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Abstract. A detailed exposition of Bernstein’s inequality, inequalities of different metrics and of
different dimensions for entire functions of exponential type in Lebesgue spaces is given in the book
of S.M. Nikol’skii [8]. In this paper, we state analogues of these inequalities in the Morrey spaces.
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1 Introduction

Definition 1. Let v > 0. A function g : C" — C is called an entire function of exponential type v,
if the following properties hold:
1) it expands into a power series for any z € C”

[e.e] o0
9(z) = Z a2’ = Z e Z A,y ... knzfl gk (1.1)
keNg k1=0  kn=0

2) Ve >0 dA. > 0 such that for all z € C" the following inequality holds:

l9(2)] < A evrelzltlzalt+lzl), (1.2)

Denote by E,(C™) the set of all entire functions of exponential type v and let E,(R") be the
set of all functions g, defined on R", for each of which g(z) = G(z +iy)|,_,, z € R", for some
function G € E,(C"). In what follows, we always assume that v > 0, without specifying this in each
statement.

Let 1 <p < oo and

M, ,(R") = E,(R™) N L,(R"). (1.3)

In book [8] the following inequalities are proved for entire functions of exponential type g €
Mm, ,(R™).
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1. (Bernstein’s inequality) Let 1 < p < oo, then for any function g € M,,(R")

< V||g||Lp(R”)a J = 17 <oy (14)

H&m] Lp(R™)

2. (Inequality of different metrics) Let 1 < p < ¢ < oo, then for any function g € 9,,(R™)

(1 1
l9ll,@my < 2" G q)HgHLp(R")- (1.5)
3. (Inequality of different dimensions) Let 1 < p < oo, 1 < m < n, z = (u,v), u =

(X1, ..., Tm) €ER™ v = (Tpms1,...,2T,) € R"™, then for any function g € iml,p(R )
[T < 275 gl (1.6

Lpu(R™)
in particular,

lg(u, 0) |z, @y < 2" %" |lgllz, @ (1.7)

These inequalities play an important role in developing the theory of function spaces with frac-
tional order of smoothness basing on the approximation theory described in detail in [8]. The aim
of this paper is to state similar inequalities for the case in which the space L,(R") is replaced by the
Morrey space M, (R").

A
2 Morrey spaces M;(R")
Definition 2. Let 0 < p < oo and 0 <A < %, then f € M}R"), if f € Li*(R") and

£y ny = sup sup ™ fllz, () < oo (2.1)

z€R™ >0

We note some properties of these spaces.
1. Tt is immediately clear from the definition that for A =0

1 [ap @y = I1f |z, ey

2. For A\ =212
p
||f||Mp(Rn = U4 || f || oo (RR)

where v,, is the volume of the unit ball in R™.
3. IfA<0or A > %, then the spaces MpA(R”) consist only of functions equivalent to 0 on R"™.
4. For any € > 0

A2
1F ) arp@my = €7 1 fllagp @) (22)

5. Let n € C°(R™), n(x) =1 for any z € B(0,1),0 < p < oo,
0 <A< pueR Then

n
|z#n(x) € Ly(R™) & p > s

o n(a) € MMR?) & > A=
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and n
[z["(1 = n(x)) € Ly(R") & p < s

n
(1~ n(a)) € MYRY) & p <A1

o € MMNR") & =\ — g.

This implies, in particular, that L,(R") ¢ M}(R") and also M (R") ¢ L,(R"). In this connection it
is useful to consider the spaces ]\//TI;\(R") = Ly(R™) N M}(R™) with the quasinorm

1l gy = masctll Ly e 1 gy e - (2.3)

For these spaces

| n(z) € MOR™) & p> A — g,

o (1 = n(2)) € MYRY) & po < ==

Note that the space M\;(R") (in contrast to the space M(R™)) has the monotonicity property with
respect to the parameter A:

7 n A n
MIER™) € M3 (R™), 0 <X < p < oo.

Moreover, 0 < p < 0.

