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VAGIF SABIR oglu GULIYEV
(to the 65th birthday)

On February 22, 2022 was the 65th birthday of Vagif Sabir oglu Guliyev,
editor-in-chief of the Transactions of the Azerbaijan National Academy of Science,
Issue Mathematics, Series of physical-technical and mathematics science (Scopus,
Q3), deputy editor-in-chief of the Applied and Computational Mathematics (Web
of Science, Q1), deputy director of the Institute of Applied Mathematics (IAM)
of the Baku State University (BSU), head of the Department of Mathematical
Analysis at the Institute of Mathematics and Mechanics (IMM) of the Azerbaijan
National Academy of Sciences (ANAS), member of the Editorial Board of the
Eurasian Mathematical Journal.

V.S. Guliyev was born in the city of Salyan in Azerbaijan. In 1978 Vagif
Guliyev graduated from the Faculty of Mechanics and Mathematics of the Azerbaijan State University
(now the Baku State University) with an honors degree and then completed his postgraduate studies
at this university. His scientific supervisors were distinguished mathematicians A.A. Babayev and
S.K. Abdullayev. In 1983 he defended his PhD thesis at the BSU. From 1983 he continued his
scientific activities at the V.A. Steklov Mathematical Institute of the Academy of Sciences of the
USSR. In 1987-1991 he was in internship at this institute and in 1994 defended there his DSc thesis.

From 1983 to 1995 he worked as assistant, a senior lecturer, docent and from 1995 to 2018 as a
professor of Mathematical Analysis Chair of the BSU. In 1995-2008 he worked on part-time basis
at the Institute of the IMM. From 2008 to 2014 he was a chief researcher of the Department of
Mathematical Analysis of the IMM, from 2014 to the present day he is the head of this department.

In 2014 V.S. Guliyev was elected a corresponding member of the ANAS.

From 2015 to 2019, he worked as deputy director on science at the IMM. From 2019 to the present
day, he has been working as a chief researcher at the IAM. Since May 2021, he has been working as
a deputy director on science of the TAM.

Professor Vagif Guliyev has been a member of the Presidium of the Higher Attestation Commis-
sion under the President of the Republic of Azerbaijan since 2014 to the present day.

V.S. Guliyev is a world recognized specialist in real and harmonic analysis, function spaces and
partial differential equations. He obtained seminal scientific results in several areas of functional
analysis and the theory of partial differential and integral equations. He was one of the first to study
local Morrey-type spaces, generalized weighted Morrey-type spaces and anisotropic Banach-valued
Sobolev spaces, for which appropriate embedding theorems were established.

Some of his results and methods are named after him: the Adams-Guliyev and Spanne-Guliyev
conditions for the boundedness of operators in Morrey-type spaces, Guliyev’s method of local esti-
mates of integral operators of harmonic analysis, the Burenkov-Guliyevs conditions for the bound-
edness of operators in general local Morrey-type spaces.

On the whole, the results obtained by V.S. Guliyev have laid a groundwork for new perspec-
tive scientific directions in the theory of functions spaces and its applications to partial differential
equations.

Vagif Sabir oglu Guliyev is an author of more than 250 scientific publications including 2 mono-
graphs. Among his pupils there are more than 20 candidates of sciences and 5 doctors of sciences.
The results obtained by V.S. Guliyev, his pupils, collaborators and followers gained worldwide recog-
nition.

The mathematical community, many his friends and colleagues and the Editorial Board of the
Eurasian Mathematical Journal cordially congratulate Vagif Sabir oglu Guliyev on the occasion of
his 65th birthday and wish him good health, happiness and new achievements in mathematics and
mathematical education.
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ON AN ALGORITHM OF FINDING AN APPROXIMATE SOLUTION OF A
PERIODIC PROBLEM FOR A THIRD-ORDER DIFFERENTIAL EQUATION
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Abstract. In this paper, we study a periodic boundary value problem for a partial differential
equation of the third order. An algorithm for finding a solution to this boundary value problem is
proposed, and sufficient conditions for the convergence of the proposed algorithm are obtained.
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1 Introduction

On Q = [0,w] x [0, T] we consider the periodic boundary value problem

D3u 0?u u
i Az, t)@ + B(x,t)% + C(x, t)u + f(x,t), (z,t) € Q, (1.1)
uw(z,0) =u(x,T), x€l0,w], (1.2)
uw(0,t) = @(t), tel0,T), (1.3)
% =(t), tel0,T], (1.4)

where (n x n) - matrix functions A(z,t), B(z,t), C(z,t), n-vector functions f(x,t) are continuous
on 2, n-vector functions ¢(t), ¥(t) are continuously differentiable on [0, 7| satisfying the conditions
o(0) = $(T), 9(0) = (T

