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1 Introduction

Recently, discontinuous differential equations have become a very active area of research since these
equations describe processes that experience a sudden change of their state at certain moments. Such
processes arise in some problems of the theory of the mass and heat transfer, radio science, various
physical transfer problems, and geophysics (see [26, 27, 25, 9, 31, 32, 7, 34, 33, 11, 12, 13, 14, 1, 21,
28, 29, 30|).

The study of matrix-valued Sturm—Liouville equations has become an important area of research
because such equations arise in a variety of physical problems (for example, see [17, 20, 22, 15,
16]). Although matrix Sturm-TLiouville equations are more difficult than the scalar Sturm-Tiouville
equations the matrix-valued Sturm-Liouville equations have intensively been investigated during the
last two decades (see [2, 4, 18, 19, 35, 8, 23, 10| and references therein). In this study, we investigate
discontinuous matrix Sturm-Liouville equations. In the analysis that follows, we will largely follow
the development of the theory in |3, 5, 6, 36, 24|.

This paper is organized as follows. In Section 2, an existence and uniqueness theorem is proved
for discontinuous matrix Sturm-Liouville equation. Next, the corresponding maximal and minimal
operators for this equation are constructed and some properties of this operators are investigated. In
Section 3, a criterion under which discontinuous matrix Sturm—Liouville operators are self-adjoint is
given. Finally, an eigenfunction expansion is constructed in Section 4.

2 Discontinuous matrix Sturm—Liouville equation
Consider the following matrix Sturm—Liouville equation
— (P(2)'(z)) +Q (2) 2(z) = AR (z) 2 (2), z € [a,c) U (c, D], (2.1)

where —00 < a < ¢ < b < 400, A € C; P(x), @ (x) and R(z) are n x n complex Hermitian
matrix-valued functions, defined on [a, c) U (¢, b], det P (x) # 0,
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R (z) is a positive and the entries of the matrices P~'(¢), Q(t) and R(x) are Lebesgue measurable
and integrable functions on [a, c) U (¢, b].
Now, we can convert equation (2.1) into the Hamiltonian system. Let

=% o) 20 (retm )

From equation (2.1), we get
D(2):=J2(z) - Vi (2) Z(z) = \Vi (2) Z (2), 2 € [a.) U (c, b]. (2.2)
Let
Ly [(a, ) U (¢,b); E]
= {Z : / VL2, Z) , dx + /cb (VZ,Z),dx < oo}

be the Hilbert space of 2n-dimensional vector-valued functions X', ) with the inner product
c b
@)= [ (WY dot [ (XD),ds

c b
—/ y*vlmer/ V'V Xdz,

where E := C?" is the 2n-dimensional Euclidean space.

Theorem 2.1. Let K € C* and A € C. Then equation (2.2) has a unique solution such that
Z(a,\) =K, Z(c+,\) =CZ(c—, \), (2.3)

where C s the 2n X 2n matriz with entries from R such that CJC* = J.

Proof. An integration yields
Z(z,\) =K — / JIAVL(E,N) + Vo (8, N)] Z (¢, N) dt (2.4)
= [T N )2 ) d
where x € [a,c) U (¢, b]. Conversely, every solution of equation (2.4) is also a solution of equation

(2.2).
Let us define the sequence {Z,,}, .y (N:={1,2,3,...} of successive approximations by

ZO(x7 >\) = K7

Zpa (2, ) = K — / JIAVL (£, A) + Va (£, N)] 2 (£, ) dt

+/ JIAVL (£, ) + Va (8, N)] Z (£, A) dt, m=0,1,2, ..., (2.5)
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where = € [a,c) U (¢, b]. Then, we will prove that {Z,,}, .y converges to a function Z uniformly on
each compact subset of [a, c) U (¢, b]. There exist positive numbers 7 () and £ (A) such that

[T [AVA (2, A) 4+ Va (2, V]I < n (A)

121 (2, M) < €(A), = € fa,c) U(e,bl.

Using mathematical induction, we deduce that

12 X) = Zula, V)] < g () EXE =T gy

m/!

An application of the Weierstrass M-test implies that the sequence {Z,,},, . converges to a function

Z uniformly on each compact subset of [a,c) U (¢, b]. It is clear that the function Z satisfies (2.3).
Now, we show that equation (2.2) has a unique solution. Assume ) is another one. Since ) is

continuous, there exists a positive number M such that ||Z — Y|| < M. Proceeding as above we see

that

(x

_—a)m (m e N).

