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1 Introduction

Let M,, be a connected manifold of dimension n and T'M,, its tangent bundle. In this paper, we assume that
all geometric objects will be discussed in the class C°°, with the dimension n > 1. Moreover, the set of all
tensor fields of type (r,s) on M,, and TM,, are denoted by % (M,,) and % (T M,,), respectively.

Let V be an affine connection on M,,. If a transformation on M, preserves the geodesics as point sets, then
it is called a projective transformation. Also, a transformation on M, which preserves the connection is called
an affine transformation. Therefore, we can say that an affine transformation is a projective transformation
which preserves the affine parameter with the geodesics.

Let V' be a vector field on M, and {¢;} its local one-parameter group. V is called an infinitesimal
projective (affine) transformation, if every ¢; is a projective (affine) transformation on M,,.

It is well known that, the necessary and sufficient conditions for a vector field V' to be an infinitesimal
projective transformation are such that, for every X, Y € S (M,,),

(LyV)(X,Y) = QX)Y + Q(V)X,

where €2 is a 1-form on M, and Ly is the Lie derivation with respect to V. In this case  is called the
associated 1-form of V. In the case of 2 = 0, one can see that V is an infinitesimal afline transformation
[10].

Almost paracomplex structures on a manifold were introduced by Rasevskii in [8]. An almost paracomplex
structure on a manifold M, is a tensor field ¢ € 31(M,,), where @? = Id, ¢ # Id and the two eigenbundles
T+ M, and T~ M, corresponding to the eigenvalues +1 of o, have the same rank. In this case, (M,,¢)
is called an almost paracomplex manifold. It would be noted that, in this case, the dimension of M, is
necessarily even. If the both distributions T M,, and T~ M,, are integrable, we say that almost paracomplex
structure ¢ is integrable and then (M, ¢) is called a paracomplex manifold. For more details, one can refer
to [3, 4, 9.
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Let V be an affine connection on an almost paracomplex manifold (M,,, ¢). An infinitesimal paraholomor-
phically projective (IPHP) transformation on M, is a vector field V on M,, such that for any X,Y € S3(M,,),
we have

(LyV)(X,Y) = QX)Y + Q)X + Q(pX)pY + QpY)pX,

where Q is a 1-form on M,,. It is also called the associated 1-form of V' [5, 7]. If Q = 0, it is obvious that V
is an affine transformation.

Let g = (gji) be a Riemannian metric on M,,. It is well known that we can define from g several (pseudo-)
Riemannian metrics on T'M,,, where they are called the lift metrics of g, as follows: 1) complete lift metric
or lift metric IT is denoted by ¢©, 2) diagonal lift metric or Sasaki metric or lift metric I+IIT is denoted by
g°, 3) lift metric I+11 and 4) lift metric II+111, where I:= gj;da’da?, 11:= 2g;;dz7 6y’ and 111:= g;;6y76y" are
bilinear differential forms defined globally on T'M,. It should be noted that in literature I:= g;;dz?dz" is
called the vertical lift of g and denoted by g". For more details on lift metrics, one can refer to [11].

Abbassi and Sarih in [1] defined the "g-natural metrics" on T'M,, of a Riemannian metric g and studied
a special class of this metrics in [2], that it is denoted by

§:=ag”+Bg% +~g",

where a, 8 and v are real constants with o > 0 and A := a(a +7) — 82 > 0. In this case, § is a Riemannian
metric on TM,.

Infinitesimal paraholomorphically projective transformations on the tangent bundle of a Riemannian
manifold (M, g) with respect to the Levi-Civita connection of Sasaki metric g° are determined in [6].
Moreover, it is proved that if (T'M,, ¢°) admits a non-affine paraholomorphically projective transformation,
then M,, and T'M,, are locally flat.

