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Abstract. In this work, we give estimates for the norm of the integral operator

H:Lyy— Lyw (Hf)(x) = /xk(:c,t)f(t)dt (0.1)

with the so-called Oinarov’s kernel k(z,t) in the weighted Lebesgue spaces

b
Lmzuwm@:/umm®M«m

and ,
Luw =47 £ = [ 150ttt < o0}
in the case 1 < ¢ < p < 0.
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1 Introduction

Let (a,b) C R and u,v be weight functions in (a,b), i.e., positive measurable functions defined a.e.
in (a,b). If k(z,t) = 1 then V.G. Mazya and A.L. Rozin |7, Theorem 5, p. 47| proved that the

condition 1
B= (/b (/:vl—p’(f)df);' (/tbu(T)dT>;v1_p/(t)dt> ; < 00

is necessary and sufficient for the boundedness of operator (0.1) and that the following estimates
hold

1
P—q\7 L1
(7;)Bswwswwwa

where 1 < g <p <oo,p =p/(p—1)and 1/r = 1/qg— 1/p. This case is well studied and other
conditions and estimates have also been found by various scholars, e.g., by Persson-Stepanov in [13]
and by Kufner-Kuliev in [5].

The problem of boundedness of operator (0.1) with different type of kernels in the weighted
Lebesgue spaces began to be studied in the last decades of the last century. Let us now give some
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results concerning operators of this type. For example, F.J. Martin-Reyes and E. Sawyer [10] con-
sidered the operator with the kernel k(z,t) = ¢ (%), where ¢ : (0,1) — (0,00) is non-increasing and
satisfies the following inequality: for some Cy > 0

p(ab) < Co(p(a) + (b)) for 0<a,b<1,

and V.D. Stepanov [15] considered Volterra convolution operators, i.e., operator (0.1) with the kernel
k(xz,t) = o(x —t), where @ satisfies the following conditions:

(a) ¢(x) > 0 is non-decreasing on (0, 00),

(b) for some C' > 0, p(z +y) < C(p(x) + ¢(y)) for all z,y € (0, 00).

S. Bloom and R. Kerman [2] and R. Oinarov [11, 12] gave equivalent conditions for the bound-
edness of operator (0.1) for kernels k(z,¢) which are continuous nonnegative functions increasing in
the first argument, decreasing in the second argument and satisfying the condition: there exists a
number h > 1 such that

k(x,s) < h(k(x,t) + k(t,s))

for all @ < s <t < x < b. Functions k(z,t) satisfying the above conditions are called Oinarov’s
kernels, which includes also the above kernels. In works [1] and [4] the boundedness of a certain
class of integral operators (Riemann-Liouville operators) in various spaces are considered, as well as
in the multidimensional case [14]. In [16] was studied properties of discrete operators with a kernel
that satisfy the discrete analogue of the Oinarov-type condition.

In works on this topic, the main focus was on finding equivalent conditions for the boundedness
of operator (0.1), while exact estimates for the operator norms are very rare. However, in the theory
of differential equations and in other fields of mathematics it is very important to obtain exact
estimates. In [6] the main purpose was to study another object, but the authors also gave estimates
for the norm of the operator with a kernel of a polynomial function.

It should also be noted that recently, in 2021 A. Kalybay and A. Baiarystanov [3| gave estimates
for the norm of operator (0.1) with Oinarov’s kernel in the case 1 < p < ¢ < oo. In this work we
consider the remaining case 1 < ¢ < p < 0.

The paper is organized as follows. The first section is introduction. In the second section we give
the main results. The proofs of the results are given in the third section.

2 Main results

In this section, we give our main results about the lower and upper estimates for the norm of operator
(0.1). Therefore, we first pay attention to the boundedness of the operator. In [11] R. Oinarov proved
that the finiteness of

By ( [ ( [ s ey

Sl

r T

( / $v1_p'(t)dt> ' vl—p’(x)dx>

Q
Q

and 1
b b 75 z / / i / ;
By = / (/ u(t)dt) </ KP (2, t)v' P (t)dt) v (z)dx |
where p/ = I%,q’ = q_il and % = é — %, is equivalent to the boundedness of operator (0.1). So, we

further suppose that
BO < o0, Bl < Q. (21)

Then our first result reads:
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Theorem 2.1. Let 1 < ¢ < p < o0 and (2.1) hold. Then the norm of operator H satisfies the

nequality
1

'\ 1
m{q(ﬂ) Bo,¥f (g)pBl}guHng, (2:2)

where X is the unique positive solution of the equation
Xq’ . hqﬁ (p/)m(q/)mBq%X — hqq%lp/(p . 1)%Bq/ (2.3)
and B = max{By, B, }.

