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1 Introduction

This survey is a continuation of [32] where a general and unified approach to trigonometric ap-
proximation in L,-spaces with 0 < p < oo has been presented. Based on the earlier papers
[19, 28, 29, 30, 31, 33| we established a general convergence theorem and determined the ranges of
convergence for approximation (summation) methods generated by classical kernels. The aim of this
second part is twofold. On the one-hand we shall deal with the equivalence of approximation errors
for families of linear polynomial operators and Fourier means in terms of generalized K-functionals
and adapted moduli of smoothness. Here we follow our earlier papers |2, 3, 20, 23, 24, 34, 35, 36]. On
the other-hand we shall use these results in order to give characterizations of periodic Besov spaces
B, q(Td) in terms of approximation processes, generalized K-functionals and #-moduli of smoothness,
where the focus lies on the case 0 < p < 1. Some of these results have been already announced in
[4].

The paper is organized as follows. In Section 2 we introduce families of linear polynomial opera-
tors, Fourier means and interpolation (sampling) means and recall the general convergence theorem.
Section 3 is concerned with K-functionals associated with general differential operators generated
by homogeneous functions. We establish a Bernstein-type inequality (Theorem 3.2) and deal with
the equivalence of approximation errors and appropriate K-functionals in L,-spaces, 0 < p < oo
(Theorems 3.3, 3.4). Periodic Besov (Nikol’skii, Holder-Zygmund) spaces B; (T¢) are considered in
Section 4 for the range of parameters 0 < p < o0, 0 < g < 00, 0 < s < co. We rely both on the
classical definition by means of differences and related moduli of smoothness and the Fourier-analytic
approach as decomposition spaces. We describe their interrelation (Proposition 4.1) and give charac-
terizations as approximation spaces as well as by means of generalized K-functionals (Propositions
4.2, 4.3). Section 5 is devoted to the characterization of Besov spaces via constructive approximation
processes. We present general results based on Sections 3 and 4 (Theorems 5.1, 5.2, 5.3). Applica-
tions to summation methods associated with de la Vallée-Poussin and Riesz kernels are presented
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in Subsections 5.2 and 5.3. The results collected in Sections 4 and 5 are covered as special cases
in the more general approach within the framework of spaces with generalized smoothness given in
[5]. We shall sketch the proofs for better understanding and reading. The final Section 6 deals with
various types of moduli of smoothness, their equivalence with generalized K-functionals and, as a
consequence, with related characterizations of periodic Besov spaces by means of various 6-moduli
of smoothness (Theorems 6.1, 6.2, Corollary 6.1 as well as Subsections 6.2, 6.3 and 6.4).

2 Preliminaries

2.1 Notations

Unimportant positive constants are denoted by ¢ (sometimes with subscripts). The relation A(f, o) <

~

B(f, o) means that there exists a positive constant ¢ that does not depend on f and o such that
A(f,0) < ¢B(f,0). We shall write A(f,0) < B(f,0) if A(f,0) < B(f,0) < A(f,0). Symbols
N,Z ,R,C denote the sets of natural numbers, integers, real and complex numbers, respectively.
Furthermore, Ny = N U {0} and a; = max(0,a) for a € R. We denote by L,(T%), where d €
N, 0 < p < oo, the space of Lebesgue-measurable functions on the d-dimensional torus T? = [0, 27 )4
equipped with the finite norm (quasi-norm if 0 <p < 1)

1/p

1l = / f@Pde| < oo. 2.1)

In the case p = oo we always consider the space C(T¢) of continuous functions equipped with the
norm

[/l = sup [f(z)| < oo (2.2)

z€ Td

As usual, L,(R?) stands for the Lebesgue space on the euclidean d-space R?. Henceforth we put
p = min(1, p) and the triangle inequality can be written for all 0 < p < oo in the form

1f + gl < ILFIE+ g2

By S(RY) and S'(R%) we denote the Schwartz space of infinitely differentiable rapidly decreasing
functions and its dual space of tempered distributions, respectively. Further, Cg°(R9) stands for the
set of all infinitely differentiable functions with compact support. The Fourier transform F' and its
inverse F'~! are continuous bijective linear mappings of S(R?) and S'(R?) onto itself. If f € L;(R?)
then they are given by

d
Ff) = /f(x)emidx, EER xt =) w5,
Rd Jj=1

and

) = @n) ! [ 1O = (2m) Ff(-0), 2 € R

respectively.
By D'(T?) we denote the space of periodic distributions and by f"(v), v € Z¢, the Fourier
coefficients of f € D'(T?). If f € L;(T¢) then

W) = (2n) / @) e dr, vezd
']Td
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Let 0 € R, 0 > 0. We denote by

To = {g: glx)= Z c, e ¢, eC, c_, = [

v|<o
d
(v = ]; v?) the space of all trigonometric polynomials of (spherical) degree less than o. Let us
put T = |J 7, for the space of all trigonometric polynomials. If f € L,(T¢), 0 < p < oo, and o > 0
then 7
Eo(f)p = mf{|[f —gllp: 9 €T} (2:3)

stands for its best approximation in L,(T¢) by trigonometric polynomials belonging to 7.

2.2 Approximation methods

We say that a complex-valued continuous function defined on R¢ belongs to the class K if:

(i) it has compact support, i. e.

(@) := sup{l¢| : (§) #0} < oo,

(i) o(=£) = (&), £ €RY,
(iii) its Fourier transform belongs to L;(R¢) and ¢(0) = 1.

The kernels associated with ¢ € K are defined as

W (y) = Z ") (%) e, neN, yeT?. (2.4)

vezZd

The Fourier means (or convolution means) generated by ¢ € K are defined as

Mif) = o) [ F) Wit - ) dy 25)
Td
if fe€ L,(T%), 1<p< oo, and
M f(x) = {f, Wiz =) (2.6)
if f € D'(T). Note that (2.5) and (2.6) can be reformulated as
MEf(z) = Zg@(%) fAv)e™™, neN, zeT¢. (2.7)
vezd

This shows that M¢ f is a trigonometric polynomial of order less than nr(p). Clearly, the sequence
of operators (M), cn forms an approximate identity.