[2(z,0) = V(@ V] < M ()

Then we get Z = ) on the interval [a,c) U (¢, b] due to

lim Mn (\) —a)”

m—o0 m)!

=0.

Now, we will give the definition of maximal and minimal operators. Denote

([ ZelLi [(a,c)U(cb); E]: z and P2 are )
absolutely continuous on [a, c) U (¢, b],
one-sided limits z (c£), Pz’ (ct) exist and are
finite, JZ'(z) — Vo (z) Z () = V4 F exists in ’
la,c) U (c,b], F e L} [(a,¢)U(cb); E] and
Z(c+)=CZ(c—), CJC* =]

Dmax =

Diin :={Z € Dpax : Z(a) = Z(b) =0}. (2.6)
The operator T, defined by

Tin : Dimin — L%/I [(a,c) U (c,b); E],
Z—TwinZ = Fifand only if ' (Z) = } F.

is called the minimal operator generated by equation (2.2). Similarly, the operator Tp,.x defined by

Tmax : Dmax — L%ﬁ [(CL, C) U (C’ b) ; E] )
Z—TwaZ = Fif and only if ' (Z) = V| F.

is called the maximal operator for the discontinuous matrix Sturm-Liouville equation.
Now, we give the following Green’s formula.

Theorem 2.2 (Green’s formula). Let Z,) € Dyax. Then we have
(TmaXZ7y) - (ZaTmaXy> = [Zvy]b+ [Z,y]c_ - [Zvy]a - [Z>y]c+ (27)
where [Z,Y], = YV*(x)JZ(x), x € [a,c) U (c,b].
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Lemma 2.1. The operator Ty, ts Hermitian.

Proof. Let Z,Y € Dyyy. Then there exist F,G € L, [(a,¢) U (c,b); E] such that I' (Z) = V4 F and
I'(Y) = ViG. From (2.6) and (2.7), we see that

(Tminzay)_(szminy) = (Fay>_ (Z’G)

- [rovr-covzoas [ovr-eovzoe

c b
- / V(T (2) —T* (V) Z (1) dt + / V(0T (2) - T (V) 2 (1)) dt

=2V, + 2V, 2V, -2V, =

The following lemma has a proof similar to that of Lemma 2.1. O

Lemma 2.2. Let Z € Dy and Y € Dyax. Then we have the following relation
(TminZ> y) - (Z, Tmaxy) .

Lemma 2.3. Let us denote by N (T) and R(T) the null space and the range of an operator
T, respectively. Then we have

R (Tmin) =N (Tmax)L :

Proof. Let £ € R (Tyin) - There exists Z € Dy, such that 11,2 = &. It follows from Lemma 2.2
that for each Y € N (Thax)

(573)) - (Tminzyy) - (ZmiaXy) = Oa

i.e., R (Tmin) C N ( maX)

For any given & € N (Tiax) ™ and for all ¥ € N (Thax) , we have (€,)) = 0. Let us consider the
following problem:

JZ'(x) = Va(z) Z(x) =Vi(2)€ (), x € [a,c) U (¢,

Z(a,\) =0, Z(c+,\) = CZ(c—,\) (2.8)

It follows from Theorem 2.1 that problem (2.8) has a unique solution on [a,c) U (¢, b]. Let ¥ (z) =
(11,19, ..., 19,) be the fundamental solution of the system

JZ'(x) = Ve () Z(2) =0, x € [a,c) U (c,b],
U(a) =J, Z(ct) = CZ(c—).
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It is clear that ¢; € N (Tiax) for 1 < i < 2n. By Theorem 2.2, for 1 < i < 2n, we have

(ﬁ@wwafwww@w@wﬁ/wwm@m@m

c b

:/ zp;(t)r(z)(t)dH/ V()T (2) (1) dt
c b

:/ ¢;(t)r<z)(t)dt+/ V()T (2) (1) dt

c b
—/rwywzwﬁ—/rwrwzwﬁ

= [vai]a + [vai]c— - [vai]@r - [Z7wi]0 = [vai]a'

This implies that
(Z,4i), =¥ (a)JZ(a) = Z(a) =0,

ie, &€ R (Tn) - O

Theorem 2.3. The operator T, ts a densely defined operator, so the operator Ty, s symmetric.
Furthermore T3 = Thax-
Proof. Let & € D, . Then, for all Y € Dy, we have (£,)) = 0. Set T (z) = ¢ ().