The main goal of this paper is studying infinitesimal paraholomorphically projective transformations on
T M,, with respect to the Levi-Civita connection of the pseudo-Riemannian metric

§=ag”+ B¢ +~4", (1.1)

where a, 3 and v are real constants and A := a(a + ) — 32 # 0. It is obvious that the metric § is a
generalization of above lift metrics.
In fact, we prove the following theorems.

Theorem 1.1. Let (M,,g) be a Riemannian manifold and T M, its tangent bundle with the Levi-Civita
connection of the pseudo-Riemannian metric § = ag® + Bg° + vg", where o, 8 and ~ are real constants,
a#0 and X == ala+7v) — B2 # 0, and the adapted almost paracomplex structure ¢. Then V is an IPHP
transformation with associated 1-form Q on TM, if and only if there exist 1 € 38(My), B = (B"),D =
(DM € S§(My,), @ := (9;) € SY(M,,) and A = (A}), C = (Ch) € SHM,,), satisfying

L (VR VP = (B! + y* A, D" + y*Cl + 2y°Poy"),
IL (025, 9%) = (W, P;),  W; = O,

I, V;®; =0,

Iv. ﬁ(@cjoi + @bR?ji) =0,
V. VAl = ~ & DeRl

VI. A¢Rp;, =0, ALRf;, =0,

VII. BV R}, = R{,,VaB" — R, V;B% — Rl ,Cd — Rl .C9,
VIIL V;,Ct = BaRL + $2 DR

IX. R{;(BVoB" = BCI + aV,D") =0,
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X. LpI'ly = V;V;B" + BRh,, = 206! + 2w,6" — S DI(Rl, + RI,),

aji aji aij

Da—%Rh ‘Da’

jas

Jr
XI. V;V;Dh = “et ph

XII. BDV;R}.,, = —B(R},;V:D* + R}V ;D" — BR%,V,D"
— BRI (22v;Be — 28 o v, D),

bai
where V := (Vh V) = VI E), + VEE,;, and Q := (U, Q) = Qnda" + Qz 69"

Theorem 1.2. Let (M,,g) be a Riemannian manifold and TM,, its tangent bundle with the Levi-Civita
connection of the pseudo-Riemannian metric § = BgC + vg¥ where 5 and ~ are real constants with B # 0,
and the adapted almost paracomplex structure . Then V is an IPHP transformation with associated 1-form
Q on TM,, if and only if there exist ¢ € SY(M,), B = (B"),D = (D") € S}(M,,), & := (¥;) € IV(M,,) and
A= (AM), C = (CF) € S1(M,,), satisfying

L (VM Vh) = (B" +y* AL, D" + y*Cl + 2y"®ay”),

I V;$; =0,
Iv. VAl =0,

V. A¢Rp;, =0, ALRf,; =0,

VI. BV, R}, = Ry VB + Ry VB + RO — R%,.C,

VII. VZCJ’-L = BeRh

g

VII. LpT; = V;V;B" + B*R};; = 2W;6!" 4 20,67,

aji
IX. LpI' = V;V;D" + D*R};; =0,
where V := (VI V) = VI E), + ‘N/EE;L, and Q == (U, Q) = Quda™ + Q769"
Theorem 1.3. Let (M,,g) be a Riemannian manifold and T M, its tangent bundle with the Levi-Civita
connection of pseudo-Riemannian metric § = ag® + Bg° + vg¥, where o, B and v are real constants with
af #0, ala+v)— B2 #0, and the adapted almost paracomplex structure . If (T M,,§) admits a non-affine
IPHP transformation, such that ||®@|| # 0, then M, and T M,, are locally flat.

2 Preliminaries

Here, we give definitions and theorems on M,, and T'M,,, that are needed later. The details of them can be
founded in [11, 12]. In this paper, indices a, b, ¢, 1, j, k, ... have range in {1,...,n}.