Remark 1. Equation (2.3) has a unique positive solution, since

!

14

h(z) = 1 2 [ S S
qq—lp/(p — 1)pBQ' + ga-T (p’) p'(g—1) (q’)p(q—l) Ba«ig

is a continuous and monotonically increasing function of x in (0,00), h(0) =0 and h(co) = oco.

Example. Let ¢ =2 and h > 1. Then equation (2.3) and its positive solution take the forms

p+1

X2 — 2% h(p))¥ BX = 2hp/(p — 1)7 B?

and

X = (Qé(p')éh + \/2%(pf)§h2 + 2hp (p — 1)i) B,
respectively.

Remark 2. Similarly, the above results can be given for the following integral operator

H*: Ly, — Ly, (H'f)(z) = / k(t, 2)g(t)dt. (2.4)

For H*

p, ? * / q % * *
max{q(7) 5.0/ (9) BI}SHH <X,

where X is the unique positive solution of (2.3) with B = max{B{, B}},

B = (/ab (/: kq(x,t)u(t)dt> (/:vl_p/(t)dt) ’ vl—f"(x)dx> T ,
B — < / b ( / ' u(t)dt> ’ ( / a0 x)vlp’(t)dt) ’ u(w)dw) % .

Theorem 2.2. Let 1 < ¢ < p < oo and (2.1) hold. Then the norm of operator H satisfies the
nequality

1

Q13

1 S

'\ % q J q
mm{q(g) 2 (%) }Bs||H|rSq(hp'm%p')p'(q')p) B

~
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3 Proofs

In this section we give proofs of the main results. The assumptions in (2.1) imply the boundedness
of operator (0.1), i.e., the following Hardy type inequality: for some C' > 0

(/ab (/axk;(x,t)f(t)dt)qu(m)dm)3’ <C (/abfp(t)v(t)dt) (51)

for all f € L,(v).
Proof of Theorem 2.1. (The lower estimate.) If we choose

ft) = (/tb k4 (z, t)u(:c)d:c) " (/at vl—f"(x)d:c) a v (t),

then B = ||f|l,» and substituting f into (3.1) we have

CB§ = Olfllpw > 17l = </b </ k(x’t)f(t)dt)qU(x)dxy

_ <q /ab (/jk(az,t)f(t) (/atk(a:, s)f(s)ds)q_ldt> u(x)dx)
— qi (/b Ft) (/tbk(x,t)u(a:) (/t k(z, s)f(s)ds)Q1 dw) dt) :

where we have used Fubini’s theorem. Since k(x,t) is monotonically decreasing with respect to the
second argument we get

A

Q=

Q=

(s )ds) " dx) dt) q

Q
oy
[
V

)

Q|
/N
T~

o
|
=

N
a\
=
8
~
S~—
VRS
D\:‘.
By
8
=
\\
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_ g (_i 1) v /ab () (/tb kq(x,t)u(x)dx)

r(g—1)
1+ prq

Therefore,
1

CZ(](]%)(I Bo.

To prove an analogous assertion for By, we use the equivalent inequality (the so-called conjugate
inequality, see |8, pp. 78-79]) to (3.1) with the same constant C:

( / b ( / b k(t, x)g(t)dt>p/ Ulp/(a:)d:r;> ' <C < / b g7 (x)u' (x)dx) ’ , (3.2)

for all g € Ly(u'™). Let

g(t) = ( /t bu(a:)dx) B ( / W ) (@m) & u(t)

then BY = 19l 7.1-« and substituting g into (3.2), we have

1

CBY = Cllglyi-v ( A (/ ket x)g(t)dt)p/ vlp’<x>dx> ’
= (p’ /ab (/: k(t,z)g(t) </tb k(T, x)g(T)dT)pll dt) vlpl(a:)dx> " ,

where we have used Fubini’s theorem. Since the function k(z,t) is monotonically increasing with the
first argument we get

1

CBfL’ > (p’)i </abg(t) (/at k(t, z)0 P (z) (/tbk(t,w)g(T)dT)p,_l dx) dt) '
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1

x ( / ( /Tb u(mgj) Z ( / W .20 (@) dz) o uWT) dt) H
> ()7 /abfl(t) </t kp/(t,x)ylp’(x)dx) e
X

r / I

(Lo
AVREDN

u(7)d7'> 7 dt

Therefore,

So, we finally obtain that

N 1 1
szaX{q (g) By, p' <g>p31}7
T T

which implies the lower estimate for the norm, i.e.,

N 7 1 N o 1
e {a (1) (4)7 L <o (2) o () )
r r r r

< [|H[|=mnf{C =0: [[Hfl|qu < C|fllpp forallfe L,,}.
(The upper estimate.) Let us denote