Let Z (.) be any solution of the system

JZ'(x) = Va(z) Z(x) =Vi(2)€(x), x € [a,c) U (e ]
It follows from Theorem 2.2 that
- (&)
b
/¢ Wi Z@di+ [ 6 OVi0Z () d

c b
—/wamwf@w—/awwmws@ﬁ

:fEWsz@ﬁ+/%owwzwﬁ

_/Cy*(t)r(Z)(t)dt—/by*(t)F(Z)(t)dt

—D},Z]a - [Zal/}i]c— + [vai]c—&— + [yv Z]O =

Tt follows from Lemma 2.3 that Z € R (Toin)" = N (Tinax) . Thus € = 0, i.e., DL = {0}.
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Let us denote by D;. ., the domain of the operator T3}, . Now, we will prove that D, = Dy, and

Tr 2 = Thax Z for all Z € Df, . Tt follows from Lemma 2.2 that (2, Tin)) = (TwaxZ,Y), where

min min*
Z € Dpin and Y € Dyax. Hence, the functional (2, Thy, (1)) is continuous on Dy, and Z € D
ie., Dy C D

Now, we will prove that D}, C Duax. If Z € Dy, then Z,¢ € L3, [(a,¢) U (¢, b); E], where
¢ =Ty, Z. Assume that U is a solution of the equation
JU (@) = Va (2)U (2) = Vi (2) 6 (). (2.9)
It follows from Lemma 2.2 that(¢,)) = (Thmaxld,Y) = (U, TminY) . This implies that

(Z - u? Tminy) - (Z, Tminy) - (u7 Tminy)
= (Thin2.Y) — (6,Y) =0,

ie, Y-UER (Tmin)L . By Lemma 2.3, we conclude that Y —U € N (Thax) -
Using (2.9), we deduce that

JZ'(x) =V (2) Z (x)
= JU'(z) = Va (2)U (x) = V1 (2) ¢ (2),

where z € [a,¢) U (¢, b]. Since Z,¢ € L}, [(a,¢) U (c,b); E], we see that Z € Dyax and TyaxZ = ¢ =
.. Z O]

min“<’*

3 Self-adjoint discontinuous matrix Sturm—Liouville operators

Now, we will give a criterion under which discontinuous matrix Sturm—Liouville operators are self-
adjoint.
Let

D :={Z € Dpax : X2 (a) + AZ (b) = 0}, (3.1)

where X, A are m X 2n matrices such that rank (3 : A) = m. We define the operator T" by

T:D— L} [(a,c)U(c,b); B, (3.2)
ZTZ =F if and only if [ (Z) = Vi F (3.3)

Let Q and Y be (4n —m) X 2n matrices, chosen so that rank (2 : T) = 4n —m and

(a7)

is nonsingular. Let

be chosen so that .
—J 0 Y A Y A
(VO-(23) (1) »

Then we have the following theorem.
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Theorem 3.1. The following relation holds
(Toux 2, Y) = (2, TaaxY) = [£Y (@) + RV ()] (B2 (a) + AZ ()
+ [0V (@ + TV ®)] 92 (@) + T2 0],
where Z,Y € Dyyax.

Proof. By virtue of (2.7) and (3.4), we conclude that

(TmaxZa y) - (Za Tmaxy)

= [Z’y]b_F[Z?y]cf - [27))]&— [Z>y]c+

= ( V*(a) y*(b))( 0 J)(

NV OESVORY ( SZ(a) + AZ(D)
QY(a) + TY(b)

Now, we will describe the adjoint of the operator 7.

Theorem 3.2. Let Y € D*, where
D= {y € Diae : QV(a) + TY(b) = o} .
Then T*Y = F if and only if

JY =Va ()Y (z) = Vi () Fy (2).

Proof. Tt is clear that T, C T C Tyax since Ty C T C Thax. Let Z € D and Y € D*. By Theorem
3.1, we conclude that

(T2,9) — (2,7°Y) = [$¥(a) + V()] [22(a) + AZ ()]
+ [(0) + TY)] 02 (0) + TZ(0)).

Then ~ ~ *
= [Y(0) +TY0)| 02 (2) + TZ(0)].
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Thus we get QY(a) + YV(b) = 0, since QZ (a) + YZ(b) is arbitrary.
Conversely, if ) satisfies the criteria listed above then ) € D*.
We will find parametric boundary conditions for D and D*. Recall that

QZ (a) + TZ(b) = Fy, ©Z(a) + AZ (b) =0,

where F; is arbitrary. Hence, we obtain
XA Z(@)\ (0
Q7 Z0b) ) \F )’

If we multiply both sides of (3.6) by
7o\ [(S AY
o J)\a 1)’

(26)-(75)

Similarly, one can find parametric boundary conditions for D*. Since

then we deduce that

QY(a) + TY(b) =0, EY(a) + AV(b) = Fj,

where Fj is arbitrary, we have

(¥ y*@))(é %) = (F 0).

