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Abstract. In this paper, we present exact and approximate solutions of the Stefan problems in
ellipsoidal coordinates. We consider two models of electrical contact heating for melting process.
The first problem describes the contact heating for liquid and solid zones based on the two-phase
Stefan problem, where time ¢ is present as a parameter. Contact heating including softening processes
are described by a mathematical model based on the three-phase Stefan problem for the ellipsoidal
heat equation. Numerical results are presented and discussed.
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1 Introduction

The mathematical model of transient phenomena of contact heating in closed electrical contacts is
well-known. Stationary temperature and electromagnetic fields in symmetric electrical contacts were
described in [5]. Electrical contact heating during current passage is a result of many physical phe-
nomena. One of the most important factor of contact heating is internal heat sources due to the Joule
heating in current constriction areas. All consecutive stages of contact heating from pre-softening to
melting processes for the spherical case are presented in [7]. However, influence of softening contact
is an open question and which needs to be studied. This paper presents a mathematical model
describing heating and melting processes of closed contacts taking into account the softening stage.
In the case, in which the Fourier criterion is sufficiently large Fo >> 1, the quasi-stationary model
of contact heating is valid.

A mathematical model describing these processes are based on the Stefan problem |3, 11|. From
the theoretical point of view, these problems are among most interesting problems in the theory of
non-linear parabolic equations. The Stefan problem requires to determine the temperature and the
moving boundary interface.

In this paper, we present two models of contact heating. The first model illustrates the melting
process based on the two-phase Stefan problem, where time t is presented as a parameter. The sec-
ond model describes the heating process with a softening zone. In this case, we find an approximate
solution of the Stefan problem by using the heat balance integral (HBI) method introduced by Good-
man [1]. In accordance with this method, the temperature profile along dimensional coordinates has
to be given, but time dependent coefficients must be found from the heat equation and boundary
conditions. Therefore, the solution of the stationary problem is suitable for constructing a tempera-
ture profile for the quasi-stationary problem, as it is done in [10]. In this direction, we also refer to
papers [1, 2, 8, 10, 12, 17|, for example. As a rule, the simple parabolic profile of temperature gives
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a good approximation and it is used very often. In Section 2, we derive the one-dimensional quasi-
stationary heat equation in ellipsoidal coordinates. The two phase quasi-stationary Stefan problem
describing the contact heating without softening stage is presented in Section 3. The formulation of
a mathematical model of electrical contact heating based on the softening zone and the main results
of this paper are given in Section 4. Concluding remarks are discussed briefly in Section 5.

2 Heat conduction equation in ellipsoidal coordinates
A mathematical model based on a system of differential equations describing non-stationary heat

transfer phenomena and potential fields in closed electrical contacts has to be considered taking into
account the Joule heating for each electrode, that is, it can be written in the form:

0; 1
ci%%—t = div (A grad 0;) + — grad? o, (2.1)

(2

1
div (— grad gpz-) = 0. (2.2)
Pi

Here subscripts ¢ = 1 and ¢ = 2 refer to cathode and anode, respectively, 6; is the temperature, ¢;
is the potential, ¢; is the specific heat, ~; is the density, \; is the thermal conductivity, and p; is the
specific resistance. If we assume that the contact spot is a circle with radius rq and we have axial
symmetry, then in cylindrical coordinates the system takes the following form

00; 10 90;\ 0 [, 90,\ 1 |[0p\" [00\
D = ror (Mawa(%z)*;[(m) (5 | 23)
10 (1 Oy 9 (10p;\
Cor (p— ar>+& (; az) =0 (24)

The well-known Holm theorem [4] determining the analogy between electrical and thermal fields
suggests an idea about a representation of its solution.