In particular, for A(z,t) = 1, B(z,t) = C(z,t) = f(x,t) = 0 the general solution of equation
(1.1) satisfying conditions (1.3), ( 4) has the form:

u(r,t) = p(t) +Y(t)x + 'V (z),

where V(z) is an arbitrary twice continuously differentiable function. Substituting it in conditions
(1.2) and taking into account the conditions ¢(0) = ¢(T"),%(0) = ¢(T') we obtain that V(x) = 0.
Then the solution of problem (1.1)-(1.4) for A(x,t) = 1, B(x,t) = C(x,t) = f(z,t) = 0is u(z,t) =
p(t) +v(t)x.

Modeling of various processes of physics, mechanics, biology, and others sciences leads to the
study of boundary value problems for partial differential equations of the third order [1], [3], [4], [6],
[7], [12] and construction of approximate methods for finding their solutions. Application of differ-
ent approaches, ideas and methods leads to results formulated in different terms. In this paper we
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investigate the existence of a solution to problem (1.1)-(1.4) and propose a method for constructing
an approximate solution. With the help of additional functions [2], [8]-[10] the considered problem
reduces to an equivalent problem consisting of a family of multipoint problems for an ordinary differ-
ential equation of the first order with a functional parameter and an integral relation. An algorithm
for finding an approximate solution to the problem under study is proposed and its convergence is
proved. Sufficient conditions for the existence and uniqueness of the solution of the periodic problem
for the system of partial differential equations of the third order are established. Works [5], [11], are
devoted to singular differential equations of the third order.

To find the solution, we introduce the function z(z,t) = 2425 and we rewrite problem (1.1)-(1.4)

in the form o 5 ”
o = Ale ) - + Bla )z + Cleyut (1), (,t) € Q, (1.5)
2(z,0) = z(x,T), x€l0,w], (1.6)
2(0,¢) = (t), tel0,T], (1.7)

xT

e, t) = o(t) + [ #(€.t)de (18)
0
For a fixed u(x,t) problem (1.5)-(1.7) is a periodic boundary value problem for a system of hyperbolic

equations of the second order.
We next introduce the notation v(z,t) = &4 and reduce problem (1.5)-(1.8) to the problem

ox
% = A(z,t)v+ B(z,t)z + C(z,)u + f(z,t), (x,t) €, (1.9)
v(x,0) =v(x,T), x€l0,w], (1.10)
and functional relations .
z(xz,t) = Y(t) + /v(f,t)dﬁ, (x,t) € Q, (1.11)
u(z,t) = @(t) + /z(i,t)df, (x,t) € Q. (1.12)

0
To solve problem (1.9)-(1.12) we apply the method of a parametrization .

N
For the step h > 0 : Nh = T we partition [0,7) = |J[(r — 1)h,rh), N = 1,2,.... In this case,
r=1
Q is divided into N parts. By v.(x,t), z.(z,t), u.(z,t) we denote, respectively, the restrictions
of the functions v(x,t), z(x,t),u(z,t) on Q, = [0,w] x [(r — 1)h,7h), 7 = 1,N. By \.(z) we
denote the value of the function v,(z,t) at t = (r — 1)h, i.e. A\.(z) = v.(z,(r — 1)h) and denote
U(z,t) = ve(x,t) — A\(z),r = 1,N. We obtain an equivalent boundary value problem for the
unknown functions \,.(z):

a;; = A(z,t)v, + Az, )\ (x) + B(z, )z (z,t) + Clx, )u,(x,t) + f(x,t), (1.13)
Op(z,(r —1)h) =0, x€[0,w], r=1,N, (1.14)

A () = An(z) — tiijlgiOUN(x,t) =0, z€l0,w], (1.15)

As(x) + lm vs(x,t) — As1(2) =0, ze€[0w], s=1,N—-1. (1.16)

t—sh—0
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x x

zr(:c,t)zw(t)Jr/’ﬁT(g,t)ngr/)\,,(g)dg’ ) e, r—TT. w17)
up(,t) = Sﬁ(t)+/zr(§,t)d§, (z,t) €Q,, 7=

0

1,N, (1.18)

where (1.17) is the condition of gluing functions on the internal lines of the partition.

