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1 Introduction

The following system of equations

2n
PN OR;  OR;\ oB  OR;| —
N'(u) = ]E—l (81#' (9uj> U {aui - T ] =0, 1=1,2n, (1.1)

is called Birkhoft’s equations [14] and it is derived from the stationarity condition of the Pfaffian

action
t1

Fylu] = /

to

Zn: Ri(t,u) - u' — B(t,u)| dt. (1.2)

Equations (1.1) were widely investigated, in particular, in [11, 14]. An operator approach to
Birkhoff’s equations was developed by V.M. Savchin in [16]|, where he proved that the problem of
a direct representation of an evolutionary operator equation in the form of an operator Birkhoff’s
equation was closely related to the problem of constructing the corresponding Pfaffian action. There
is a large number of works devoted to the construction of direct and indirect variational formulations
of different types of equations and their systems (see, e.g., |3, 4, 5, 6, 7, 15, 16, 18, 19, 20, 21, 22, 23|).
In classical mechanics there exist methods of construction generalized Lagrangians of systems based
on the properties of their motion [8, 9]. Tt is well known [10, 11, 14|, that Birkhoff’s systems are
generalizations of Hamiltonian ones. It should be noted that the problem of a direct and indirect
representation of an operator equation with the first order time derivative in the form of Hamiltonian
equation is investigated in [1, 2, 17|.

In the paper, we apply Savchin’s approach for investigaton of an indirect representation of an
evolutionary operator equation in the form of an operator Birkhoff’s equation.

Below, we use notations and terminology of [3, 4, 15, 18, 19].

The following theorem is needed for the sequel.
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Theorem 1.1. [15] Consider an operator N : D(N) C U — V and a bilinear form ®(-,-) : VxV —
R such that for any fized elements u € D(N), g,h € D(N)) the function ¢¥(¢) = ®(N(u+ €h), g)
belongs to the class C'[0,1]. For N to be potential on the convex set D(N) relative to ® it is necessary
and sufficient to have

® (Nyh,g) = ®(Nyg,h) Vue D(N), Vh,g € D(N,). (1.3)

Under this condition the potential F is given by

mm:/ymmmﬂﬂmw+mML (1.4)
where U(\) = ug + AMu — up), ug is a fived element of D(N).
2 Conditions of an indirect representation of an evolutionary operator

equation with the first order time derivative in the form of an operator
Birkhoff’s equation

Consider an operator equation

N(u) = Pyyu + Q(t,u) =0, u € D(N), (2.1)
telto,t1] CR = Dy = d
0y 01 ) Uy = U = dtu

Here Vt € [to,t1], Yu € Uy P, : Uy — Vi is a linear operator; Q) : [to,t1] x Uy — Vj is an arbitrary
operator; D(N) is the domain of definition of the operator N, U = C([to, t1];U1), V = C([to, t1]; V1),
Ui,V are linear normed spaces, U; C V;.
We will also write
N(u) = Pyu; + Q(u) = 0,

bearing in mind that the operators P, and ) may also depend on t.

Operator equation (2.1) can be an ordinary differential equation, a differential equation with
partial derivatives, an integro-differential equation, a differential-difference equation, etc., and a
system of such equations (see, e.g., |7, 8, 12, 13, 15]).

We will assume that the bilinear form

@@JE/@)&:VXV%R

to

is symmetric and nondegenerate.
Denote by N(u) = M,N(u), where M, : D(M,) > R(N) — V and consider the following
equation:
N(u) = M,P,u, + M,Q(u) = 0. (2.2)

Theorem 2.1. Let D, be skew-symmetric on D(N]). Equation (2.1) admits an indirect represen-
tation in the form of an operator Birkhoff’s equation if and only if Yu € D(N), ¥Vt € [to,t1] the
following conditions hold on D(N)):

P:M: + M,P, =0, (2.3)
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P+ M (@ )T+ QM — M Q) — M@, = 0
(M, (Puus )| + [P (ug; )] My = Py (M (+) sus) — PyMy (5 uy)
—M,, (Pyug;-) — M, P, (ug;-) = 0.
Proof. We have
N!h = M! (Pyus; h) + M, P, (ug; ) + M, Phy + M, (Q (u) ; h) + M,Q.h.

Further,

® (Nihog) = [ A0 (Puaui )..9) + (M, (P i) + Pubr) 9

+ (M, (Q (u) ;) , g) + (MuQyh, g)} dt

/{(h ! (Pyug; )] g) + (b [Pl (w )" Mg) — < P*M*)>

to

— (h, B (Mg up)) — (hy PEMY (g3 ur)) — (B, Py M ige)
+(hy [ML(Q () ;)] g) + (h, QU Mg} dt

/ {0 {0 (P )7 = [P (s )M = P (M () 3 e) = PIM ()

g (PIME) ML (QU) 0T + @ fa ) = (b PoMia) b

On the other hand,
o (Nig, h) = / {(h, My, (Pyus g) + Mo P, (ug; 9) + My (Q(u); 9) + MuQg + MuPugy)} dt.