1 iy < 1 sy (24)

6. Invariance with respect to translation:

1f(y + h)HMay(Rn) = Hf(WHM;(Rn) Vh € R™ (2.5)
According to (2.3) and (2.5) also

1£ @+ Wz, @y = 1z VR € B (2.6)

For further properties of the Morrey spaces, their generalizations and applications see survey
papers [2], [3], [6], [7], [9], [10], [L1] and references threin.

3 Bernstein’s inequality for Morrey spaces

In the one-dimensional case, the interpolation formula for the derivative of an entire function g of
exponential type v > 0 has the form

[e.e]

©-53 (e 2= 7). zem (3.)

where the series converges uniformly (see, for example, book [8]).
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Theorem 3.1. Let Z(R™) be a normed space of functions defined on R™ and the norm
| - || zmny be invariant with respect to translation, that is for any function f € Z(R")

1FC+ Wl z@ny = [fllz@ny VR €R™ (3.2)
Then for any function g € E,(R") N Z(R")
dg .
B <@l =1 (33)
Lj |l z(®n)

The proof is based on representation (3.1).

Corollary 3.1. Let 1 <p<o0,0< A< %, then for any function g € E,(R™) N MZ;\(R”)

This inequality also holds if M}(R™) is replaced by ]\/JI;\(R”).

9

M) (&™)

4 Inequality of different metrics for Morrey spaces

First of all, we give definitions and facts related to the theory of Fourier transforms necessary for
what follows.

Definition 3. Let functions f,g € L;(R™), then the convolution is the function f % g : R" — R™,
defined by the equality

(fxg)(t)= | [flt—T)g(r)dr, t € R". (4.1)
Rn
Lemma 4.1. Let 1 <p<g<oo, f € Ly(R") and g € M, ,(R"). Then for any z,y € R"
((fxg)(@) = (f* )W) < M| fllz, ®mllgll,@mle —yl, (4.2)

1411
where M = 2"np*ta»,

Definition 4. The Fourier transform of a function f € L;(R"™) is given by the following formula:
1 .
- = —ié-x n
Rn

where & -x=&x1+ -+ &xp.
Definition 5. If f € L,(R"), where 1 < p < 2, then the Fourier transform is given by the equality

(FF)©) = lim (F(xaon) () in Ly(R?) (1.4)
where p’' = z% (%+}% =1).
(Equality (4.4) also holds if p =1 and F'f is defined by (4.3).) Moreover, F'f € L, (R"),

IF Fliageny = 1 e (45)

(Parseval’s equality), for 1 <p < 2

wiony [ pr ) 2 n(l_1
IF Al = @549 () Wl < @D e (46)
p P

%
(Hausdorff-Joung-Beckner inequality, the constant (277)”(%_%) ( L ) is sharp).
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Definition 6. If f € L,(R"), where 1 < p < oo, then the Fourier transform Ff is defined in the
Schwartz space of tempered distributions S’(R™) as a continuous linear functional on S(R"), given
by the equality

(Ff.¢) = (f.Fyg) = / f(#)(Fo)(x)dz Yy € S(R), (4.7)
If1 <p<2, then

(Ff.¢) = (f.Fyg) = / (FI))pl)d Yo € SR,

that is, Ff is a regular distribution generated by the Fourier transform F'f € L, (R"), given by
equality (4.3) for p = 1 and equality (4.4) for 1 <p < 2.

Theorem 4.1. (Theorem of L. Schwartz, see, for example, book [8]) If 1 < p < oo, and g €
M, ,(R™) then the Fourier transform Fg, understood in the sense of the Schwartz space S'(R"™) of
tempered distributions, 1s equal to zero outside the closure of the cube

A, ={lz;|<v, 5=1,...,n}. (4.8)
Recall that for ¢, g € Ly (R™)

(Flp*9)(€) = 2m)2 (Fp)(§)(Fg)(€), € € R™ (4.9)

It immediately follows from (4.9) that, if (F)(&) = (27)~2 for any € € supp Fg, then F(pxg) = Fyg
and

9(x) = (¢ * g)(x) (4.10)
for almost all z € R™ If ¢ € L;(R", g € M, 1(R") and (Fp)(¢) = (2m)~2 for any & € A,, then

both functions g and, according to Lemma 4.1 with f = ¢, p =1, ¢ = oo, the convolution ¢ * g are
continuous on R™, so inequality (4.10) holds for any z € R™.