Problem (1.13), (1.14) for fixed A\.(z), z,(x,t), u,(x,t) is a one-parameter family of Cauchy prob-
lems for systems of ordinary differential equations, where x € [0,w], which are equivalent to the
integral equations

t t t
Uy (x,t) = / Az, 7)o, (z, T)dT + / Az, 7)dr - N\ (x) + / F(x,7, 2z, u,)dr, (1.19)
(r—1)h (r—1)h (r—1)h
where
t t t t
/ F(x,7, 20, u,)dr = / B(x,7)z.(x, 7)dT + / C(x, 7)uy(x, 7)dT + / f(x,m)dr.
(r—1)h (r—1)h (r—1)h (r—1)h

Instead of v,.(z, T) we substitute the corresponding right-hand side of (1.19) and repeating this process
v (v=1,2,...) times we obtain

Up(z,t) = Dyp(z, )N (2) + For(2, 8y 20, u,) + G2, t,0,), 7 =1,N, (1.20)

where

D, (z,t) = /Ax71d7'1+ .+ / Az, 7). /Axr,,dﬂ, dTy,

t

Fo(zt, 20 u,) = / [B(ZE,7'1>ZT(£E,T1) + C(x, m)u(z,11) + f(x,Tl)}dTﬁ—

(r—Dh
- 7

+Z/ (z,71). /A(JJ,TJ') / [B(x, 7j11) 20 (%, Tj30)+

=1 (r—1)h (r—1)h

+C(I, Tj+1)ur(l’, Tj+1) -+ f(l', Tj+1)] de+1de...dT1,

Gyr(z,t,v,) =
t Tv—2 Tv—1
= / A(z,1)... / Az, 1,-1) / Az, )0 (x, 7,)dT,dT) 1 .. .dTY
(r—1)h (r—1)h (r—1)h

1o = t,r = 1, N. Passing to the limit as ¢ — rh — 0 in (1.20) we have

lim o,.(z,t) = Dy.(z,rh)\.(x) + F,.(z,7h, 20, u,) + Gy (2, 7h, V),

t—rh—0



72 N.T. Orumbayeva, A.T. Assanova, A.B. Keldibekova

z € [0,w],r = 1, N. Substituting in (1.15), (1.16) instead of lim v,.(z,t),r =1, N, the correspond-

t—rh—0
ing to them right-hand sides, for the unknown functions A.(z),r = 1, N, we obtain the system of
functional equations:

Qu(z, h)\(x) = —F,(z, h,z,u) — G,(x, h,0), (1.21)
where Qu(z,h) =
i I 0 0 [l + Dyn(z, Nh)] |
[+ Doz, h) I 0 0
B 0 I+ Dys(, 2h) 0 0
N 0 0 0 0 '
i 0 0 e T+ Dyni(z, (N = 1)h) 1 |

Fy(l‘,h,Z7U) = (_FVN(xaNha ZNauN)7FV1($7h7zlau1)a "'7FV7N—1(:E7 (N - ]-)ha ZN—lauN—l))y
GV(:L‘7 ha,ﬁ) = (_GVN(m7Nh7,7jN)>GV1(x7hval)v "'7GV,N—1(m7 (N - 1)h7f6N—1))7

and I is the unit matrix of dimension n.

For finding a system of four functions {\,(x),v,(z,t), z.(x,t), u.(x,t)}, r = 1, N, we have a closed
system consisting of equations (1.21), (1.20), (1.18) and (1.17).

Assuming the invertibility of the matrix @, (z,h) for all z € [0,w], from equation (1.21), where
Up(2,t) =0, z(x,t) =), u(z,t) =), we find \O(z) =
= W @) A @), A (@)

A (@) = ~[Qu(a W] {Fu(@, h, . ) + Gy (., 0)}.
Using equation (1.20), at A (z) = A\\” () we find the functions {2\ (z,t)}, r =1, N, i.e.
57("0)<x7 t) = DV?‘(‘rﬂ t>)\r0) (‘1;) + FVT(xv ta w7 90) + Gur(xu t> 0)

The functions 2" (x,t), ul” (z,t),r =1, N, are defined from the relations

T

zwmwzww+/wmw&+/&%&m (0.0) €y 1=
0

0

L,N

Y Y

T

WOt = o)+ [0 00 (@) e TN,
0

2 Main results

For the initial approximation of problem (1.13)-(1.18) we take the system (A£0) (x), o (x,t), zﬁo)(:p, t),
ul? (x,t)),r =1, N and construct successive approximations by using the following algorithm.
Step 1. A) Assuming that