Thus, from condition (1.3) it follows that
(M, (Puug; )] + [Py (ug; )] My — Py (M () sup) = PyMY (5 up) — M, (P )
a * * * * *
g7 (PaM) + [M (Q (w) )] + QM — M, (Q (w) ;) = M@, =0,
PIM: + M,P, = 0.
Hence, conditions (2.3)-(2.5) are satisfied.

Remark 1. Denote by o _

Then conditions (2.3)-(2.5) can be written in the form

P.+P,=0,

aﬁ* — 1% —
— u — = 0
LA -0, =0,

P (i )] =P () = P, (wss) =0
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Remark 2. If M, = I is the identity operator then from (2.3)-(2.5) we obtain

P+ P, =0, (2.6)
P*
_aatu FQE -, =0, (2.7)
[Py (u; )] = Py (5 ue) — Py (ug;-) = 0. (2.8)

Note that these are conditions of a direct representation of an operator equation with the first
order time derivative in the form of operator Birkhoff’s equation [16].

Remark 3. Consider a system of ordinary differential equations

2n
N'(u) =Y Ci(t,u)i + Dy(t,u) =0,  i=12n. (2.9)
j=1
In our case
Cii G Ci2n Dy
C e Caan, D
P, = 21 22 2',2 ’ O(u) = 2
e277,,1 e217,,2 eQn,Qn ®2n
Let us assume that
My My, M, 2p
MZn 1 M2n,2 MQn 2n
where M;; = M,;(t,u), i,j =1,2n
Denote by
2n 2n
ez] = ZMzkekja Dz = ZMszka 1,) = 17 n
k=1 k=1
From (2.3)-(2.5), we get o
Ci; +Cji =0, (2.11)
= - — : 2.12
ot owl  out’ (2.12)
0C,; 0Cy 0C. _
Iy Tk TR g GGk =1, 2n. (2.13)

ouk  ouwl - oul
Note that (2.11)-(2.13) are conditions of an indirect representation of system (2.9) in the form of
classical Birkhoft’s equations [11].
If (2.10) is the identity matrix, then conditions (2.11)-(2.13) take the form
Gij + (_D,ji = 0,
€y _ 0D; 9D,
ot ouw  Oul’
0C;;  0C,  0Cjy . —
, - =0 k=1,2n.
g ow | ou b =
These are conditions of a direct representation of system (2.9) in the form of classical Birkhoft’s
equations [11].
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3 Construction of a Pfaffian action

Theorem 3.1. If conditions (2.3) — (2.5) are fulfilled then the corresponding Pfaffian action is given

by
Fylu] = / (MR(u), us) + Buslu]} dt + Fg [uo)] . (3.1)
where 0 o
B (M, R(u) / / < Mgy Pan (1 — o), a%(t/\)>d)\dt, (3.2)
Bogfu] = / (Mo Q(E(N)), 4 — o)A, (3.3)

0
w(A\) = ug + Mu — up); ug is a fived element of D(N).

Proof. Taking into consideration formula (1.4) and condition (2.3) we get

Fiy [u] — Fs [uo]:/1/<N(ﬂ()\)),u—u0>d)\dt

1
Ou (A
/<Ma(,\)Pa(,\) a( ) >d)\dt+// u()\)Q A)), u—u0> d\dt
0 to
/ di(N)
* * u ~
—//<Pﬁ(A)Ma(A)(u—uo) g >d)\dt—|—//<M (@(N)), u — uo) dAdt
to O
t1 1
:// —M~(,\)Pﬁ(,\)(u—u0) >d)\dt+// 1~L U—UO>d/\dt.
to O

The use of (3.2), (3.3) yields Pfaffian action (3.1). O

Remark 4. If M, = I is the identity operator and conditions (2.6)-(2.8) hold then the corresponding
Pfaffian action is given by

where

W(A\) = up + AM(u — up); up is a fixed element of D(N).
Note that Pfaffian action (3.4) was constructed in [16].
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4 Birkhoffian structure of an evolutionary operator equation with the
first order time derivative

Theorem 4.1. Conditions (2.3) — (2.5) are fulfilled if and only if equation (2.2) has the Birkhoffian
structure

N(u) = Pyuy + Q(u) = (ﬁ: - ﬁ;) up — %(U) + grady, Blu] = 0, (4.1)
where
P,=M,P,, Qu)=M,Qu), R(u)=MRw), Bu]=Byul. (4.2)

Proof. Let conditions (2.3)-(2.5) be satisfied. Then the corresponding Pfaffian action is given by
(3.1) and