A
v

Figure 1: Electrical (temperature) field in the contact constriction region. 1 - equipotential (isother-
mal) surfaces; 2 - electrical (thermal) current lines.
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Let us seek 6; and ; as functions depending on generalised coordinates ¢ and 7, which are

determined by

7,2 2 7”2 22

=1 and — — ,
g e PR

1

E\/Sl + V512 +4rg222,  sp =22+t — 12, (2.6)
1

E\/SQ"‘ V802 —4rg222, sy =22+ 1?4 r]. (2.7)

Using relations between cylindrical and elliptical coordinates, where gg’q% + z—; = 1 are family of
0

(2.5)

e.g.,

isothermal ellipsoids of revolution and orthogonal family of hyperboloids ;—Z — ﬁ = 1 which are
0
the surfaces of heat flow of electric current, see Figure 1, we get the non-stationary heat equation in

ellipsoidal coordinates

00 2 0%0  rZ—2n* 00
= o () | + (2.8)
ot g =P+ on U
a? ) 020 I*p
_ 2 2.9
e e {(TO ) og o " 56‘6 dm?ey (r +€2)} 29
For stationary regime [6], it was proved in [5] that the ratio (Vg)% must be independent of the

variables r and z, it should depend only on the variable £. Indeed, using relation (2.5) it is easy to

check that
V3¢ 28

(VEP g+
Hereby, the temperature 6(r, z) depends only on ¢ and does not depend on 7, i.e. if g—f = 0, then

(2.10)

g—f] = ‘929 = (0 and we get
020 00 I’p
5 2 = 0. 2.11
0+ 8) gg 25 ey v e -
For the qua81—stationary case, temperature also depends on 1 weakly, thus in (2.8) we can have
n =0, ge =0, 26—0, hence
7 7>
00 a? 9 020 I*p
— = 2 2.12
5= e 08 ) ge X0 e v e 212
. 00 020 26 00 I?
0_2“2{W+ 2528_ 1 22}, (2.13)
t £ 15+ & 08 drley (12 + £2)

After substitution ¢ = arctan ( £ > we get

00 a’ry? 020 I’p
5 = TP |0 ) (214
. 00 2 020 I?
a 4 P
- 2.1
ot rg cos’(¢) [8@ * 47r20'yr(2)} (2.15)
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Figure 2: Temperature distribution in quasi-stationary regime

3 Quasi-stationary linear Stefan problem

Quasi-stationary heat transfer for melting process can be described by the following model:

div (A grad T1) + p—ll grad®p; =0
D 1
div (% grad @1) -0 ) (T7 Z) € 1 (3 )
div (\y grad T3) + p% grad® ¢, = 0
div (p% grad 902) =0 o (n2) €Dy, (32)
where
Dy ={(r,z):0<z<o(rt), 0<r<r,(t} (3.3)
and
Dy ={(r,2) :o(r,t) < z < oo, 1p(t)<r<oo}, (3.4)

where T; are the electrical contact temperature, ¢; are electrical potentials, o(r,t) is the unknown
moving boundary, A(7;) and p(T}) are heat conductance and electrical resistance, respectively, i = 1
for the melted zone and i = 2 for the solid zone.

We consider the functions T; and ¢; depending on the variable £(r, z), then we get following
boundary conditions at z = 0 (£ = 0):

dTy
— =0 3.5
T 35)

iy
=0, — =0 3.6
Ho<r<ro T 02 lre<r<rm(®) ’ (36)
with z = o(r,t) (§ = &n(t)):
dTy dTs
T - T - Tm; )\ == ) 37
1 2 e 2 ¢ (3.7)
1d 1d

Y1 = P, S _ o2 (3.8)

p1 dE py dE
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Boundary conditions z = oo or r = oo ({ = oo):

dTy
— =0 3.9
2 (3.9
Ue
with the Stefan condition T T it
1 2
a1y A — % 3.11
Vg et T lemen 310
where &,,(t) is the melting boundary, u, is the potential and L is the latent heat of melting.
By [5] and boundary conditions (3.6), (3.8) and (3.10) the solutions for potentials are
I?py (T I?po (T
o) = o) ’ pa(T2) (3.12)

Tty PO T it e)
We consider the case in which p(T1) = p1(1+ a1 [Thi—T)), p(T2) = p2(14+aoTs) and A(T;) = A\; = const
fori=1,2.