2z, t) = 20z, 1), wp(z,t) =ul®(z,t), r=1N,
we find the first approximations of \.(z),v,(x,t),r = 1, N, by solving problem (1.13)-(1.16). Taking

A£1,0)<x> _ Aﬁo)(x)’ ’17(1,0)(1-’15) = 7171{0)(1’,15),

r
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we find the system of couples {)\ﬁl)(x),'ﬁﬁl)(x,t)},r = 1,N, as the limit of the sequence
AL (1), 58 (2, 4), defined in the following way.

Step 1.1. Assuming the invertibility of the matrix Q,(z,h), z € [0,w], from equation (1.21),
where
O (x, 1) = 00 (2, 1),

we find A0 (z) = (WY (@), AV (@), ALY (@)
AU (a) = ~[Qu. )] Fola, 2 ) + G, h, 700}
Substituting the found )\9’1)(3:), r=1,N, in (1.20) we find

559’1)(3;, t) = D,.(z, t))\fnl’l)(a:) + F(x,t, 2O u(o)) + G2, 5(1’0)).

Step 1.2. From equation (1.21), where v,(x,t) = 57(~1’1)(x,t), we define

A2() = ~[Qua, h)) " Ful, b, 2, u®) + Gl h, 700) ).

Using expression (20) again, we find the functions {'17,(}’2) (x,t)}, r=1,N,
5 (2,1) = Dy (2, O (2) + Fipl, 1,20, ul) + Gy (,,500).
On step (1,m) we obtain the system of couples

{)\fﬂl’m) (x),i}'ﬁl’m)(x, t)},r=1,N.

Suppose that the solution of problem (1.13)-(1.16) is a sequence of systems of couples {)\ﬁl’m) (x),
ot (x,t)} which are defined for x € [0,w], respectively, and converge as m — oo to continuous
functions Agl)(x), ’177(})(35, t),r=1,N.

B) The functions zﬁl)(x, t), uq(nl)(:v, t),r =1, N, are defined from the relations

x x

2 (2, t) = p(t) + / (€, t)dE + / AD(©de, (x,t)€Q,, r=1,N,

0 0

xT

uﬁl)(x,t) = () +/z£1)(§,t)d§, (,t) €Q,., r=1N.

0
Step 2. A) Assuming that

2oz, t) = 2M(z, 1), wup(z,t) =ulV(z,t), r=1N,

we find the second approximations of A.(z),v,(x,t),r = 1, N, by solving problem (1.13)-(1.16).
Taking
ACO (@) = AD(@), 720w, 1) = 7O, 1),

we find the system of couples {)\7@)(3:),"157@)(3:', t)},r = 1,N, as the limit of the sequence
A2 (), 35 (2, 1), defined in the following way:
Step 2.1. Assuming the invertibility of the matrix @, (z, h), x € [0, w], from equation (1.21), where
Oz, t) = 020 (2, 1),

we find A2V (z) = APV (@), APV (@), ., ARV (2)) -
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M”%wz—@xmmr{m@mwmmmwuamwﬂmw}
Substituting the found A*"(z), r =T, N, in (1.20) we find
73D (2,t) = Dy, )AY(2) + F,, (z,t, 2V, uM) + G, (2, £, 730).

Step 2.2. From equation (1.21), where

(2, 1) = 52 (3, 1),
we define
N () = —[Quf, )] { B, 2D, u) 4 G, b, 5ED) |
Using expression (1.20), we find the functions {52 (z,£)}, r =1, N :
022 (2,t) = Dy (x, )AN?D (2) + Fp(,t, 20 D) + G (2, t, 73D,
On step (2,m) we obtain the system of couples
(P (@), 77, ), r =T,

r

Suppose that the solution of problem (1.13)-(1.16) is a sequence of systems of couples {\"*™ (z),
5™ (2, 1)} which as m — oo converges to {A\2(z), 32 (x, 1)}, r =1, N.

B) The functions 22 )(x t),u (2 )(x t),r =1, N, are defined from the relations

x x

zﬁmwzww+/wwﬁ@+/x%&m (r) e 7=

0 0

17N7

xT

Wiet) = o)+ [P 00 (@De, TN,
0
Continuing the process, at the k-th step we obtain the system {/\gk) (x), v o (x,1), = (&) (x,t), u ® (x,t)},
r=1,N.
The conditions of the following statement ensure the feasibility and convergence of the proposed
algorithm, as well as the unique solvability of problem (1.13)-(1.18).