A function ¢ € K also generates the family of linear polynomial operators {L£¢},cn given by

Lof(x, ) = @N+1)4Y " fHth + N WEe —th —\) . (2.8)
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Here (z, A) € T* x T, N = [rn] (r > r(p)), and

9k 2N 2N 2N

ko d _

tN—2N+1(kEZ), E = E E )
k=0 k1=0  k4=0

These families have been systematically studied in [19, 20, 21, 22, 23, 24, 34] and further papers
of the authors. The approximation error of f — £ f is measured in the space L,(T? x T%), equipped

with the quasi-norm
1/p

lolls = (@) { [ gt N x
Td

modification by sup ... if p = c0).
y p
AeTd
Moreover, we consider the sampling operators S¥ defined on C(T?) as

Sgf(x) = @N+1)74) " f(th) Wz —1th), neN. (2.9)
k=0

Let us recall that
If — L2f|lz — 0 if and only if Fip € Lz(R?) (p = min(p, 1))
(see [19, Theorem 4.1]). Under these assumptions (2.8) makes sense for almost all (x, A) and LZ f(-, A)

is a trigonometric polynomial of degree less than () n for almost all A € T?. Furthermore, if ¢ € K
then we have the equivalences

If = Mifll, < [If = L5 flly neN, (2.10)
for all f € L,(T?), 1 <p < oo, as well as
1f =S5 flle < IIf = MEfllo, n €N, (2.11)

for all f € C(T?). These are proved in [19, Theorem 4.1| and |28, Theorem 6.

3 Generalized K-functionals

Let a > 0 be a real number. We denote by H, the class of all complex-valued continuous functions
1) defined on R? satisfying the conditions:

(i) ¢ is infinitely differentiable on R?\ {0} and () # 0 on R\ {0},
(i) $(€) = (=€) for € € R*\ {0},

(iii) + is homogeneous of degree a, i. e. ¥(t§) = t*4(€) for all t > 0 and £ € R?\ {0}.
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If v € H, then we define an associated (differential) operator ¢)(D) on the space of all trigono-
metric polynomials 7 as

(D) g)(x) = Y dW)g" ()™, zeT (3.1)
vezd
The generalized K-functional related to (D), ¥ € H,, is defined on L,(T?), 0 < p < oo, as
Ky(f, 1)y = gér%/t(‘|f_g|‘p+ta [©(D)gllp), t>0. (3.2)

Let us also introduce the functional
Ky(f t)y = mf{|f =gl +¢* lv(D)gll - geT}, 0<t<1, (3.3)
for f € L,(T?%) if 1 < p < co. The following equivalence is proved in |23, Theorem 4.21].

Theorem 3.1. Let ¢y € H, for some a >0 and let 1 < p < oco. Then
Ky(f, 1)y < Ky(fit)y, 0<t <1, fe L, (T. (3.4)

Remark 1. The definition (3.2) goes back to [11], where the equivalence of functionals (3.2) related
to 1(D)g = g (k-th derivative) and the moduli of smoothness of order & has been proved on
L,(T), 0 < p < co. Note that in contrast to the functional K defined in (3.3) it makes sense on
L,(T?%), 0 < p < co. The functional K, is also called polynomial K -functional or realization of the
functional K, because of the above theorem.

Obviously, (K¢( f, n_l)p) is a monotonically decreasing sequence and

neN
Eo(f)p < Kp(fin™)p [ € Ly(TY), 0<p<oo, neN (3.5)
Moreover the following properties are of peculiar interest.

Theorem 3.2. Let 0 < p < oo and let ¢ € H,, for some a > 0.
(1) The following inequality

Ku(f, 6t)y S 8°T 10 Ky (f, 1), (3.6)
holds for all 0 < t,6 <1 and f € L,(T%).
(2)  Let 0 <r <min(l, p). Then
1/r

Ey(f.t), St > n 'E(f) (3.7)

1<n<1/t
for all0 <t <1 and f € L,(T?).

For a proof of (3.6) see |23, Theorem 4.22|. The Bernstein-type inequality (3.7) is proved in |23,
Theorem 4.26].

To formulate the main results we need some further notation. Let v and w be continuous

(¢;m)
functions on R%. Let 0 < g < oo and let n € C5°(RY). In the sequel we shall write v(-) 4 w(-), if

F[(nv)/w] belongs to L,(R?). The notation v(-) () w(+) indicates equivalence which means that

(a,m) (a,m)
() 7 w(-) and w(+) B v(+) simultaneously.
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Theorem 3.3. (|20, Theorem 4.1]) Let 0 < p < 00, ¢ € K, Fp € Lz(R?) and let ¢ € H, for some
(B n)
a>0.If1—p() = Y(-) for some n € C§°(RY) satisfying n(¢) = 1 in a neighborhood of zero then

If = Lifllp S Ky(fin™h), (3.8)
for all n € N and f € L,(T%).

Theorem 3.4. (|20, Theorem 5.1]) Let 0 < p < 0o, ¢ € K such that r(p) < 1 and Fp € Lz(R?).
Let ¢ € H, for some a > 0. Let n € C°(R?) and x € C5°(R?) such that (&) =1 for || < o < 1/2,

\() = 1for 20 < J¢| < 1, and (&) + x(€) = 1 for |¢] < 1. () <’ 1— () and if there exists

m € N such that (¢(-))™ (p—7<X) 1 — p(-) then

Ko(f,n )y S W= L3Sl (3.9)
for all n € N and f € L,(T%).

Remark 2. In view of equivalences (2.10) and (2.11) under the assumptions of the above theorems
(with p = 1) we can replace || f — LZf]|z in (3.8) and (3.9) by ||f — MZf]l, if 1 < oo as well as
If — S?f|lw if p = 0o. Recall that f € C(T?) if p = co.