(o 7)(5)

Multiplying both sides of (3.8) by

it follows that

Now, we have the following theorem.

Theorem 3.3. XJY* = AJA* and m = 2n if and only if T is a self-adjoint operator.

Proof. Let XJ¥* = AJA*. Then we get

(-%J AJ)(i:):O.

*

That is, the columns ( i*

) satisfy the equation

(-XJ AJ)X =0

15

(3.5)

(3.6)

(3.9)
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By virtue of (3.5) and (3.7), we conclude that

(—xJ AJ)(¥:>20.

Thus, there must be a constant, nonsingular matrix K such that

(T)e= (%)

(2 A)=K(Q T)
The conditions X2 (a) + AZ (b) = 0 and Q2 (a) + TZ(b) = 0 are equivalent. Since the forms of 7'
and 7™ are the same, we see that T' = T".

Conversely, let T" be a self-adjoint operator. Then Z satisfies the boundary conditions for D, i.e.,
YZ (a)+AZ (b) = 0. By (3.9), we get

or

S (—JS Fy) + A (JA*F3) =0
[SJS* — AJA*] Fy = 0.

Then we have XJ¥* = AJA*, since Fj is arbitrary. m

4 Eigenfunction expansions

Let
Dy :={Ze€D:3J¥ =AJA\"}, (4.1)

where D is defined in (3.1). We define the self-adjoint operator 77 by

Tl : Dl — L%ﬁ [(a7 C) U (C> b) ) E] ) (42)
ZoTZ <JZ2 —VaZ =W F (4.3)

Let Z (x,\) be a fundamental matrix solution of the equation I' (£) = 0 satisfying Z (a, \) = I. It is
clear that
Z* (@, N) JZ (2, \) = J (4.4)

for all = € [a,c) U (c,b] ([24]).

Theorem 4.1. The resolvent operator of Ty is given by the formula

Ri(\) F(z) = (Ty — \)"' F(x)

c b
:/ G(x,t,/\)Vl(t)F(t)dt—i—/ G (z,t,\) Vi (t) F (t) dt,
where G (x,t, \) is the matriz Green function defined as
G(x,t,\) =

{Z(a:,)\)[EJrAZ(b,)\) EJZ*( A, a<t<az<b t#c x#c
—Z (x, \) [2+AZ (b, M) AJZ*(t/\) a<zx<t<b t#c, x#c.
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Proof. Let Z satisfy the equation I' (Z) = V1 F. By using the method of variation of constants, we
seek a solution of the form
Z(x,\) =Z (x,\) K (z,\),

where K (x,\) is a 2n + 1 vector function. Then we have

JZ' = JZ'K + JZK',
(AWVi+V2) 2= (A1 + V2) ZK.

Hence

ViF=JZ — (A4 + V) Z
= JZ'K + JZK' — (A + Vo) ZK
=[JZ — (Wi + W) Z|K + JZK' = JZK'

ie., K'=[JZ] ' ViF. It follows from (4.4) that K’ = —JZ* (v,\) ViF. Then, we conclude that

Z(2,\) = —Z (x,)\) / JZ* (2, X) Vi (t) F (t)dt

— Z (z,)) / JZ* (x,\) Vi () F (t)dt + Z (z, ) K.

By the condition X7 (a) + AZ (b) = 0, we get
Z (CL) = Kl,
Z(b) = —Z (b, )\)/ JZ* (x, ) Vi (t) F (t) dt

b
- Z(b,)\)/ JZ* (x, \) Vi () F (t) dt + Z (b, \) K.
Thus, we get

Z(x\)=—Z (@ N[E+AZ0) 'S / JZ* (z,\) Vi () F (t) dt

—Z(x, N [E+AZ ()] T /x JZ* (2, X) Vi (t) F (t) dt

c

+Y (z, N[+ AZ ()] A/b JZ* (z, X) Vi (t) F (t) dt.