Let M,, be a manifold that covered by coordinate systems (U, z?), where z* are the coordinate functions
on the coordinate neighborhood U. The tangent bundle of M, is defined by T'M,, := |J,¢ s Te(Mp), where
T,(M,) is the tangent space of M,, at any point « € M,,. The elements of T'M,, are denoted by (x,y) where
y € T,,(M,) and the natural projection 7 : TM,, — M,, is given by 7(x,y) := x.

Let (M, g) be a Riemannian manifold and V the Levi-Civita connection associated with g. The coeffi-
cients of V with respect to frame field {0; := %} are denoted by F;-Zi, ie. Vg, 0; = I‘?ﬁh.

Using the Levi-Civita Connection V, we can define the local frame field {E;, E;} on each induced coor-
dinate neighborhood 7=(U) of TM,,, as follows

E;:=0; — ybfgif)ﬁ, E; :=0;,
where 0; := 621" This frame field is called the adapted frame on T'M,,. By define §y" := dy” + ybfzbda:“,
one can see that {dz", 6y"}, is the dual frame of {E;, E;}. By the straightforward calculations, the following
lemmas are proved.
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Lemma 2.1. The Lie bracketls of the adapted frame {E;, E;} salisfy the following identities:
1. [Ej, Ei] = 4Ry, Fa,
2. [Ej, B5] =T, Ea,
8. [E;, 5] =0,
where job are the coefficients of the Riemannian curvature tensor of V.
Lemma 2.2. Let V = ‘N/h’Eh + VEE;L be a vector field on T M,,. Then
1. [V,E] = —(EVY)E, + (Vey’Re, — VIT%. — E;V) Eg,
2. [V,Ej] = —(E;V)E, + (VT — E;V%)E,.
Using the adapted frame {E}, E;}, we can define a tensor field ¢ € 31(T'M,,), as follows
o(Ep) = En,  (ER) = —E.

We see that ¢ # Id and ¢? = Id. Thus ¢ is a paracomplex structure on TM,, which is called an adapted
paracomplex structure. It is well known that ¢ is integrable if and only if M, is locally flat.

Let g = (gj;) be a Riemannian metrics on a manifold M,,. We can define several Riemannian or pseudo-
Riemannian metrics on T'M,,, from g, as follows

IL: 2g;;dx? 6y,

I+11: gjidaida + 2g;;da? Sy,

I+ gjidaddat + g;:0y7 8y,

II4+111: 2g;:dx? Sy + g;i6y7 0y’
where

I: gjida?jda?i,

IL: 2g;;d2? 6y,

1L g;iby’ 6y",
are all quadratic differential forms which are globally defined on T'M,. It should be mentioned that the
metric I is called the complete lift metric and denoted by ¢, the metric I+III is called the Sasakian metric
and denoted by ¢°, and the quadratic form I is called the vertical lift and denoted by ¢". For more details,

one can refer to [10].
Abbassi and Sarih in [2] studied a special class of g-natural metrics on T'M,, that denoted by

§=ag”+ B¢ +~4",

where a, B and «y are constants with o > 0, and a(a +v) — 8% > 0.

Now, let § := ag® + Bg% 4+ vg", where «, 3, and ~ are real constants with A := a(a +v) — 82 # 0. In
this case, one can see that g is the generalization of the above lifted metrics, for example, putting a =g =1
and v = —1, then § = g% + ¢¢ — ¢" which is the metric IT+I1I.

The coefficients of Levi-Civita connection V of the pseudo-Riemannian metric § = ag® + 8¢¢ + v¢",
with respect to the frame field {E;, E;5} are computed in [2]. In fact, we have the following lemma.

Lemma 2.3. Let V be the Levi-Civita connection of the pseudo-Riemannian metric § = ag® + Bg° + ~vg"
on TM,, where a, B, and ~y are real constants with \ := a(a + ) — 2 # 0. Then we have

Vi, Ei = {T + Sy (Ry

2 +
kji T RZij)}Eh + yk{%R?ki - a(g,\w R;'Lik}Eﬁv
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E 4 (Fh _ %yth

VEJ' EE 2/\ yth kij

kij )ETL’

ijEl - 2)\ykRZ]7,E - gfykRZ]zEm
@EEEE =0.

where I'}; denotes the coefficients of Riemannian connection V with respect to g.