Heat conduction equation in ellipsoidal coordinates after introducing the substitution ( =
arctan ( d ) in equations (3.1), (3.2) with potential solutions (3.12) will be written in the form:

L]

42T, 2
ij—i[lﬂlm T =0, 0<(<Cult), (3.13)
42T 2
Mf+ggy+&ﬂﬂzﬁ QAO<C<g, (3.14)
with the boundary conditions:
ey (3.15)
d¢ le=o '
Tl(Cm(t)) = TQ(Cm(t)) = Tma (316)
T, (g) —0. (3.17)

The solutions of problem (3.13), (3.14), (3.15), (3.16) and (3.17) for the ellipsoidal domain, see
Figure 2, are

1 cos w1 (

T = — (2251 0T, — 1), 3.18
19 A1 (COS W1 G (t) o ) ( )

1+ asT}) si T _ )] —si m(t) — 1
To(C) = (14 aoT},) sin [w2 (2 i)} sin [wy (G (t) — ¢)] = (3.19)

g sin [ws (5 — Gn(1))] Qg
where w? = 417?[;?3;, (m(t) is the unknown moving interface, T),, is the melting temperature, «; are

0\

the temperature coefficients of resistance, \; are the heat conductances for i = 1, 2.
Using Stefan condition (3.11) and the following formulas
dTl B dT1 dC o w1 sin(wlfm (t)) To
A€ le=em(yy  dC dle=tnty  arcos(wiGn(t)) 7§+ E4(t)

(3.20)
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dT _dTyd¢ _wary [1— (14 axT;y,) cos(ws (& — Gn())] (3.21)
A€ le=¢n(ty  dC d€le=eny  aosinwy (T —(alt)) (R +E2(1) '
and de ded¢ d¢
— — "o L2
dt — dCdt  cos?(¢) dt’ (3.22)
we get
A\ Aows(1 + T,
_ ;’6101 tan(wq Gy (1)) + 22 Oj;aQ ) cot we (g - Cm(ﬂ) - (3.23)
)\sz ™ o L'}/TO de (t)
o CSC Wy (5 — Cm(t)> T(0) T (3.24)

From expression (3.24) we can find the unknown moving boundary (,,(t). Figure 3 shows the
numerical results for the copper electrical contact Cu with current I = 200 kA and arc radius rg =
1.23-10%m.

4 Heating of electrical contact with softening stage

The process of closed electrical contact heating can be divided in a chain of consecutive stages. The
first stage S1 (0 <t < t,,s) corresponds to the initial period of contact heating by the Joule heating.
The temperature of electrode 6((,t) during this stage increases to the softening temperature 0y,
thus the termination time #,,5 of the first stage is defined from the equation

91 (Oatsoft) = Qsoft- (41)

The electrode at this stage consists of only one zone D3(0 < ¢ < 7/2).

The second stage Sy (tsofr <t < tpen) lasts from tgop to te, when the electrode begins to
melt. The electrode now consists of two zones: the soft zone D5(0 < ¢ < (t)) and the solid zone
Dy(B(t) < ¢ < 7m/2). Here ( = B(t) is the free moving boundary interface of phase transformation.
The time t,,,; can be found from the equation

92 (07 tmelt) = emelb (42)

where 65((, t) is the temperature distribution inside the zone Dy, and 0, is the melting of electrode.

The third stage S3 (tmerr <t < t4rc) is characterized by appearance of a new region D;(0 < ( <
a(t)) occupied by melted region of electrode. The region Ds(a(t) < ¢ < S(t)) with two moving
boundaries is occupied by softened material, while the region D3(8(t) < ¢ < 7/2) remains solid. It
is the last stage of arcing of total duration ...