4 Besov spaces

The nowadays classical Besov spaces B; = of functions defined on the Euclidean d-dimensional space
R? or the d-dimensional torus T¢ represent scales of spaces which are appropriate to measure the
smoothness of functions. The spaces have been introduced and investigated by O.V. Besov in [6] for
the range of parameters s > 0, 1 < p < oo and 1 < ¢ < oo. In the particular case ¢ = oo their
definition is due to S.M. Nikol’skii [17]. The case p = ¢ = oo corresponds to the scale of Holder-
Zygmund spaces. Let us also mention that the spaces B, ) for 1 < p < oo have been introduced
in connection with boundary values of functions defined on domains by N. Aronszajn [1|, L.N.
Slobodeckij [46] and E. Gagliardo [13|. Besov spaces have found various applications, for example,
in PDE’s, in approximation theory, in computational mathematics as well as in stochastic processes.
The aim of this section is to describe the definition via moduli of smoothness as well as the Fourier-
analytic approach. For later use we give characterizatioins as approximaten spaces and by means of
generalized K-functionals.

4.1 The approach by differences
Let f € L,(T%), 0 < p < oo and let k € N. Then

(A%1) (@ Z (5) s (4.)

(r € T¢, h € T%). We have

(ALf) (2) = flz+h) = f(z) and (AFFS) (2) = A} (ALf) (2), k€N
The modulus of continuity of order k of f € L,(T¢) is defined as

wlf, )y = sup |ALfll,, >0, (4.2)

|h|<t
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Definition 1. Let 0 < p < 00, 0 < ¢ < 00, s > 0 and let k € N such that £ > s. The space B;vq(’]l‘d)
consists of all functions f € L,(T%) such that

1 1/q
s —s dt
9Bl = 7ot | [ £ nr 035 (4.3
0
is finite if ¢ < oo and
718 ol = 71+ sup (. 1) (4.4
0<t<1

is finite if ¢ = oo

Remark 3. The spaces are independent of the number k, meaning that different values of £ > s
in (4.3) and (4.4) result in equivalent quasi-norms. Henceforth we shall write ||f|B; || in place
of || fIBS,llx. The spaces B; (T?) are quasi-Banach spaces (Banach spaces if min(p, ¢) > 1).

R
0<t<d
0 < 6 < oo (equivalent definitions and quasi-norms). The definition goes back to S.M. Nikol’skii

[17] if ¢ = 00, 1 < p < oo and to O.V. Besov [6] if 1 < ¢ < 00, 1 < p < oo. As for the
extension to 0 < p < 1 and 0 < ¢ < oo and the corresponding proofs we refer to |8, Chapter 2,
Section 10, Theorem 10.1]. Note that (4.3) is finite for each f € L,(T¢) if s is negative. Thus the
restriction to s > 0 is natural (apart from the limiting case s = 0 in (4.3)). Moreover, we have
BY) o(T%) = L,(T%) (= C(T?) if p = o0). Hence the limiting case s = 0 is of interest if ¢ < oo, only.
The spaces BY  (T?) have been considered in [7].

5
The integral in (4.3) can be replaced by [...% the supremum in (4.4) by sup ..., where
0

4.2 The Fourier-analytical approach
We follow [41, Chapter 3]. Let xo € S(R?) be such that

DN | —

suppxo C {€ €R? : |¢] <1} and xo(€) = 1if [¢] <

For each 7 € N we put ' 4
Xi(€) = x0(277€) — xo(2771E) .
Then

Y oxi€) =1, ¢eRr?
j=0

and {x;}en, is called a smooth dyadic decomposition of unity.
Given f € D'(T%) we define

0G(D) A) = Y xiw) )™, jeNy, zeT

vezZd

Definition 2. Let s € R, 0 < p < o0, 0 < ¢ < o0, and let {x;},en, be a smooth dyadic decomposi-
tion of unity. The space Bj (T%) is the collection of all distributions f € D’(T?) such that

o

1/q
1f1Bpqllx = <Z2”q IIXj(D)fHZ) < o0 (4.5)

Jj=0
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if ¢ < 0o and
118y, ol = sup 27 [[x;(D) fll, < oo (4.6)

J€Ng

if g =00

Remark 4. The spaces B; (T?) are quasi-Banach spaces (Banach spaces if min(p, ¢) > 1). The
definition is independent of the choice of y( in the sense of equivalent quasi-norms. Henceforth we
shall write || f|B; || in place of || f|B; |-

Proposition 4.1. Let 0 <p < oo, 0 <qg< oo, and s €R, s> d(% —1),. Then
s d o s d
B (T% = B, (TY . (4.7)

A proof can be found in |52, Theorem 2.5.12] in the non-periodic case (spaces on RY). As far as
the periodic case is concerned we refer to [41, Remark 3.5.4/4]. See also [41, Corollary 3.7.1] and
Proposition 4.2 below.

Remark 5. If 0 <p <1 and s > d(% — 1) then
B (T C Li(T?) C L,(T%

forallg, 0<g<oo. If0<p<lands< d(% — 1) then the periodic Delta-distribution belongs to
Bs (T%) (cf. [41, Remark 3.5.1/3] and [43, Remark 9]). Hence

1
s d s dy :
Byo(T) # By, (1) if s <d(> 1)

In the limiting case s = d(% — 1), we have that
B; (T C Ly(T?)

ifandonlyif 0<p<land0<g<lorl<p<ooandO0 < qg<min(p, 2) (see [45, Theorem 3.3.2]
for a proof in the non-periodic case).

The question about the diversity of spaces B; , and B; , attracted some attention. The necessity
of the assumption s > d(— — 1) in the case 0 < » "< 1 has been proved in [42, Corollary 3.10] in the
non-periodic case. We refer also to the investigations in [15] within a more general framework.

4.3 Besov spaces as approximation spaces

Definition 3. Let 0 < p < o0, 0 < ¢ < o0, and let s > 0. The approximation space Ag’q(Td)
consists of all functions f € L,(T%) such that

o 1/q
1A Il = [1f1lp + (Znsq_lEn(f)Z> < o0 (4.8)
n=1
if 0 < g < oo and
1145, 0]l = ||f||p+Sleer>n5En(f)p < o0 (4.9)

if =00



26 S. Artamonov, K.V. Runovski, H.-J. Schmeisser

Remark 6. By standard arguments using the monotonicty of best approximation we obtain the
equivalences

S T E(f)L <Y 299 By (f)1 (4.10)
n=1 7=0
and ‘
supn® En(f), =< sup 2% Ey(f), (4.11)
neN J€eNo

for all admitted parameters 0 < p < oo, 0 < g < oo, and s > 0.
Lemma 4.1. Let 0 <p <1, 0<g<oo, s>d(; —1). If f € A; (T?) then f € L (T7).