3 Proof of theorems

In this section, we only prove Theorems 1.1 and 1.3, because the proof of Theorem 1.2 is similar to that of

Theorem 1.1.

Proof of Theorem 1.1

First, we prove the necessary conditions. Let V = V'Ej, + VhEh be an infinitesimal paraholomorphically
prOJectlve transformation and 2 = 2,dz" + Qh(Sy its the associated 1-form on T'M,,. Thus for any X,Y €

S$(TM,,), we have

(LyV)(X,Y) = 2(X)Y + 2(Y)X + Q(pX)pY + Q(pY)pX.

From )
(L V) (E;, B;) = 205 E; + 20,5,
we obtain ,
00V = St (Ripa 05V + Ry, 05V) = 0
and
00,V + Qf (R, 05V + Ry, 0V = Q500 + ;00

One can see that (3.2) can be rewritten as follows:
Oé a 7a
00V" = {05y Rip V™) + 0 (y" Rjpa V™) }-
By differentiating with respect to y* from (3.4) we have
o2
61;87‘&‘/}1 = 7{815 szava) + a%ai( ijava>}
= { zbava) + 9; ak( jbava)}

= {M W REVY) + 0:0;(y" R, V) ),

because the left-hand side is symmetric with respect to 4, j, k. From (3.5), we obtain that

2
«a 7a
0R0;(0;V" — Tbe?baV )=20
Thus we can put
2
Q
Pli= 007" — Sy R, V),

and )
Al 4y Pl = 0" = Sy RV

(3.1)

(3.5)

(3.7)

(3.8)
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where Pﬁ and A are certain functions on M,,. By straightforward calculations, one can see that A =

31(My) and P = (Pf) € S5(Mn).
Using (3.2) and (3.7), we have

2

Pl + Pl = 20:0.V" — (Rl

; V(B 05V + Ry, 05V) = 0

iba

Thus Pﬁ is antisymmetric with respect to i, j, and therefore
h h h_ o b aph Trb
2P% = Pl — Pl = S {0y Rl V") — 05" Rius V),
and then
2y’ P} = *{yj %i(y" Ry V) — v 0;(y" Rip V)

2a2 u a? -
3 =y RL V" — . Iy Rl 0:V".

By substituting (3.11) into (3.8) we obtain

)

V" = A} - aAy Y Ripa 05V
from which we have o ‘
yz&ivh — yZA;l
Substituting (3.13) into (3.12), we obtain
GVh — 4h _ o o yPRE AC,
3 (2 2)\y rac

and then )

050,V = — -yl (Rl AS + Rl A7),

ibattj ija

On the other hand, substituting (3.14) into (3.2), we obtain

2
(7 ot c a e a e
ajaivh 2)\ (szzz J + R]ba 1) Ayby yd(szache d + ijacheA )
Comparing (3.15) and (3.16), we obtain

(2R :+ R?za + sza ]) = 07

jba ‘>t

from which
(R]ba 7 + sz(z ]) =0.

By using (3.18) and the first Bianchi identity, one can see that
a(RlibjaA?) =0

thus
Rb]a i O

by virtue of a # 0. From (3.14) and (3.19), we get
RV = Ab.

Thus we can put )
Vh = Bl 4 Ay
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(A7) €

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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where B" are certain functions on M,. Tt is easy to see that B := (B") € 3}(M,,).
Substituting (3.21) in (3.3) and by using (3.19), one can see that

7h _ o sh A_sh
3:0.V" = 2057 4 202551,

From (3.23), we have

where

Substituting (3.24) into (3.23), we get

rh ~ch ~ ch
858{‘/ = 285(,051- +2({}i905j.