I /ab (/ k(a:,t)f(t)dt)qu(:c)d:c,

_ /ab (/j% (/atk(x,s)f(s)ds)th> w(w)dz
_ q/ab (/:k(x,t)f(t) (/:k(x, s)f(s)ds)q_l dt) u(w)de

then we get
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_ q/abf(t) (/tbk:(a:,t)u(x) (/t k(. s)f(s)ds)q_l dx) dt

/ 1/p’
b ) b t g-1 p
< q|| fllpw / v P (1) (/ k(z,t)u(z) </ k(m,s)f(s)ds) dm) dt
a t a
= || fllpo """ (3.3)
We now proceed by estimating J. To do this, we estimate its inner integral separately. Using Holder’s
inequality with the exponents [q] and - [(f{]q} we have

1

/tb/f(fat)U(x) </:/€(x, s)f(s)d5> " dx

—1

_ /t b [k{Q}(x,t)u(x) ( / k(e s) f(s)ds> M] v x [k9(z, tyu(z)] @ do

1—{q}

= ( /t K () ( / tk(x,s)f(s)ds) ! d:p>qml ( /t b k:q(x,t)u(m)dx) !

We derive the following estimate by using the properties of Oinarov’s kernel and then Newton’s
binomial formula

g—1

= </ .t (10 [ s+ [ et >ds)[q]dx) M

1—{q}

x < /t (. t)u(x)dx) :

[q]
— po! /k;{q}xt ZO”kz”xt (/f )
t

X (/atk(tj S)f(S)d8> Mn) dx) : (/t | kq(x,m(x)dx) N
icﬁ] ( / K0 (5 1) d:c) ( / “ )
1-{q}

x ( / "kt s) f(s)ds) [q]ndx>q{q}1 ( /t bkq(x,t)u(:zc)dx) " (3.4)

Using the Holder inequality to the first integral of the sum for 0 < n < [¢] we have

n—1+{q} l[d—n

/t k{q}”(:c,t)u(x)d:c:/t (K9(z, t)u(x)) o1 (k(z,t)u(z)) 1 dz

n—1+{q} l[d]—n

< ( /t bkq(x,t)u(a:)da:) ( /t bk(x,wu(x)dx) o
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Then (3.4) is estimated as follows:

Using the Minkowski inequality, we obtain

< pla=vrf ([ / g ( /t b kq(x,t)u(:)s)dx)p/ ( / t f(s)ds) o dt] w7
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/ 1 (¢—=1)p'

/a " ) ( /t ke t)u(a:)dx)p ( / k(. 5) f(s)ds) o dt] o

/ 1 5 1 , (g=1)p’
— h(Q*l)P <Il(q—1)p + [2(4—1);7 ) :

+

where

/

I = / bvl’p'(t) ( /t bk(m,t)u(x)dx)p ( / tkz(t, ) f(s)ds) o dt.

From this we have that

1 1 qg—1
1< gl < qllfllpht™ (f " z) ,

1 1 L ! 7 ! 7
17 < g fITTh (If““’ LI ) . (3.5)

Next we estimate I; and I, separately. Let us begin with I, for which we use the following Hardy

inequality
TRy b / b v t (¢=1)p' @
[T = (/ 0 (1) (/ k;q(:r,t)u(ac)dx> </ f(s)ds) dt)
a t a
1

< Cyarn ([ P00t0)" (36)

since (¢ — 1)p’ < p if the corresponding equivalent condition is satisfied:

A= /ab (/tbvl_p/(s) (/sb kq(ﬂf,S)U(x)dx)p/ds) o

t , @07y ,
X (/ V7P (3)ds> v P (t)dt) < 00,

— 1 Now we show that 4; < co. Let denote p = —-—,
p (q=1)p

a(t) = ( / t vlp/(s)ds) T )

1

1
where = =
7 (g=Dp’

and

(3.7)

SIE
VR
m\

o

’E\‘
—~
~
SN—
]|
e
~
S—
oW
~
~__
Bil=

Al (/b (/tb f(s)ds)pu(t)dt> <C
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qp

— C(/ab (/: k7 (t, ) u (t) dt) </j v (1) dt)glvl—?“’ (z) da;) T

= OB < .