Proof. Because of
s+e (rnd s d s d
Apjgo(ﬂ‘ ) = A (T) — AJ (T

we may assume ¢ < oo without loss of generality. We may choose trigonometric polynomials g; € 75;
such that ||f — g;ll, < 2FEu(f),- Then lim g; = f in L,(T?%). By Nikol'skij’s inequality for
j—oo

trigonometric polynomials (see, for example, [41, Theorem 3.3.2 and Remark 3.3.2/2]) we get

o
lgis1 — gilh S 267 g — g5l -

Therefore, in view of s > d(% — 1) we obtain

. - —(s—d(2-1))j osj
dollgin —gilh S Y 27T 29 g5 — g5,
=0 =0

sj o 8jq 4q Va

< .SUNPQ | gjis1—gillp S <Z2 EQj(f)p) =00
Jj€Ng j=
7=0

Hence, (g;); is a Cauchy sequence in L;(T?) < L,(T¢) and, consequently, f € L;(T?). O
Proposition 4.2. Let 0 <p < oo, 0 < q < o0, and let s > 0. Then
AS (T = B (T . (4.12)

A proof in the case 0 < p < 00, 0 < ¢ < oo and s > d(}lJ — 1) based on Proposition 4.1 can be
found in [41, Corollary 3.7.1|. The general case follows from the Jackson-type estimate

Ey(fly S wilf, 27), (4.13)

(see [18, formula (5.2.1)] or [8, Chapter 7, Theorem 2.3] (d = 1) and [52, Proposition 2.5.12] if
1 <p<ooaswell as [16] (d = k = 1), |48] and [22, Theorem 3.3] if 0 < p < 1.) as well as the
Bernstein-type inequality

o 1/r

w(f, 277), S 278 Do nt T E(f), : (4.14)

n=1

r < min(p, 1) (|16, Theorem 2] if 0 < p < 1 and, for example, |8, Chapter 7, Theorem 3.1] if p > 1)
by standard arguments.

Remark 7. Proposition 4.2 provides an alternative proof of the independence of Definition 1 of the
number k, k > s, as well as the equivalence of quasi-norms || - [B; ||, for different values of k& > s.
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We can give a further equivalent characterization of B , (T?) using directional moduli of smooth-
ness. Let e;, 7 = 1,...,d, be the unit vector in the direction of the j-th coordinate. We introduce
the moduli of smoothness

WO (f, )y = sup AL Fll,, (4.15)

Ihl<t

where

(A% ) i( ) V¥ f(a + hey)

=0

(z €T heR, je{l,...,d}).

Corollary 4.1. Let 0 <p<o0o, 0<qg< o0, s>0andletk € N, k> s. Then IB%ISW(’JI‘d) consists of
all functions f € L,(T?) such that

d
118311 = IIpr+Z / ] <o (416

standard modification if ¢ = oo). Moreover, B ||% is an equivalent quasi-norm in B (T?) for
pqllk Pyq
all k > s.

Proof. Clearly, ||fB; |5 S |l fB5 ,llx- The converse estimate follows from the Jackson-type estimate

d
» S > w(f,n ), (meN) (4.17)

proved in [12, formula 2.14]. O

Let us mention that Proposition 4.2 and Corollary 4.1 are can be found in [5] as special cases.

4.4 Characterization by generalized K-functionals

Definition 4. Let 0 < p < 00, 0 < ¢ < 00, s > 0, and let ) € H, (a > 0) such that « > s. The
space K& (T?) consists of all functions f € L,(T?) such that

s 1/q
LIRS 1 = 11fll, + (Znsq_1K¢(f7 n_l)?,) < o0 (4.18)
n=1
if 0 < ¢ < oo and
LA 1K ool = HprJrslélNgnsKw(f, n")y < o0 (4.19)

if =00

Remark 8. By the properties of ICy, we have the following analogue of (4.10) and (4.11). Let
Y EHL (a>0), 0<p<oo, 0<qg<oo,and let s > 0. Then

Znsq—l K¢(f, n—l)g — Z2qu Kw(f’ 2_])2 (420)
n=1 j=0

(modification if ¢ = 00).
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Proposition 4.3. Let 0 < p < oo, 0 < q < oo, and let s > 0. Then
Ks (T?) = B (T%). (4.21)

Moreover, || - |Ks |I¥, where ¢ € Mo for some a > s is an equivalent quasi-norm in By (T?) and

As (T9).

Proof. Let ¢ € H, for some o > s. In view of Proposition 4.2, Remark 8, and (3.5) it suffices to
prove that

D 2K (f,270)8 S ) 29 Ey(f)8 (4.22)
=0 =0
for f € IB;q(Td) (modification if ¢ = 00). In order to prove (4.22) we use the Bernstein-type inequality
o 1/r
Ky(f,27), < 27D n ' Elf) (4.23)
n=1

(r < min(p, 1)) which follows from (3.7). This is the counterpart of (4.14). The right-hand side of
(4.23) can be estimated by

Zfaj <Z Z narfl En(f>;>

1/r

v=0 n=2%

1/r

jfl 21/+1
S 9—aj (Z 2a(V+l)r E2V(f); 9V Z 1)

v=0 n=2"

-1 1/r
< 27 (Z 20T EQU(f);;> . (4.24)

v=0

Choosing 7 such that u = £ > 1 and using Hélder’s inequality with % + % = 1 we obtain

j—1 a/r j—1 ufu' g
(Z 20T o) (f);) < <Z 9evru ) Z 2(a—€)uf1 Es (f)g
v=0 v=0 v=0

7j—1

<291y "ol By ()1 (4.25)

v=0
for ¢ > 0. Combining (4.14), (4.24) and (4.25) we see that
00 00 7—1
ZQqu Ky(f, Q*j)g < ZQ(S*aJrE)J'q ZQ(Q*E)W E2V<f)g
=0 §=0 v=0

j=

- Z ola—elva p (f)2 Z o(s—ate)jq _ Z o(k—e)vq By (f)" Z o(s—ate)(j+v)q
=0 j=v =0 =0

<Y 2V Ey(f)!
v=0

if « —s > ¢ > 0. Together with Remark 6 and Remark 8 this proves the lower estimate

ARG 17 1A 1 -
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Remark 9. Proposition 4.3 is contained in [5| as a special case. By our knowledge the statement
is new, in particular in the case 0 < p < 1, where classical K-functionals do not make sense. For
convenience of the reader we have given details of the proof modifying the arguments of the proof of
Proposition 4.2.