By a similar way, one can see that, there exist & = (®;) € 3YV(M,,), D = (D") € S}(M,,) and C =

31(M,,), satisfying

QZ = Qsiv
and )
Vvh =DM+ ng“ + 2y“§l5ayh.
From
(LyV)(E;, E;) =0,
or

(LyV)(Ej, B;) =0,
and using (3.22) and (3.28), we get
h h yb h
0 ={(Vial + 2>\D Rlji) + 55 (a®(BVaRly; — RiyVaB
+ R}, ViBY + Cy Rl + CORp,) + afRy; AL)
2
Q" b cfpa h h a h h a

+ ﬁy y (AcVaiji + 4¢CRb]z - ijiVaAc + ijaViAc) }E

af

h a ph a ph 2 h
+ {(vic ~ B*Rly; — 5D RY;) - 2A( R{;iVaD
+ CY/B(BGVGRZ” + ijaViBa + RZ]’LCb — ijCh + Rb(ll Ja)

— AN(Vi;00 + Vibp00)) + yQi (a®(Rg; BRIy,

— aB(AIV Ry + Ry, VAL — 2Ry8,00 + 2R} Pc))

- b]zv Ch)

a2 b, c
AL YRV a2046) }

Comparing both sides of (3.29), we obtain

h a ph
VAl = ﬁD R,

aB"V,Ry; = aRy; Vo B" — aR), ViB* — aRl;,Cy — aRy,Cf + SRy Al

aji

h a ph ab .o
Vi C = B'R;,; + 2)\D Rgjis

(3.23)

(3.24)

(3.25)

(3.26)
(Ch) e

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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AUV Ry + APV RY; VoAl + RY VA — Ry, Vi AL

cji — bj’L cji

— R, ViA) — 40 Ry, — AD, R, (3.33)

cja
ANV®;0; + Vidy)) =0’ Ry;; Vo D" + af(B*V Ry, + Ry, VB
+ R} Cy — Ry, Cl + Ry, CY), (3.34)

B(AIV Ry + AV RE) = —B(Ry, ViAL + R, ViAY + 2R 8460

cjt

+ 2R Paby — 2Ry, Pe — 2R Py) + o Ry B Rl
— Ry, VaCl + R BRly, — REVLCF). (3.35)
By changing indices j and b in (3.34), we get
aRf;VoD" + B(BV, Ry, + Ry, ViB* + Rl Gy — Ry, Cl + Ry, C8) = 0., (3.36)
By contracting h and j in (3.34) and using (3.36), we get

Vb = 0. (3.37)
Substituting (3.31) into (3.36), we obtain
Ry (B*Al + aBVB" — afC) + a*V,D") = 0. (3.38)
From (3.33) and (3.35), we obtain that

B(®RL; + DR (3.39)

cyz) -
From . B .

(L NV)(Bj, By) = 26;6] + 2067,
using (3.19), (3.22), (3.28) and (3.37), we obtain

_ B b
20,07 + 20,61 =V;V;B" + B*Rl!;, + Q—fD“(RZﬂ + RlS) %{mvjviAg

+ aB(Ba(V Rb]z +V Rb’L]) (Ry, bji T Rbij)vtth
+ (Rbaz' + Rbia)vaa (Rbaj + joa)v'Ba (joi + RZ’LJ)CZ()Z)
- 2[32 ?biAZ +ala+ fy)R“ bAh + « (Rbmv D% 4+ Rba]v Da)}

(AL(V Rb]z + VaRgz‘j) — (Rp;; + Rgij)VaA?
(Rbaz' + Rbia)v 'Aa (Rl})Laj + Rl};ja)viAg + ZQSb(R?jz + RZ’LJ))
-« (RbazBd jdc + Rba]Bddec Rl})laivjcg + R;}ajvicg)}7 (340)

and

h homa @+ oh g
0 VVD+)\RWD S RaD

n gf{»(v ViCl — V;(BRly)) + 262 (B*V Ry, + R,V B
+ R]bav B* + Rglazcb ]bzch) a(a + 7)(Bav R jib + Rmbv B
+ R}, ViB* + R, Cf — R, Cl) — aB(Ry,;ViD* + Ry, VD

