U@+ al|z— 2| <U(x). (3.3)

The definition of M implies that there exists ¢ € [0, 1] such that
F(z) = F(xo) + tarv, ||z — x| < tr. (3.4)

Since U(z) = ||F(x) — F(xo) — arv|| > 0, we have t < 1.
Put A := a—(m) It follows from the assumption (i) that cov(A|v) > & > 0. Hence, & > (a+a)/2
x

by virtue of the choice of . The definition of cov(A|v) implies that there exists a vector e € Bx(0, 1)

such that B
a—+ o

2
Since AX =Y by virtue of (ii), we have that there exists a linear operator R : Y — X such that

Ae =

.

ezR(a;av) and ARy =y. (3.5)

Since the mapping F' is differentiable, we have
Flx+&) =F(x)+ A +0(§), (€X, (3.6)

where 0 : X — Y is a continuous mapping such that there exists 6 > 0, for which the following

relation takes place ~
a—«
lo()| < =
IRI(

ol vee Bx0.9), (3.7)

Reducing 0 we obtain that
0<éd<r—tr (3.8)

Note that when we reduce 0, relation (3.7) remains true.
Consider the equation

§ = R(adv — o())
with the unknown £ € Bx(0,6). Define a mapping ® : Bx(0,6) — Bx(0,6) by the formula

®(¢) == R(adv —0(€)), €€ Bx(0,9).

This mapping is well-defined, i.e. ||[R(adv — o(£))| < ¢ for every £ € Bx(0,9), since

35 9206 (3.7)
(=

[R(adv = o(E))]| < [ladRul| + [[Ro(&) ota
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20 ama o 200 L 0706 5 ve e By(0,9).

a+a o+ a+a o+ o

Moreover, the mapping ® is compact and continuous since o(+) is continuous and the linear operator
R :Y — X has a finite-dimensional image (recall that the space Y is finite-dimensional). Thus, the
Schauder fixed-point theorem (see, for example, [11, Section 2.1]) implies that there exists a point

¢ € Bx(0,0) such that £ = ®(¢’). Therefore,
' = R(adv —o(), [l <0 (3.9)

Put
i=x+¢. (3.10)

Let us show that 2’ € M \ {z}. We have

F(z) — F(zo) = ar (t + g)y o — /|| < 'r(t + g) (3.11)

since
Fla) ™ Fle +€)'Y Fa)+ A€ +o(¢) & F@) + AR(adv — o(¢)) + o(¢) ¥

. N 5
(35 F(z) + adv D v + adv + F(x0) = arv (t + _) + F(zo);
r

(3.4) 3.10
|20 — /|| < |0 — 2| + & — 2| < tr+ [Jo — 2] *2”

(3.9) 5
tr+ &) < r(t—l—;).

J
It follows from (3.8) that the inequality ¢ + — < 1 takes place. Therefore, relation (3.11) and the
r

definition of M implies 2’ € M. Moreover, Rv # 0 by virtue of (3.5). Therefore, &' # 0 by virtue of
(3.9). So, relation (3.10) implies that =’ # x. Hence, we have 2’ € M \ {z}.
Let us prove that (3.3) holds. We have

U(x) (22 |F(z") — F(xo) — arv| (LD |[tarv + adv — arvl| :H ((r—tr) — 5)04'0” (22

(3.8) (3.4) 39)
D\ = tryav]| = 18- avl) = tare = arv] ~ llade] 2 |F() = Fzg) = arvl] - fadv] <

< 1R @) - Fa) - ar] — '] 2 V() - alle] "2 V() - alle — 2|
So, it is shown that there exists a point 2/ € M \ {z} such that relation (3.3) holds. Therefore, the
Caristi-like condition (3.1) holds for the function U.
It is shown that all the assumptions of Theorem 3.1 hold. This theorem implies that there exists
a point & € M such that U(z) = 0. The definitions of the set M and the functional U imply that
T € Bx(zg,7) and F(zg) + arv = F(z). Therefore, F(xg) + arv € F(Bx(zo,7)). O

Lemma 3.2. Given a linear bounded operator A : X — 'Y and a vector v € S, there exists a nonzero
functional X € Y™ such that

JA*A]l, < — (A, v)eov(Aly).
Here, obviously, (\,v) <0.

Proof. Put ¢ := cov(A|v). The point cv does not belong to the interior of the set ABx(0,1). Other-
wise, the inclusion (6 + ¢)v € ABx(0,1) takes place fo a sufficiently small 6 > 0, so cov(A|v) > ¢ in
contradiction to the definition of ¢. Moreover, the set ABx(0,1) C Y is convex.