Proposition 4.2 and Proposition 4.3 show that the spaces K;,q(']l‘d) are independent of the choice
of v € H,, where a > s in the sense of equivalent quasi-norms. According to Proposition 4.1,
Proposition 4.2, Proposition 4.3 and Remark 5 we have

B (T =B (T%) = AS (T?) =K (T%)
if s > d(% —1); and
s d s d s d s d
B, o(T%) = A; ((T%) = K} (T%) # By 4(T%)
fo<p<l 0<s< d(% — 1) (see the figure below). Note that
Ing(']I‘d) - Aqu(']l‘d) - Kqu(Td)

if 0 <p<ooand 0 < qg<oo (see also the comment in Remark 3).

1
P

Remark 10. By similar arguments as in the proof of (4.10) and (4.20), respectively, we can show

that
1

dt\1/a
510 = e+ ([ oo kath 03 ) (4.26)

0
for v € Hy, 0 <p <00, 0<qg<o0,and 0 < s <« (modification if ¢ = 00).

Remark 11. It follows from (3.4) and (4.26) that

1

dt) e (4.27)

951" = e+ ([ ookt g G

Pt
0

for € Ha, 1 <p <00, 0<q< 00, and 0 < s < a (modification if ¢ = co). In this case K& (T)
turns out to be a real interpolation space. Namely, let us define the space X;,*(']I‘d) as the collection
of all functions f € L,(T¢) (f € C(T?) if p = oc) such that

V(D) f(z) = D o) [ ()™ € Ly(T?)

veZd
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(for details and interpretation see |33, Section 3|). The space is equipped with the norm
[fllxe = 1A+ 1o(D)fllp, 1<p<oo.
Note that according to [33, Theorems 4.1 and 4.2] we have
XY (T = HXNTY) if 1<p<oo,
where H(T?) stands for the periodic (fractional) Sobolev space (cf. [41, Subsection 3.5.4]), and
BY (T4 — XY(T?) < BY (T
if 1 <p < oo. We introduce the functional
Kt £, Ly, X2) = inf{f — gl + tlgllyy © g€ XP(T} (.29
Then it follows from (4.27) that

1

d
71 = 1151+ ( / CRK( Ly X ) (120

using the density of 7 in Lp(Td) 1<p<oo(in C’(']I‘d) if p = 00). Equivalence (4.29) implies
= (Ly(T?), XJ( Td)) g (4.30)

(Y € Hay 0 <s<a, 1 <p<ooand < qg < oo), where the right-hand side stands for the real
interpolation space in the sense of [52, Definition 2.4.1].

5 Constructive approximation

5.1 General results

Theorem 5.1. (Inverse results) Let 0 < p,q < 0o, s > 0 and ¢ € K, where Fo € L,(R?) if
0 <p < 1. Then the following statements hold.

(i) If f € L,(TY) and
S f = LEFIE < oo (5.1)

n=1

(standard modification if ¢ = 00), then f € IB%;q(']I‘d) and
B S 1 F 1+ (30w - o) 5:2)
n=1
(i) If f € Ly(T?) for 1<p<oo or fe€L,(TH)ND (T for 0<p<1 and
Sont I - MEf < o0 53
n=1
(standard modification, for ¢ = 00), then f € BS (T?%) and

> 1/q
LB S 10+ (S mer iy = mgpye) ™ (54)
n=1
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Proof. Taking into account that
By < If = LEfllp, f € Ly(TY), neN,

we immediately deduce the conclusion of part (i) from Proposition 4.2. Combining Proposition 4.2
and the estimate

Erom(f)p < If = MESfl,, n €N,

where f € L,(T%), 1 <p<ocor fe€ L,(TY)ND'(T? if 0 <p < 1 we obtain the conclusion of
part (ii). O

Theorem 5.2. (Direct results) Let 0 < p,q < 0o, s > 0 and let ¢ € K where Fp € L,(R?) if

)
0 < p < 1. Suppose there exists p € H, (v > 0) such that 1 — o(+) = Y(-) for some function

n € C°(R?) satisfying n(&) = 1 in a neighborhood of 0. If 0 < s < a and f € B (T?) then

o 1/q
11l + (Znsql\\f—ﬁi‘{f\ﬂ) S By, (5.5)

n=1
(standard modification if ¢ = 00).
Proof. Estimate (5.5) is a corollary of Proposition 4.3 and Theorem 3.3. ]

Theorem 5.3. (Direct result) Let 0 <p <1, 0 < g <oo. Let p € K and ) € H, be as in Theorem
5.2. If 0 < s < a, then

0 1/q
11l + (Znsql ||f—M2‘§fHZ> S 1By gll (5.6)

for all f € By (T%) N L,(T?) (standard modification if ¢ = c0).