The temperature field in electrical contacts with heating 0;((,t), softening 05((,t), and melting
05(¢, t) inside corresponding zones Dy, Do, and D3 are described by the heat equations in ellipsoidal
symmetry:

&91 a 62(91 2

2
ot = T_;C084(C) |:a_<-2 +wz:| ) 1= 172a37 (43)

5 ﬂlr E% and rq is the radius of contact spot, [ is the current, a; is the thermal diffusivity
0 i)

of the zone D,.
For numerical calculations we consider the copper electrical contact Cu with current I = 200 kA

and arc radius 7o = 1.23 - 10~ %m

where w; =
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Figure 3: Temperature distribution at ¢ = 0 for Quadratic profile.
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Figure 4: Temperature distribution at ¢ = 0 for Quadratic profile.

4.1 Stage 1

Let us consider the first period (0 <t <) of nonstationary heating with the temperature field
01(C,t). In this stage we have only one region D3, where contact material is solid and temperature
attains the softening point. Thus, we consider the heat equation

891 . CL% 4 82(91 2 ™
W_T_(Q)COS (C) a—@+w11 , O<<<§, (44)
with the boundary conditions
06,(0,1)
—— =0 4.5
aC ) ( )
and
01(m/2,t) =0, (4.6)

and the initial condition
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The exact solution of the parabolic equation (4.4) given in [9] has the form

::EZCQQ%CJ% (4.8)

where .
= tn(Q), (4.9)
i=0

Gnn(C) = A+ B, (4.10)
Gni(Q) =n(n—1)...(i+ 1)L;—i[¢n,n(g)}; i=0,1,...,n—1. (4.11)

The integral operator Ly is introduced as follows

Lyly(Q)] = Z—é/coszﬁ </ y(od<> g, (4.12)

¢ cos?

where the degree of the operator is defined as

Ly[y(Q)] = Ly[L7 y(Q)]]. (4.13)

The integral heat power balance method is applied to problem (4.4)-(4.7). Goodman [2] used the
HBI method to solve the one-dimensional heat problems with fixed and moving boundaries. The
idea of this method is to substitute the exact solution by an approximate solution by choosing the
temperature profile for the temperature distribution in the whole domain. The classical quadratic
profile used for describing the temperature distribution has the form

T(¢,t) = A(t)C* + B(t)¢ + O(t), (4.14)

where A(t), B(t), and C(t) are functions of time.
For the temperature distribution 0;((,t), we assume that the temperature profile given in the
form

, T2 , m

Ti(¢, 1) = Ai(t) ( € -7 n0<¢< 3 (4.15)
satisfies boundary conditions (4.5) and (4.6), where the coefficient A, () is a general function of time.

Integrating equation (4.4) with respect to the space variable from ¢ = 0 to ( = Z we have

m/2 ae 20
7"0 1 2

d — dg. 4.16
a% ; ¢= / cos* [ ac? Wn} ¢ ( )

By using Leibniz integral formula, we obtain

r2 d /2 /2 920
i l/ MC] :/o cos'(0) [ag;ﬂ%l} i A

which is called the energy integral equation.
Substituting the temperature profile (4.15) into equation (4.17), we obtain the ordinary differential

equation for A (¢):
dAi(t)
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Figure 5: (A)Temperature distribution of exact and approximate solution at ¢t = ts,f. (B) Absolute
error in the quadratic profile at ¢t = 1.683 - 10~ " sec.

where 02 .y
a azw
K, = 1 — 1711 4.19
LT on22 2T 4x2 (4.19)
with the condition A;(0) = 0. Finally, we have the temperature profile
Ti(¢,t) = — - o) (- ). 4.20

The calculation at the first stage of contact heating for the copper electrical contacts is shown in
Figure 4. The temperature 7T} reaches the softening point 8,5, = 463 K when 5,7 = 1.683 - 10~ "sec.
The temperature distribution for the quadratic temperature profile at ¢ = ¢, and the spatial
distribution of the absolute error are shown in Figure 5. Hence, we can see that error of approximation
is less than 0.3 %.