Lemma 4.2. Let 1 < p < o0, p € Ly(R"), g € M, ,(R"), and the Fourier transform F, understood
in general in the sense of the Schwartz space S'(R™) of tempered distributions, is equal to (27)~2 on
A, for some > v. Then equality (4.10) is holds for all z € R™.

Under other assumptions on the function ¢ this assertion was proved in book [8], Lemma 8.5.2
and in paper [5], Section 3, Lemma 1.

Theorem 4.2. (Young-type inequality for Morrey spaces, see paper [4]) Let

1 1 1
1<p<qg<oo, 1+-—=—-+-,
qg T P
fi € L,(R™) and f, € M;(R”) Then
P 1-Pk
RTS8 (1.11)

Theorem 4.3. Let 1 <p<qg<o00,0< A< %, then there exists ¢ > 0, such that
n(A-Ly e -2
ol s . < "5l 91, o (1.12)

for any v >0 and g € E,(R") N ]/\/[\;‘(R”)
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Corollary 4.1. Under the assumptions of Theorem 4.3 there exists ¢ > 0, such that

1

ol s < " ol (4.13)

for any v >0 and g € E,(R")N M\;(R")

Remark 1. (Unimprovability of the inequality of different metrics in M}(R").) Suppose that for
some g > 0 and ¢ > 0, for any v > 0 and g € E,(R") N ]\//TI;\(R”) the following inequality holds:

a3-byp 12 e
9l ey < "5 gl o 19l ey

Then
=
q

5 Inequality of different dimensions for Morrey spaces

Definition 7. Let
0<pi,pp <00, my,my€ N

0<M< p<y<™

P1 D2

Define the space
A m A m
MJHR™ ) x M2 (R™2) (5.1)

with mixed quasinorm as the set of all measurable functions f on R™*™2 for which

Hf”]\/[;,\f(R’”l)xM;g(Rm2) - H”f(UhU2)HM;11YUI(Rm1)HM;;W(R"LQ) < Q. (5.2)
We note some properties of these spaces.
Lemma 5.1. Let 0 < p < 00, my,ms €N, 0 <A\ <2 0 < A <22, f) € MQI(RW) f2 €
M)*(R™?). Then fifs € M) (R™) x M}*(R™) and
HflfQHMpAl(le)xMSQ(RmZ) = HleMpAll(le)HfQHML\QQ(RmQ)'
Lemma 5.2. Let 0 <p < oo, m,ms €N, 0 < )\ < %, 0< < %.Then
A m A m A1+ mi+m

Mpl(]R 1) XMPQ(R 2)CMp1 2(R 1 2), (5.3)
and

HfHMZ;\1+)‘2(Rm1+m2) S |’fHM;\1(Rm1)><]\/[$2(Rm2)

for any f € M) (R™) x M)*(R™?).

Ifo< A+ X< % , then inclusion (5.3) is strict.

Using Definition 7 with A\; = Ay = 0, inequality (1.6) can be rewritten as

n—

9| Lo ®r—myx,@my < 2"V 7 |9l L, ®n)- (5.4)
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Theorem 5.1. Let 1 <p < oo, m,n €N, m <n, Og/\gg, then

1G]] Lo @r=m)y s ap (mm) < 2n_mV%||9||Lp(Rn)xM;(Rm)a (5.5)
in particular, if x = (u,v), v = (T1...2Ty), V= (Tmi1,...,Tpn), then
19(u, 0|y @my < 27" 7 || gl L,y @o—m)serp @) (5.6)

Inequalities (5.5) and (5.6) also hold if the space M) (R™) is replaced by the space M};\(Rm).
Remark 2. If A = 0 then it is obvious that

Ly(R™™) x My(R™) = Ly(R"™™) x Ly(R™) = Ly(R") = M,)(R"), (5.7)
however, for 0 < \ < % according to LLemma 5.2

L,(R™™™) x M (R™) # M)R™). (5.8)
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