3

An estimate for the constant C follows from the following calculations:

1 S
s P b , o’
A= sup </ a(t)dt) (/ o' P (t)dt)
a<s<b a s
s t Lot 7y L
= sup / </ v P (s)ds) v P (t)dt
a<s<b a a
b ’ t oy 17(#) qp
X / (vp%/(t) ( / Ul—P’(t)dt> > dt

= () ([oroa)
" (/sbvl_p'“) ( / tvl"”(ﬂdt) B dt) E

/
q

P—gq P—gq

Hence for the constant C in (3.7) the following estimate holds

Hence,
A < (O) o7 B < (q—- 1)(;1%31,38’

and the best constant C), ,_1),y in (3.6) satisfies the inequality

1 1
Cog-1yp < ((q— 1)p") @07 (p") @=0w"7 Ay

< ((¢g—1)p) G (p') @ (g—1) @1 Bg/
=p'(¢—1)rBj.
Thus, we have that
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On estimates for norms of some integral operators with Oinarov’s kernel

Let us estimate the second integral 5. Using integrating by parts we have

b / t (¢=1)p' b P
I, :/ v (1) </ k(t,s)f(s) ds) (/ kE(x,t)u(x) dm) dt
a a t

/

_ /ab (/t k(L) f (s) ds) N <—/tb (/bk (z,5) u () dx)p o (s) ds>
_ /ab (/tb (/bk (2, 8)u (z) dm)p,vl_p/ (s) ds) d (/tk: (t,5) f (s) ds> o

For the inner integral applying the Minkowski inequality we obtain

< / b ( /t p () ( / 1, 5) o1 (3)d5> ’}’dx> pld( / k. s) f(5) ds) o

We write the inner integral of the last inequality in the form:

/ab /tb [(/bu (s) ds); (/ K (2, 5) 07 (s)ds) 7 (x)]

/

X :(/:ms) d5>;uz($)] da:)p d(/atk(t,s)f(s) ds) R

and then using the Holder inequality with the exponents p%q and § we get

b
S\/
a

P (p—q)

b bu(s)ds . xkp/(x,s)vl_p/(s)ds p/(ppq)u(x)dx ,,
J (L) (] )

X /ab </tb (/xb U(s>dt> : </j K, S)Ul_p,(s)ds) mu (z) d9:> -

q—

« ( /t bu(s)ds) < / "kt s) f(s)ds) R ( / k() £ (5) d5>
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‘ (p=9)(9=2)
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78 K. Kuliev
(a=1)?
b = t p-1 t
« ( / u(s)ds) ( / k(t, 5) f(s)ds> d ( / Kt 5) f(s)ds> |
t a a
Applying the Holder inequality with the exponents % and 5:—} yields

<p(qg—1)(¢)7"
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« [( / "kt s) f(s)ds) qluql’(t)] dt)

pP—q
p—1

33
’ﬁ\h

Here we apply the Holder inequality with the exponents ¢ and ¢’
L p=¢

<Py [/ab (/tb u(s)ds) (/at kP (¢, S)Ul_p/(S)dS)
<[ [ ([ w156y atera] “) sy

Therefore,

According to the estimate in (3.5) we obtain

1 e ST T
17 < b I (17 1)

1 , Bt
< ha T 113" (p'<q — 12 BY |l + () 7@ (¢') 70D Bf”;) |
Taking into account that Ii < | H|||| fllpo we get
_1 1 %1 / 1 4 / . L / L %1
Ia=1 < hga= || fllgo | p'(q —1)» By + (p')»@ 0 (¢)»aD By | HI| ) .

So, we have the following upper estimate for the operator norm

/

1 q
IE , 1 1 , 1 1 1
sup —— | = ||H||? < hqi <p'(q — 1) BT 4 (p)7a ()70 Bt HHH) :
120 | fllp

i.e.
|H|[? = hqT () 7@ (¢') 76D B&T | H|| < hq1p'(p — 1)7 B (3.9)
Consequently, we obtain
|H ¢ -
g7 Tp(q = 1)» BY + 1 ()70 (¢)70 D BT H|

By Remark 1 we have that the corresponding equation h(x) = h has exactly one positive solution.
If X is the solution of the equation, i.e.,

!

X4
1 T, 1 1 1 1
qqflp/(q — 1)qu + g1 (p’) P (a=1) (q’)p(q—l) Ba1X

then
|| < X.
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Proof of Theorem 2.2. Using the Young inequality to the second term in the left hand side of (3.9)
we have:

higet (p) 7 () Bt | H]|Y
g v

|H || — < hqi1p/BY.

This implies that
q/ ’
I < hgTTp'BY + hig" ' (p')7 (¢/) 7 B
q
ie.,
IH||” < hg”p'BY + hig” ()7 (¢') 7 BY .

Therefore, we get the following estimate for the norm:

MNSq@ﬁ+MWW@%) B.
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