By the finite-dimensional separability theorem (see, for example [4, Theorem 4.6]) there exists a
nonzero A € Y* such that (A, Az) > (A, v)c for any z € Bx(0,1). Therefore, (A*X, z) > (A, v)c for
every € Bx(0,1). So, —||A*A||« > (A, v)c. Therefore, [|A*A||l. < —(\,v)c. O
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4 Proofs of the main results
Proof of Theorem 2.1. Take an arbitrary € > 0. Consider the set

M :={z € Bx(zo, R)NM:  fo(z) < fo(zo)}.

. : : df; . =
Two cases may occur: either there exists a point x € M such that the vectors i(m), 1 =0,k
are linearly dependent or these vectors are linearly independent for every x € M. In the first case,
the point ¥ = x is the desired one (see the comments after the formulation of Theorem 2.1).
: df; . = : :
Consider the second case: the vectors i(90), 1 = 0, k are linearly independent for every x € M.

Then the Lagrange multiplier rule imply that the point z is not a point of local minimum of f,
under the constraints fi(x) = ... = fi(z) = 0 (see, for example, |9] or |5]). Thus,

fo(fL‘Q) > ’V(ZL‘Q,R) (41)

Put Y := R¥1 ¢ :=(-1,0,...,0) € Y. Define a mapping F : X — Y by the formula

F(ZL‘) = (fO(x)’fl(l‘)7afk(x))v re X

Obviously, the mapping F is differentiable and satisfies the assumption (ii) of Lemma 3.1. Indeed,
if F(x) € F(xg) + cone{v} for some = € Bx(zg, R), then by virtue of the choice of v we have

fo(x) < fo(zo) and zg, € M, where M = {&: f1(§) = ... = fr(§) = 0}. Thus, the vectors %(x),

i = 0, k are linearly independent.
Put

ag = (14 ¢)(fo(ze) — v(wo, R) R
It follows from (4.1) that ap > 0. Let us show that there exists a point T € Bx/(x¢, R) such that

F(Z) € F(xg) + cone{v} and cov ((Z—i(f)

v> < 0. (4.2)
Consider to the contrary that

Q= inf{cov <g—i(:c)

Then the assumption (i) of Lemma 3.1 holds, since ag > 0.
Put

v) . x € Bx(zo,R), F(x) € F(xo)+ cone{v}} > . (4.3)

a = (14+27"€)(fo(xo) — v(wo, R))R™.
It follows from relations (4.1) and o < oy < @ that o € (0, @). Therefore, Lemma 3.1 implies that
F(l’o) + aRv € F(Bx(l’o, R))

Therefore, there exists a point € Bx(xo, R) such that F(zo) + «Rv = F(z). Then the definition of
the vector v implies that

o) = (14 5 ) alan) = 2600, B) = i), fita) =0, i =T

So, relation (4.1) and the definition of the mapping F' imply that fo(x) < 7(zo,R) and = €
M Bx(zo, R) which contradicts the definition of . Relation (4.2) is proved.



14 A.V. Arutyunov, S.E. Zhukovskiy

oF
Applying Lemma 3.2 to the linear operator A := a—(x) and the vector v = (—1,0,...,0) we
x
obtain that there exists a vector A € Y* such that ||A|| =1 and
v). (4.4)

) Yoot

oL .
This inequality and the equality a—(x, A) = ( ) A, imply that
T

The definition of ap and the strict inequality in (4.2) imply (2.1). The inclusion (4.2) implies that
fo(Z) < fo(xp). Inequality (4.4) and the relation A*\ # 0 imply that Ay > 0. So, the vectors  and A
are the desired ones. O

Proof of Theorem 2.2. Put

< —(\ ) COV(%—];(?)

*

OF
5 &)

LR -

X

= Inf = 1.
70 = Inf fo(z), ¢

Take an arbitrary sequence z{ C M such that fo(zy) — 7. Applying Theorem 2.1 at the point
zo = z as R = 1 we obtain that there exist sequences {z"} C M and {\"} C R¥*! such that

|A™]| = 1 for every n, fo(z™) < fo(zf) for every n and
2", A <2fo($o)—7(%aR) <2f0($o)—70 50
- R - R
as n — oo. The constructed sequences {z"} C M and {\"} C RF*! are the desired ones. O
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