4.2 Stage 2

In the second stage, a new region Dj occurs and now we have two regions D, and D3. Mathematical
formulation for these zones are given as

8621 CLgl 4 82921 2
—_— = —_— 4.21
at T(Q) cos (C) 8C2 Wat | 5 0< C < ﬂ(t)7 ( )
00y G_%Q cos'(¢) 02059 o Blt) < ¢ < i (4.22)

o 0¢? 21 2’ '
with boundary and initial conditions
‘922(07 tsoft) = esofty 621 <C7 tsoft) = f(C), (423)
00

8—21 o - O, 922|C:% == O, (424)

921|<:ﬁ(t) = 922|C=/5(t) = Hsofta (4.25)
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T
F(0) = buoges Bltsor) =0, f(5) =0, (4.26)
and Stefan’s condition
00 00
— )\218_2‘1 =— >\228—22 (4.27)

where

P11 P12
. o — / ) 4.28
J(Q) = 01(C tsopt),  wan = 27r7”o V ey’ 27”"0 C12712 2

The quadratic profile used by Goodman [2] has the form T'((,t) = a(¢ — s) +b(¢ — 5)?, where s is
the melt front and the coefficients a and b are functions of time. We now Choose temperature profile
for equations (4.21) and (4.22) in the form:

Tou(C, ) = An(t)(B2(t) = () +0s0pe 0 0 < (< B(1), (4.29)
TG t) = Wt B0 = OC = 7/2) 4 5oy B SCF (30

which satisfy boundary conditions (4.24) and (4.25). From Stefan’s condition (4.27) one finds the

coefficient

~——

)\22 ( m esoft )

Ap(t) = ——— | B(t) — =+ —— | . 4.31

2O = s \" 2 " B -3 .

Note that finding of the softening interface ¢ = 3(t) is identical to determining of the thermal

layer. Hence, for 01((,t) we choose the region 0 < ( < ((t) as the thermal appropriate for this

problem and for 652((, t) we integrate heat equation (4.22) from ¢ = §(t) to ( = 7/2 by substitution
the quadratic profile Th((, ) into the equation

w/2 . 82022 )
[ eostic) |58 4 | ac = Fato), (132)
B(t)

where
a35(w3y + 405051) [126(¢) — 67 + 8sin(25(t)) + sin(45(t))]
32r¢ '

In view of the interface boundary conditions (4.25) and Stefan’s condition (4.27) we get the ordinary
differential equation

F(p(t) =

(4.33)

(46%(t) — AmB(t) + 7 + 2)0s0p: | dB(L)
4 dt

= F(B(t)), (4.34)
with the condition B(tss) = 0.

Figure 6 shows the temperature in the soft (red solid line) and the solid phases. In Figure 6(A)
the plot shows the distribution of the temperature at the left boundary for 6,(0,¢) and 0y (5(tmei), t)-
Figure 6(B) shows the temperature at ¢ = 3(ter) and the Figure 6(C) shows the space distribution
of the temperature at the melting time t,,.;. The temperature allocation at ¢t = t,,.; presented in
Figure 8(A) and the dynamics of the free boundary shown in Figure 8(B). The time t,,; required
for the softening of filament in electrical contacts given in (4.21), (4.22), (4.23), (4.24), (4.25), (4.26)
and (4.27) is equal to 6.913 - 107
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Figure 6: Dynamics of temperature in softening stage where the (solid red line) is the tempera-
ture of soft phase and the other is the temperature of solid phase, (A) 61(0,t), O2(8(tme),t), (B)
el(ﬁ(tmelt>a t)7 QQ(B(tmelt)u t) and (C) ‘91 (C?tmelt)a 02(C7tm61t>
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Figure 7: Distribution of the temperature 6(¢,tme:) (A) for all domain ¢ € [0,%] and (B) position
of the melt-solid interface.

4.3 Stage 3

The third stage is characterized by formation of the third and last region D;, where electrode begins
to melt. The following model is proposed to describe this phenomena
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(A) (B)
1.5x10° L3
125107 125
1107 £ !
2 2
= 2
z 50| B 0.73
g =
o =)
500) A 05
50| 0.25
0 0.314 0.628 0.842 1257 157 16831077 27201077 3775x1077 48211077 5867x107  6913x107
Spase variable Time. t

Figure 8: Distribution of the temperature 6(C, tyne) (A) for all domain ¢ € [0,2] and (B) position
of the soft-solid interface.