Jia
+ (Riy; + Ry )VaD") b + y;)‘qj\c{( (@ +7) R Pq — 267 RSy ®4) 51

+2B%(AUV Ry, + Ry VAL + Ry W AY)

— afa+7) (ALY Ry, + Rl VAL + R VAL

+ aB((Ryy; + Riy)B Rl + Ry B RS, + Ry, B Ry,

— (R + Ry )VaCl — R,V ,C8 — Ry, ViCE) b (3.41)
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By changing the indices ¢ and j in (3.40), we get
V;ViAp — ViV Ay = Ri; Al (3.42)

By contracting h and i in (3.42) and using (3.30), we obtain

a2

VjvaAg = —5V ( CbJDC) - 0 (343)

By contracting h and 4 in (3.40) and using (3.36) and (3.43), we have

- af y'y°
2(n+1)Qj =V;VaB® = 55D Raj — 5 ={aB(ALVa Ry + Rua VA7
+ 20, Re;) + o*(Ry,; B°RY,.. — Ry, ;VaC2)}. (3.44)

On the other hand, by using (3.20), (3.30), (3.32) and the second Bianchi identity, the last part of right-hand
side in (3.44) vanishes. Thus (3.44) is rewritten in the form

Q; = (3.45)
where
= 2(7111)(%%3“ - g—fD“Rai). (3.46)
From (3.32) and (3.46), we have
7 = M(vivam V09, (3.47)

Putting ¢ := V.B®* + C%), one can see that

.,
v = 0. (3.48)

Substituting (3.45) into (3.40), and comparing both sides, we have

af

LpTl; = V;V;B" + B*Rl;; = 20,67 + 206" — o D“(Rl; + RIS, (3.49)
and
2AV; Vi A} = — af(B*(VaRy;; + VaRyy;) — (R + Ry )VoB"
(Rbaz + sza)VjBa (Rbaj + Rb]a)v'Ba
(Rij’ + Rgij)cl()l) +2p? jbz’AZ —ala+7)R; “ b Al
o?(Rp, VD + RbaJV D%) (3.50)
Substituting (3.30) and (3.31) into (3.50), we have
QV (Rasza) _aRbaz(av D — BC@ + 5V 'Ba)
+aRy, (VD" — BCE + BV;B") + AR, Al (3.51)
From (3.51), we get
R§, Al = 0. (3.52)
From (3.41) we obtain
V,; VD" = @@t pr pa B ph pe (3.53)

2\ jia A jat
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and
2A(V;ViCl — V;(B°Rl)) = —28°(B“V, R}y, + R4,V ;B* + R, V;B* + R},,Cy
— R%,Cl) + a(a+ ) (B*V4Rly, + Rl V ;B
+ R, ViB® + R, Ci — RYCl) + af(Ry,, Vi D*

a jia 7 bai

+ Ry, ViD® + (Ryy; + Ry ) VD). (3.54)
Substituting (3.31), (3.32) and (3.38) into (3.54), we have

ﬂDaij{)lai = B(R?ajviDa + Rgaiija) - »BR?ibvaDh

2 2
— BR}: (2-V;B" - 2%0; ~V,;D%). (3.55)

bai

Proof of Theorem 1.3

Let V be a non-affine infinitesimal paraholomorphically projective transformation on T'M,,. By using (1.1)
in Theorem 1.1, one can see that V;||®||> = 0. Thus ||®| is constant on M,. Let ||®| # 0, then from (1.1)
in Theorem 1.1, ||¢||(Q§aRZji) = 0. Thus @aRZji = 0 and one can see that H@HRZﬂ = 0. Therefore M, is

locally flat, by virtue of ||®@|| # 0. It is easy to see that T'M,, also is locally flat.
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