T

O

Theorem 4.2. The operator R (\) exists for all nonreal A\, and is a bounded operator. It exists also
for all real \ for which det [¥ 4+ AZ (b)] # 0 as a bounded operator. The spectrum of Ty consists en-
tirely of isolated eigenvalues, zeros of the equation det [¥ 4+ AZ (b)] = 0. Furthermore, eigenfunctions
associated with different eigenvalues are mutually orthogonal.
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Proof. Tt is clear that the operator R (\) exists for all real A except the zeros of the equa-
tion det [X + AZ (b)] = 0. Since T} is a self-adjoint operator, it follows that the operator R ()
exists for all nonreal A. The spectrum of 77 consists entirely of isolated eigenvalues, zeros of
det [X + AZ (b)] = 0 because det [+ AZ (b)] is analytic in A and is not identically zero. These
zeros can accumulate only at 4-oco.

Now, we will prove that the operator R (\) is a bounded operator. Let

f )=V () F(n)

and
W (z,7, ) = Vi"* () G (2,8, ) V}'? (z)

where V1/2 is a square root of the matrix V. Then, we have

c b
||R(>\)FH2:||Z||2:/ z*v12dx+/ Z*Vi Zdx

a

[ [ otammran] v [owmiorns] o
[ cnnmora] 56| [ oo )i
[ 1 o] [ W e soaa
[ o v [[weinso e

By using Cauchy-Schwarz’s inequality, we get | Z|* < [|[W|]*||f||”, where

c c 2n 2n
nw%//ZmeWwa

a =1 j=1

b b 2n 2n
[ S S W e N

¢ =1 j=1

Finally, it is easily seen that eigenfunctions associated with different eigenvalues are mutually or-
thogonal since 77 is a self-adjoint operator. O]

There is no loss of generality in assuming that zero is not an eigenvalue. Then, the solution of
the following problem
JZ —VoZ =ViF,
Z(c+) =CZ(c—),
YZ(a)+AZ(b) =0,
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is given by
Z(m):/CG(x,t)Vl(t)F(t)dtJr/ G (x,0) Vi (£) F (£) dt,

where G (z,t) = G (z,t,0).
Let Z =ToF =T, 'F. Then we have the following theorems.

Theorem 4.3. T5 is a bounded operator and

T3]l = sup { [N\ : A € 0 (T1) }

Proof. If T\ xm = AmXm (m € N), then Ty, = Ty Xm, Where 7, = ﬁ Then, we have
T[] = sup [(Tox; X))
XELY, [(a,c)U(c,b);E]
lIxlI=1

= sup{|T| : T € 0 (T2)} = sup {|\)}| : Ao € 0 (T1) }.

Now, we shall order the eigenvalues of T, such that
71| > || > o > 7] > -,
where
lim |7, =0.
m—r0o0

Let us define {T5,,,}~_, by

m—1

Th ' =ToF — Z mixi (F, Xi) -
i=1
Theorem 4.4. ||Ty,,|| = |7m| (m € N), and
lim T, = 0.

m—0o0

Proof. 1t is clear that
0, ifl<j<m-—1

Tomx; = { TiXj, ifm<j<oo.

Further T, is bounded and self-adjoint. Then, we have

[ Toml| = sup (T2 X, X))
XEL, [(a,0)U(c,b); ]

lIxl[=1

= sup |(Tom X X)| = [Tl -
XGL%/1 [(a,c)u(c,b); E]

Ixl=1

It follows from (4.5) that

19

(4.5)
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Theorem 4.5. Let F € L}, [(a,c) U (c,b); E] and Z € Dy. Then we have

F = in (Fyxi), ToF = ZTiXi (F, xi)
=1

=1

T"Z = Z AiXi (37 Xi) .

i=1
Proof. 1t follows from (4.6) that
LF = ZTiXi (£, xi) -
i=1

Applying T to equality (4.7), we conclude that

F= ZXi (F,x1) -
i=1

Further,
(Foxi) = (TZ,x:) = (2, Tixi) = Ni (2, x:) -
Thus, we get
"z = Z AiXi (2, Xi) -

i=1

Theorem 4.6. There exists a collection of projection operators {E (\)} satisfying
(a) limy oo B (V) = I, limys_oo B (\) =0,

(b) E (A1) < E (X)) when A\ < g,

(c) E(X) is continuous from above,

(d) for all F € L3, [(a,c) U (¢,b); E] and Z € Dy,

F:/ dE (\) F, T2F:/ %dE(/\)F,

oo — 00

lez/ AE (N Z.

oo

Proof. Let us define

where P; is a projection operator. If we define

E(\F=)> PF

Ai<A

then F (\) generates a Stieltjes measure. The integrals in (d) are obtained from this series.
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