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Abstract. Let A = {)\,} be the sequence of all zeros of the entire function A(\) = 1 — i\ fol f(t)eMtdt
of exponential type. We consider exponential system of functions e(A) = {tP~le?! 1 < p < m,}, where
my—is the multiplicity of the zero A,. The question is: for which a,b (a < b) is the system e(A) complete
(incomplete) in the space L?(a,b)? Let D be the length of the indicator conjugate diagram of the entire
function A(X). Then the following statements are valid:

e when b — a > D the system e(A) is incomplete in L?(a, b);
e when b — a < D the system e(A) is complete in L%(a, b);

e if we remove from A any two points A and pu, then the system e(Q2), Q2 = A\{\, p} is incomplete in
L?(a,b) also when b —a = D.
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1 Introduction

Let A = {\,} be the sequence of all zeros of the entire function of exponential type
1 . .
AN =1- i/\/ FO)eMdt, N = re' = x + 1y, (1.1)
0

where f € L?(0,1) (in the sequence A, each point ), counts as many times as its multiplicity m,). We
assume that it is impossible to reduce the interval of integration without changing the value of the integral
itself, that is for any positive number € < % the function f is not equivalent to 0 on the intervals (0, €) and
(1—¢,1).

We consider the following exponential system

e(A) = {tP" et 1 < p <my,}.

We set the following question: for which a,b (a < b) is the system e(A) complete (incomplete) in the space
L?(a,b) (or, what is the same, in C|a,b])?

It is enough to consider the case L?(—p, p) (or C[—p,p]), since the completeness (or incompleteness) of
e(A) is invariant under the shift of the argument. The question posed is reduced to clarifying the quantity
p(A), the radius of completeness of the system e(A). By definition, p(A) is the exact upper bound of the
numbers p for which the system e(A) is complete in C[—p, p] (the radius of completeness of the system e(A)
is the same for the space L?(—p, p)). An estimate of the radius of completeness of a system of exponentials
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was investigated in [3]. In terms of entire functions, p(A) can be interpreted as the exact lower bound of
the types of entire functions F of exponential type, bounded on R and vanishing on A (see [5]). The latter
means that at each point A, € A the function F' vanishes with a multiplicity of at least m,,. We write this
fact as follows: F'(A) = 0.

We have

AN =1- ire'2 /ei)‘tg(t)dt,g(t) =f <t + ;) :

Since g € L'(—3, 1) then we obtain that

is absolutely continuous on [—3, 3] and equation (1.1) may be rewritten in the form
AN =1 —iXe2 P(N),
where

P\ = [ eMdG(t)

\M\H

N[

is the Lebesgue-Stieltjes integral (see [4, pp. 337-359]). Thus A is the null set of the entire function of
exponential type
D(N) = e72 — iAP(N). (1.2)

The type of this entire function is o(®) < %, however, it is possible that it is strictly less than % Then, the

indicatrix of the growth of the function P() is h,(p) = [ sin¢|. This follows from the fact that for almost
all ¢ there exists the following limit (see |6, p.109])
In |P(rei?)|

lim
T—00

|sing|
= —|S1n
) "2

Because the function hy(¢) is continuous, then hy,(¢) = 3|sin¢| for all ¢, 0 < ¢ < 27. Then, the adjoint
diagram of the function iA\P()) is a segment of the imaginary axis [ = [—%z‘, %z] Therefore, all singularities
of the function 7,()), associated with P(A) in the sense of Borel, lie in this segment, moreover, the points

t = £3 are singular for ,(t). Since

1
t) = - — t),
(o) = 7 = wlo)
singularities of the function v (t) also lie in the segment I. The point ¢ = —% is obviously singular for g (t)
but possible removable. Indeed, ¢ = —35 is singular for 7,(t) and, hence, it is possible that at the point
t = —5 the function v¢(t) is holomorphic. Therefore the length of the adjoint diagram J of the function
®(\) is equal to
m s 1 T
J=he(z)+he(—%) ==+ hae(—% 1.
7] = he(5) +ha(=5) = 5 +he(=5) <

We give sufficient conditions for the case when the length of the adjoint diagram J of the function ®(\)
is equal to 1. To do so we rewrite equation (1.2) in the following form

O\ =e 2 — [ g(t)d(e™).

|
m\»—‘\ww
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If the function g(t) is of bounded variation, then by integrating by parts, we obtain

B(N) = e"i2 <1 +g (—i)) —eig (;) + (N

B(\) = / eMd(g (1)),

where

Now it is easily seen that if g (—%) =—1,¢9 (%) = 0 and the function g(¢) not constant in the neighborhood
of points j:%, then the adjoint diagrams of the function ® and ¥ coincide with J = [—%i, %z]
The points £3 are singularities for vy (t) associated with W()) in the sense of Borel, hence,

|J| = hw (—g) + hy (g) = 1.

Thus, if the function f is of bounded variation and not constant near the points t =0, ¢t = 1 and f(0) = —1,
f(1) =0, then |J| = 1.

Now we consider another case when g(t) may be constant near the points :I:% or in a neighborhood of at
least one of these points.