Proof. By standard arguments and s > 0 we obtain the estimate

Son S - MifI S D2 sup MEF — MEFIF 57)
n=1 §=0 n=27,..,27+1

(see also [38, formula (4.6)] for similar arguments). We put

0r€) = 9€) = p(r8), 5 <T<1 EERL,

Then (5.7) implies

Znsq HIf = MEFIE S D 299 sup (5.8)

]_0 1/2<7<1

)29723 ) A (w) e

Note that o,(0) = 0 and supp o, C {£: €] < 27(¢)}. Let {x¢}32, be a smooth dyadic decomposition
of unity as defined in Subsection 4.2. Recall that

Xe = x(27%)  with  x(&) = x0(£) — x0(2¢), (€N

By definition
supp x(27°(§)-) € {€: 277 <€ <2}
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If |[v] > 1 we have that > x(27%) =1 and
=1

97(27]'1/) = ZQT(27J.V) ZQT 2 Ty )

for some L € N. We put

= ) @ v x@ ) () e, LeN

vezd

By the homogeneity of 1) we obtain

Z Q‘r 2 iy f/\ wx
vezd
<y

Z Z 2 (4+7) )f/\(l/) e

veZd b=—j+1

T 2 - j N W
Z (2~ (Z+Jy e (HJ)V)X( (t+9) v) [i(v)e

l=—j+1 |lvezd
L rN 1/7
(5 =[5 e
l=—7+1 vezZd

for r < min(1, p, ¢). This leads to the estimate

L
H Z QT 2 j f/\ ) T S Z 2a€r

veZd l=—j+1 ueZd

Z QT fe+j( v)e '

p

Note that fy,; is a trigonometric polynomial of order less than 2% < 2L%7 and that
Z QT 7,1/:(:
VEZd

is a trigonometric polynomial of order less than 277! r(¢). According to the Fourier multiplier theorem
[41, pp. 150/151] or |26, Theorem 3.2| we can estimate

QT (3%
(D= fzﬂ( )| S el
p
vezd
Here we used that
sup F[&] = (C<x (5.10)
1/2<r<1 Y 1y

(see [5, formula (4.33)]). Together with (5.8) and (5.9) we arrive at

0o L

S - Merl £ 2 (3 2 )" (5.11)
n=1

§=0 l=—j+1
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Setting fy =0if £ =0, —1, —2, ... and using s < « estimate (5.11) implies

[e%S) L o0

B s\ (0t r/qy 4/
Sowrt = Mefls s (30 20 (S 2 flg) )
n=1 j=0

f=—0c0
S D290 D @) x(27w) P w) e IE (5.12)
Jj=1 vezd

We put X1 = xo + x(5) and
X5 = X7 +x(277) + X277

if j =2, 3, ... . Taking into account that F[¢ x| € L,(R?) and applying again the multiplier theorem
[41, pp. 150-151] or |26, Theorem 3.2| we see that

| 32w reye| = | Xl %) () e

vezd veZd P
< H > ) () e
vezZd P
Inserting this estimate into (5.12) yields (5.6) and proves the theorem. O

For variants of Theorem 5.3 we refer also to [38], [39] and to [40] (non-periodic one-dimensional
case). The following corollary is a consequence of Theorems 5.1, 5.2, 5.3, Proposition 4.1 as well as
the equivalences (2.10) and (2.11).

Corollary 5.1. Let 0 < p < o0, 0 < g < o0 and let p € K be as in Theorem 5.2. Then the following
statements hold.

(1) If0 < s < « then

fE€B; (T < f€L,(T% and insqll\f — LY f|IZ < oo. (5.13)

n=1

(2) If1 <p<o0and 0 < s < « then

fEB)(TY) = feLy(T) and Y n*7'||f - MEF|§ < oo. (5.14)
n=1

(3) If0 < s < « then
feBL (T < feC(T) and Znsq’ll\f — S?f||%, < oo. (5.15)
n=1

(4) [f0<p<1andd(%—1)<s<athen

fEB) (T = feL(T)ND(T%) and > n* | f — MEfIIS < oc. (5.16)
n=1
(Standard modification if ¢ = oo, C(T?) in place of L,(T?) if p=00).

Note that generalizations of Theorems 5.1, 5.2, 5.3 and Corollary 5.1 to Besov spaces with gen-
eralized smoothness are given in [5].
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5.2 Means and families of de la Vallée-Poussin type

Let ¢ € K be a function for which ¢(£) = 1 for &, satisfying the inequality || < ¢ < r(p) for some
0> 0.

Theorem 5.4. Let 0 < p < 00, 0 < q < 0o and let ¢ € K with Fo € Lz(R%). If ¢ has the above
property then the statements of Corollary 5.1 hold true with a = oo.

(@:m)
This follows from the fact that the condition (1 — @) = 1 in Theorem 5.2 and Theorem 5.3 is
satisfied for all ) € H,, where « is an arbitrary positive number. Alternatively, (5.13), (5.14) and
(5.15) follow from the equivalence

Enr(so)( ) Hf ,C‘Ppr ~ n(f)p , neN

(see |25, Theorem 1] for the upper estimate), Proposition 4.2 as well as the equivalences (2.10)
and (2.11). As far as (5.16) is concerned we refer also to [38, Theorem 7|. Let us mention that
Fo e L,(RY), 0<p<1,if p € BY (R?) where » > d(— — 1) (cf. [52, Remark 1.5.2/1]).

Classical de la Vallée-Poussin means and families are generated by the function

o, <l
e =< 2—1&] , 1<[E]<2 . (5.17)
0 , €] > 2

In this case we have Fp € L,(R) if and only if p > 1.

Corollary 5.2. Let % <p<ooand0 < q< oo Ifpisdefined by (5.17) then the statements of
Corollary 5.1 hold with d =1 and a = 0o

5.3 Riesz means and families

Riesz means and families with indices c, § > 0 in the d-dimensional case are generated by ¢, 5(¢) =
(1—]€|*)5, € e RY. We define

2d/(d+26+1) , f20,acE
pos — 4 20/[d+26+1) . 0<F<a+(d—1)/2a¢E (5.18)
d/<d+a) ) 6204 ( _1)/27@¢E

Here E is the set of all even natural numbers. Let 5 > (d —1)/2. It is shown in [31, Theorem 2.1]
that

(i) Foap € Ly(RY) if and only if  pas < p < oo,

.. ) .
(H) 1- Pa,g = w for w(f) = |§’a if Pa,g <P < o0.

Obviously, pag < 1if @ >0 and 8 > %

Theorem 5.5. Let 0 < g < oo, a>0 and let 3 > %, where po 5 is defined by (5.18).