6Fglu, h] = /{(M;(fR(u), h), us) + (MR b, ug) + (M,R(u), hy)

+ (grada, Balul, )} dt — / MR ); ] e, 1)+ oy R M)

= { G (VR0 M (R0 00) + MRi, )+ (e B, 1)

Hence
M, P, = [M(R(u); )] + Ry My — M, (R(u);-) = MRy,
0
M,Q(u) = ~ 5 (M, R(w)) + grade, Bas[ul.
Bearing in mind notations (4.2), we obtain

P, =R, - R,

u u

— OR _
Qu) = —E(u) + gradg, Blu).
This means that equation (2.2) is of the Birkhoffian type and, therefore, equation (2.1) is indirectly
represented in the form of an operator Birkhoff’s equation.
On the other hand, let equation (2.2) be of the Birkhoffian structure. As it is shown above,

equation (4.1) is derived from the stationarity condition of Pfaffian action (3.1). It signifies that

operators P, and ) must satisfy conditions (2.3)-(2.5). O
Remark 5. If M, = I is the identity operator then
P =R - R,
IR

Qu) = _E(U) + grade, Blul,
i.e. equation (2.1) is directly represented in the form of an operator Birkhoff’s equation

N(u) = Py + Q(u) = (R — R.) uy — %(u) + grade, Blu] =0 (4.3)

(see [16]).
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Remark 6. Suppose that
:R: (:Rl’:R.Q,...,RQn)T7 3 == —B,

where R; (i = 1,2n), B are functions of the variable ¢ and unknown vector function wu(t) =
1 2 2 T
(u' (t),u(t), ..., u=(t))".
Then
ORy  ORy Ry ORL ORy ORan,
oul ou? " Quln Oul oul 0 Oul
ORo ORo ORo OR1 ORo ORon
:R’ — oul ou? Tt Qu?n , fR/* — ou? ou? to Ou?
u u
ORaon O0Rop ORon OR1 ORo ORon
oul Ou? Tt Qu?n Ou2n  Qu2n Tt Quln

In this case, (3.4) is classical Pfaffian action (1.2) and from (4.3) we get the structure of classical
Birkhoft’s equations (1.1).

5 Example
Consider the following partial differential equation:
N(u) = aug + Pugge + [z, t,u,u,) =0, (2,t) € Q= (a,b) X (to,t1), (5.1)

where a, 3 are constants, f € C?(Q x R?).
Define D(N) by

D(N) = {u € 03(6) : u|t:t0 = ng(J]), u|t:t1 = @2<x> (I € (av b))? u|$:a = wl(ﬂ?
b

U|z:b = ¢2(t)a Uz’|x:a = ¢3(t)7 utx|x:a - Oa /u(:t,t)dx = "l}4(t) (t € (tOvtl))}v (52>

a

where ¢; (i =1,2), ¢; (j =1,4) are continuous functions.
We introduce the classical bilinear form

t b
d(v, g) ://v(x,t)g(x,t)dxdt. (5.3)

In this case
PUEP:a[-i-ﬁDazm Qu) = f(z,t,u,u,),

where [ is the identity operator.

Note that equation (5.1) does not admit a direct representation in the form of operator Birkhoff’s
equation, because P = P* and condition (2.6) is not fulfilled.

Let M = D', where

x

D to(x,t) = /U(y,t)dy.

a

Equation (5.1) admits an indirect representation in the form of operator Birkhoff’s equation if and
only if Vu € D(N), Vt € [to, t1] the following condition holds on D(N}):

i, (gf) D'~ D! (% (-)) + <Dz (;-i) (-)) = 0. (5.4)
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Indeed, we have

,_g+8fD

M*:_D_l - T
Y Ou o Ouy

@

and

(2.3) = —aD;'h — Bhy + aD; h+ Bhy = 0,

(24) = ~%D;h+ D, (2£) D 'h+ 2Lh— ;' (38) - D

= ~2D; D, (8L) D Ghh— D (9ER) — 24+ ;' (D. (22 h)
= =20+ D, (2L) Dy = Dt (3En) + Dt (Da (25) 0) =

(2.5) = 0=0.

Hence, from condition (2.4) we obtain condition (5.4).
From (3.2) we find

1 1
R=——al — —BD>.
50 — 58D,

Note that under condition (5.4) the following operator
Ni(u) = D' f(x,t,u, uy)

is potential on D(N) (5.2) relative to bilinear form (5.3) and in this case

Bar[u] = Bur[u] — Byrlug] = //D;lf(x,t,ﬁ()\),ﬂx()\)) - (u — ug)dxdA,

where @(\) = ug + Au — up); up is a fixed element of D(N).
So functional (3.1) takes the form

t1 b

5 [u] :/ —%/(anlu-ut—irﬁuxut) dx + By[u] p dt.

to a
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