If g(t) is constant near —3 and g (—3) = —1, then |J| < 1. If g(t) is constant near 3 and g (3) = 0, then
|J| < 1. If g(t) is constant in neighborhoods of both points =3 and g (—3) # —1, g (3) # 0, then [J| =1
since the adjoint diagram Jy of the entire function ¥ has a length less than 1, while the adjoint diagram of
the entire function

a(\) = Cre™™2 + Che', 0y £ 0,Ch # 0

is a segment J, = [—14, 14], moreover Jy C J,.
If g(t) is constant near —5 and g (—3) # —1, and g (3) = 0, g(¢) is not constant near %, then |J| = 1.
If g(t) is constant near % and g (%) # 0, and ¢(¢) is not constant near —%, g (—%) = —1, then |J| = 1 again.

If it is only known that, for example g(t) is not constant near % and g (%) = 0, then we can only assert that
|J] < 1.
Since |®(x)| = O(|z|) as © — oo, then the entire function ®(\) belongs to the Cartwright class C, i.e.

[e.e]

1 +
/n ‘(I)(x)|d$<oo.
1+ 22

By the Beurling-Malliavin multiplier theorem [2], we obtain p(A) = o(A), where
o(A) =inf{o(F): F e C,F(A)=0,F(z) # 0}

(see also [5]). Therefore, the radius of completeness of the system e(A) satisfies the inequality p(A) < 1. In
other words, the system e(A) is not complete in Cla,b] (or L%(a,b)), if b —a > 1.

Let us clarify this fact. Consider the function ®1()\) = ®(\)e’**, where o = 1%]‘ Then the adjoint
diagram of the function ®;(\) is the segment of the imaginary axis [—z'—‘él,z‘—g'] We also have ®; € C,
®;(A) = 0 (there are no other zeros of this function). Therefore, we obtain that p(A) = %‘ This means
that when p > %‘ the system e(A) is not complete in C[—p, p| (orL*(—p, p)).

Now we show that if p < % the system e(A) is complete in given spaces. Let e(A) be incomplete, for

example in C[—p, p] for p < %‘ Then there exists an entire function of exponential type of the following

form

p
T(\) = / eANAW(t), U(N) #0,
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that at points A, has zeros of multiplicities not less than m,,. Let p; < p, p2 < p, such that in any neighbor-
hood of points p; and ps the function () is non-constant. Then all zeros of the function W, with the possible
exception of sets of zero density, lie inside the angles, S; = {z: |argz| < e}, So ={z:|argz — 7| <e} (¢ >0
is arbitrary, e < ), moreover, the sets of zeros inside each of the angles S;(i = 1,2) have densities A; = p12-|7—rp2
(see |6, pp. 109-110]).

We now consider the entire function of exponential type

D1(N)
A=A)(A = A2)

L7 ‘z 1 i], in addition ¥1 (A1) = 0, where A} =

)
A\{A1,A\2}. Since ¥y € L?(R), then by the Paley-Wiener theorem there exists a function ¢; € LQ[—m M]

27 2
such that

V() =

This function has the same adjoint diagram, i.e. the segment [—

2]
2

Ty(\) = / ePMapy (H)d(t).

_
2

Thus, by the above-mentioned reasoning we obtain that in each of the corners S; and Sy the corresponding
subsequences of the null set A; of the function ¥;(\) have densities equal to A®) = % (1t =1,2). On the
other hand, since the function ¥1(\) may have other zeros

pPL+p2 M

— A®
2 27T ’

AD < A, =

we obtain a contradiction.
Thus, when p < ‘—‘2” the system e(A) is complete in C[—p, p|] (or L?(—p, p)). Therefore, we proved the
following

Theorem 1.1. Let A = {\,} be the null set of the entire function (1.1), and ha(p) — be an indicatriz of
the growth of the entire function ®(X\), given by formula (1.2). Assume |J| = ho (3) 4+ ho (—%). Then the
following are valid

1) when |J| < b— a the system e(A) is incomplete in Cla,b] (or L*(a,b)),

2) when |J| > b — a the system e(A) is complete in Cla,b] (or L*(a,b)),

3) if we remove from A any two points, then the system e(A1) of remaining sequence of the points Ay is
incomplete in Cla,b] (orL*(a,b)) and when |J| =b— a.

In particular, when |J| < 1, the system e(A) is incomplete in L?(0,1), and when |J| > 1, the system is
complete in L2(0,1). In the latter case, for instance, there exists an entire function

1
N = [ Ndte),du(e) = vt
0

where 1 € L?(0,1), such that
L(A) =0,L(\) #0.
Since the function p(t) defines on (0, 1) some measure u, then we can introduce the spectrum of this measure.
A point ¢y € (0,1) is called a point of growth of a measure pu, if u(to —e,to +¢) > 0 for any € > 0. The
set of points of growth of a measure 1 is closed and is called the spectrum S, of the measure p. The support
A,, of the measure p is the least segment containing the spectrum S,. In our case

S, C Ay, =10,1].

A point ¢ty € (0,1) is called a mass concentration point, if u({tp}) > 0. It is clear that the set of such
points is at most countable (see [7]). It is difficult to say anything more exact about the nature of the
spectrum of §,,.

Close questions related to the application of the Beurling-Malliavin type theorem are also considered in

[1].
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