(1) If pap <p <00 and 0 <s <« then (5.13) holds with ¢, p in place of ¢.
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(2) If1<p<ooand0<s <« then (5.14) holds with ¢, s in place of .
(3) If 0 < s < « then (5.15) holds with @, 5 in place of .
(4) If pap<p<1and d(]l) —1); < s < a then it holds (5.16) with .5 in place of .

Again the theorem is a consequence of Corollary 5.1 and the above properties of ¢, 5. If a = 2
the theorem refers to Bochner-Riesz means and families. The case d = a = § = 1 corresponds to
classical Fejér means and families.

A statement with respect to part (4) of the theorem can be found in [39, Theorem 7, part (i)].
Note that the result in [39] is not correct in the case > a + %1 if « is not an even number (see
also the comments in [31, page 135]).

6 Generalized moduli of smoothness

Analyzing different moduli of smoothness we observe their equivalence with functionals K defined
and investigated in Subsection 4.4 for appropriate homogeneous functions ¢ € H, and operators
(D), respectively. According to Proposition 4.3 this immediately leads to characterizations of
Besov spaces IB%;q(']I'd) with 0 < s < @ and 0 < ¢ < 0o under certain restrictions with respect to the
parameter p. We present a general result based on papers [34] (case d = 1) and [24] (case d > 1).
Finally we give a list of examples covering also known results.

6.1 6#-moduli - general results

We say that a function 6 : RY — C which is continuous and 27-periodic with respect to each variable
belongs to the class G if

9(_5) = 9(5), geRd

0(0) =0, 6§ # 0 if 0< ¢ <2m,

0"0) = -1 and Y [0"(v)| < 0.
vezd

Following [34] and [24] we define the f-modulus of smoothness of f € L,(T?), 0 < p < oo by

wolfit)y = sup [AY fl,, >0, (6.1)
0<h<t
where
A @) = Y 0Nw) fla+hv) (6.2)
vezd

is the f-difference. The modulus (6.1) is well-defined in L,(T?) if

0, = (S0 F)" < (6.3

vezd
and then we have
wo(f, By < 10™e; 11l - (6.4)
Obviously, wy(f, -), is an increasing function on [0, co) and it holds wy(f, 0), = 0. In the multi-

variate case (d > 1) the classical modulus of smoothness of order k as defined in (4.2) is not covered
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within the framework (6.1). However, let us emphasize that #-moduli possess analogous properties.
For details we refer to [24, Lemma 4 and 5, Theorem 1].

Let n € C°(R?) be a smooth function satisfying n(¢) = 1 for [¢] < § and (&) = 0 for [£] > 26,
where 0 < ¢ < 5. We shall write

n(§) = > n(&+2nk)

for its periodic extension. Let @ > 0 and 0 < p < oo. The class G(a,p) consists of all functions
0 € G satisfying (6.3) and the following conditions.

(i) There exist 1) € H, and n as above such that (+) &y

0(-).
(i) It holds
(L= m()/0()" € 6527 . (6.5)

Moreover , we set (E is the set of even natural numbers)
0 Nx (0,00] U{(a,p): @ ¢N,p>1/(1+0a)} , d= 65)
d= ‘ '
Ex (0,00] U{(a,;p): a ¢ E, p>d/(d+a)} , d>1

Lemma 6.1. The class G(a,p) is not empty if and only if (a,p) € Q.

Proof. Let first (a,p) € Q4. Then 0 < p < d/(d+a) and a € N ifd=1 a ¢ E ifd>1 We
assume (to the contrary) that there exists a certain function 6 € G(«, p). Then by Lemma 1 in [24]
we get

IE@WT) N, = [[E@m) [l = [[F((r)/0) 67)) [|,
< cll(((md)/0) (67))lle, = () /0) + 62 % e,
< el () /0)2 Mle, 1162 11, 11720 Mle,

< allF(m)/0) ], < oo,

where v belongs to H,, 1 is the test function introduced above and 7 is a test function, whose
support is concentrated in the set {& : n(§) = 1}, and satisfying 7(0) # 0. Hence, F(¢1) belongs
to L,(R?) and this implies that ¢ should be a polynomial in view of the statement on the Fourier
transform of homogeneous functions multiplied with test functions given in [26|. In order to get a
contradiction it remains to notice that the class H,, where « satisfies the above conditions, does not
contain polynomials.

Let now (a,p) € Q4. First we consider the case d = 1. For o € N, 0 < p < oo the class G(a, p)
contains the generator 6(¢) = —(1 — €)% of the classical modulus of smoothness of order «. In the
case a € N, p > 1/(a+1) the function 6(§) = (] £ [*n(§))«+(1—n.(§)), where n is as above, belongs to
G(a, p) due to the result in [26] mentioned above. If d > 1, then for & € E; 0 < p < 00, as well as for
a € E and p > d/(d+a) the class G(a, p) contains the function 6(£) = (| £]*n(€))«+(1—n.(£)). O

Theorem 6.1. Let 0 < p<oo, 0 <g<ooandlet)<s<oo. Let 0 € G such that conditions (6.3)
(Pm)
and (6.5) are satisfied. If there exists 1 € H, such that i Ij 0 for some o > 0 then
1 1/q

d
1B, S 171+ | [ € eanls. 0 F ©.7)

Pt
0
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for all f € L,(T%) (standard modification if ¢ = 00).

Proof. Under the assumptions of the theorem we have the Jackson-type estimate
Eo(f)y S wolf,n )y, n€N, fe Ly(T (6.8)
(see |24, Theorem 1|). Since wy(f, -), is non-decreasing, we get
Ey(f)p S wolf, 279)p S wolf, t)y

for all ¢, 277 <t < 279! (j € Ny). This implies

o—j+1 2—j+1

s dt s dt
JE R
2 23
and, consequently,
2—Jj+1
9894 . g < $54 tq@
23<f)p ~ w@(f7 )pt :
9—j

By summation and (6.4) we obtain

2 1
T s . di _ . dt
Sz (s [t g T Sl [l 0
J=0 0 0
This proves (6.7) taking into account Proposition 4.2 and Remark 6. O]

Theorem 6.2. Let 0 < p < o0, 0 < ¢ < o0, and let 0 < a < 0. Let 0 € G such that condition
)
(6.3) is satisfied. Suppose there exists 1 € H, such that 0 = . If 0 < s < « then it holds

1

/ (S S 1By (6.9)

0
for all f € B (T9) (standard modification if ¢ = o).