6931 . a%l 82931 2
T (©) Bz Tl 0<¢<all), (4.35)
8932 CL%Z 4 82932 2 ™
;T 2 YT —= 4.
o 2 cos”(() ac? +wi|, alt)<(< 5 (4.36)
032(0, tinetr) = Omerrs  031(C, tmerr) = 9(C), (4.37)
06
a—zl L= bl = 0, (4.38)
931|§:a(t) = 932’4:(1(1;) = Omelt, (4.39)
T
g(o> - emeltu a(tmelt) = 07 g (5) = 07 (440)
and Stefan’s condition
6931 . 8932 dOz(t)
/\318_§ )\328_C o LVT, (4.41)

where

(C) = 921(C tmelt) W31 =

[ P2 [ P22 (4.42)
27T7’0 Co1Yo1 27?7’0 C227Y22

For the last stage of contact heating we choose the temperature profile for equations (4.35) and
(4.36) in the form:

T51(¢,t) = A1 (1) (®(t) — ) + Operr in 0 < ¢ < aft), (4.43)
Tia(C.t) = Wine (a(t) = O)(C = 7/2) + aft)‘—_”fmem ma(t)<¢<z,  (444)

which satisfy boundary conditions (4.38) and (4.39). Goodman [2] used the alternative form of
equation (4.41). Equation (4.39) is differentiated with respect to t. By using (4.35) and (4.41) we

obtain ) ) )
00 0055 00 a 040
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The coefficient As;(t) can be determined by the above condition:

220 (1) Bt <2a(t) _r— W{ﬁ) — p(alt))
Az (t) = 8As102(t) - (4.46)

\/ (2 X200 (20(8) = 7 = 5= ) = v(a(®))] C 4 su(a(t) a2ty

_ DD , (4.47)

where 1 (a(t)) = 2Lys % cos* a(t).
0
Integrating heat equation (4.36) from ( = a(t) to ( = § we obtain the differential equation
da(t) a3y w3y — 40men] (120(t) — 67 + 8sin(2a(t)) + sin(4a(t)))
dt 872 Opmer [402(t) — dma(t) + 72 + 2] ’
with the condition a(e) = 0.

(4.48)
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Figure 9: Dynamics of temperature in melting stage where the (solid red line) is the temperature of
solid phase and the other is the temperature of solid phase, (A) 01(0,t), O2(5(tarc),t), (B) 61(B(tarc), 1),
02(5(ta7”6)7 t) and (C) 01 (C? tm’c)7 QQ(Ca tm‘c)-

The temperature distribution on the melting stage and the free boundary are shown in Figure
7 and Figure 9. Figure 9 shows the temperature in the soft and solid phases. The dynamics of
the free boundary is presented in Figure 7(A) and Figure 7(B). In Figure 9(A) the plot shows the
distribution of the temperature at the left boundary for 0;(0,¢) and 6 (a(ta.),t). Figure 9(B) shows
the temperature at ¢ = a(t,.) and the Figure 9(C) shows the space distribution of the temperature
at the melting time ¢4, = 2.269 - 10 5sec.
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5 Conclusion

In this paper, we consider the Stefan problem in ellipsoidal coordinates. The heating of closed
electrical contacts in a quasi-stationary mode is described in ellipsoidal coordinates, which is shown
in Section 3. The heat balance integral method is applied to the one-dimensional ellipsoidal Stefan
problem with the Joule heat source. The results on the first stage of heating agreed well with the
obtained exact solution. The error of approximation is less than 0.3 % for the classical second-degree
polynomial temperature profile. The second and final stage results are also discussed in details. In
fact, the HBI method can be effectively applied to the two-dimensional Stefan problem and also to
the inverse Stefan problem.

Future work will concern extending the HPM presented in [13, 14, 15| to the evaporation process
in electrical contacts in ellipsoidal coordinates.
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