Proof. Under the assumptions of the theorem we have the inequality

CUQ(f, Q_j)p S Kiﬁ(fa 2_j)p7 ] € NO . (610)
This follows from the proof of [24, Theorem 2|. It yields the estimates

1

[raisnt < S [ erainn

0

S ) 29w(f, 270)8 S D 29 K(f, 27
j=0 j=0

This implies (6.9) according to Proposition 4.3 and Remark 8. O
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Corollary 6.1. Let 0 < ¢ < o0, (a, p) € Qq and let 0 € G(a, p). If 0 < s < « then it holds
f e B (T if and only if f € L,(T?) such that

1 1/q
s sq dt
1F1Bpglle = [1Fllp + | [ ¢ wolf, )+ < 00 (6.11)
0
(standard modification if ¢ = co). Moreover, || - [BS |lo is an equivalent quasi-norm in B (T?).

Remark 12. Let us emphasize that under the assumptions of Corollary 6.1 the equivalence
wo(f,n™), < Ky(f,n™h),, neN, feL,(T . (6.12)

even holds. This is proved in |24, Theorem 2| and in [34, Theorem 3.

6.2 Moduli of fractional order

Let o > 0 be be a non-integer real number and let f € L,(T), 0 < p < oco. If t > 0 we put

Wa(f, t)p = Sup

0<h<t

: (6.13)

f; (&) vt s = g0,

v

where

a ala—=1) - (a—v+1)
(1/) B v! '

This modulus is called modulus of smoothness of fractional order o and has been systematically
investigated, for example, in [44], [49] and [50] in the case 1 < p < oo. It coincides with wy, (f, -),
for 0,(6) = —(1 — €)%, £ € R, where 2% = |2|*e*™8% 2 € C, —7 < argz < . It is related to the
functional K, where ¢,(§) = (€)%, £ € R. Note that 1,(D) is the Weyl derivative of order . In

this case it holds the equivalence (6.12) if HLO( < p < 0. For details we refer to [34, Lemma 5.

Corollary 6.2. Let 0 < ¢ < oo and let a > 0 be a non-integer real number. If 0 < s < a and
HL& < p < oo then f € Ly(T) belongs to By (T) if and only if

1

/t‘sqwa(f, t)g% < 00 (6.14)

0

(standard modification if ¢ = 00).

6.3 Moduli related to Riesz derivatives

Let us consider 1,(£) = [£|*, a > 0, £ € R. Then the associated operator 1, (D) corresponds to the
Riesz derivative of order « (fractional derivative if « is non-integer, usual derivative if «) is an even
natural number). The related K-functional (3.2) will be denoted by K(,y. Here we focus our interest
on the case when « is non-integer. There are different moduli of smoothness which are equivalent to
Ky on Ly(T) for the range of parameters —— < p < oo. We give list of examples.

The modulus A @ )
x + v+
2 Z Qv+12 f(@)
VEZ

w(f,t), = sup (6.15)

0<h<t

p
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is generated by 9( )=—= lﬁl —7m < & < 7. Relation (6.12) holds with Ky for @ 1f < p < oo (see
[34, Theorem 6]). Let % < p<ooandlet 0 <s <1 Then (6.11) with @ holds for f € L,(T) if and
only if f € By (T).

The modulus

3 Z fx—l—z/h -

vEZ, v#0

w(f,t), = sup

0<h<t

(6.16)

p

generated by 0(€) = = 362 — 5, 0 < ¢ < 27, has been introduced and treated in [2] and [3]. Let
3 <p<ooandlet 0 < s < 1. Then we have equivalence (6.12) with Ky for @ and (6.11) with @
holds for f € L,(T) if and only if f € B; (T).

The modulus
f(+vh)

’y’a—l-l

a(a)(f? t)p = sup

0<h<t

: (6.17)

VEZ, v£0 b

where 0 < o < 1, is generated by

9(&)(5) = Z |V|_a_1 (ein - 1) ) 5 € R.

vEZ, v#0

Equivalence (6.12) is proved for K,y and W in [35] for -— < p < oco. Let —= < p < oo and let
0 < s < a. Then (6.11) with wy holds for f E L,(T) if and only it feB,, ('ll‘)
The modulus

cwlf fy = s (=2 sy = 500 (6.15)
SPEET vez, v0
where
am(a) — Z (_212)]]+1 (Ogj/2> <] 3jm>’ m e N07
is generated by X
9(&)(6) = &Q(Oé) | sin—l EeR

If « ¢ Eand —5 < p < oo then equivalence (6.12) holds for K,y and w,). This can be found in
[34, Theorem 7] Under these assumptions and 0 < s < a (6.11) Wlth W(ay holds for f € L,(T) if and
only if f € By (T).

6.4 Moduli related to the Laplacian

Given m € N we define the modulus

Wi, a(f, t)p = sup ;Z 2. c <m2m >f(1'+l/h€j) — f(x)

0<h<t e s — |y

(6.19)

p

(t>0, feL,(TY), 0<p<o0), where
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and where {e; }?:1 denotes the standard basis in R?. Tt is generated by the function

d
Z (&), £eRY

where

& oz

// sin®™(7/2) — a,) dr dz

0
with

a,, = 2°m (2m>7 Y = =2 a,, .
m

This modulus has been considered in [10] (the case m = 1) and in [36] (general case). It is equivalent
to the K-functional (3.2) associated with the Laplacian (1(§) = |£]?) in the sense of (6.12) if and
only if

d
—2L — d=2, melk
P > Pmd = { d+2(m+1)

5 otherwise

(cf. [36, Theorem 5.3]). Consequently, the statement of Corollary 6.1 with w, 4(f, -), in place of
wo(f, +)p holds if p,, g <p < ooand 0 <s < 2.
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