Theorem 2.1. Let for some 0 < pu<1,h>0: Nh=T,N=1,2,..., and v, v € N, (nN x nN) the
matriz Q,(x,h) be invertible at all x € [0,w] and let the following inequalities be satisfied

1) Qu(z, h)} I < (s h);

2) q(w, h) G < < 1,

where

a(z,h) =1+, (z,h) > (a()h)’

Jj=1

n
1A, )] = max Y " Ja; (@, )].
i=1n =1

= A
e ale) = max [AG 1)

Then there exists a unique solution (\:(x),v*(z,t), 2*(x,t),u*(x,t)) to problem (1.13)-(1.18) and the
following estimates are valid

a) max [|X(z) = A (2)| + max  sup [T} (z,1) — 0" (z, 1)

r
r=1,N r=1,N te[(r—1)h,rh)
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T

Lz, h B Fouen)
. (pk(f 1>)! ( /ma, h)df) ol et / du(é,h)dfmaX{tgﬁ% ()], masx (1), ufno},

xT

t€[0,T)
0 0
b)max sup ||z} (z,t) — 2F) (2, 1)
r=1,N te[(r—1)h,rh)
< [ max A€ = AP(€)||de + [ max  sup  ||TE(E, ) — o) (g, 1) de,
r=1,N r=L,N te[(r—1)h,rh)
0 0

r=1,N te[(r—1)h,rh)

g/max sup ||Z (5 t) _Z (g t)Hdgv k= 1727"'7

r=1,N te[(r—1)h,rh)

where f(x) = max [ B t)ll, o) = max [Cl )l |l = max [[f(z, )]

te[0,T te[0,T

_ O, WIB() + 20(2)
e, ) =m0, pulont) === S

)

ol ) = b ) e, B S 2O

= 7

0,(
1_QV

0
z &
0,(
a(w // 1) + (&) + 16, (&, h)d€rdE
0

dy(z,h) =

+ 16,(&, h)dg

1—q,(z, h
L @y

vl

¢ (z, h)[B(z) + o(x) + 1]0,(x, h).
Proof. The following inequalities take place

[E (2, h,z,u)|| < h —>mag sup  [B(2) ||z (2, )| + o (@)lJur (=, )| + [ f (2, )]
J: r=L,N te[(r—1)h,rh)

G 2l < L e sy e,
4 r=1,N te[(r—1)h,rh)

1% h ]
max  sup || Do(z )] < j—(““) )
r=L,N t&[(r—1)h,rh) — J!

From the zero step of the algorithm, the following estimates follow:

max || A, ()]

r=1,N

—

v—

< [B(x) + o(2) + (. b)h %ﬂmx{ mas (0], s 1900, |rf||o},

€[0,7] t€[0,T

<.
Il
o
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max s 0O 0)]
r=1,N te[(r—1)h,rh)

< 1600 + (o) + auto Y O e 10, e 10O 17

t€[0,T te[0,7)

max  sup |29z, 1) — (1)
r=L,N te[(r—1)h,rh)

< 1916+ o1 + 1106, W o e (), s 1)1 11 .

te[0,1]

max sup Hufno)(x, t) - 80(75) H

r=1,N te[(r—1)h,rh)

te[0,7

z &
s0/0/[5(51)+a(£1)+1]9y(§1,h)dgld§max{tgg¥]||gp()|| max (¢ )||,||f||0},

The following estimates are valid:

max A,V (z) = 2,00 (2)

r=1,N

Ble)max  sup ||z7(z,t) = p(t)|

=0 J: r=1,N te[(r—1)h,rh)

—o(x) max  sup [u?(z,t) = o(1)]]
0 J: r=1,N te[(r—1)h,rh)

h)” -
(o ) O e s 7O,
vl r=TNte[(r—1)h,rh)

max sup [0l (@, b) = 50 (a, 0) |
r=1,N te[(r—1)h,rh)

v—1 :
< q(x,h hZ ymax  sup [[2(x,t) — (8]
J=0 !

r=LN te[(r—1)h,rh)

(e, )h Ma(m) max swp 0@ 8) — o8]

= I r=LN te[(r—1)h,rh)

h)¥ ~
+qy($,h)M max sup [0l (x,1)].
vl =T N te[(r—1)h.rh)

Next we establish the inequality

ABD () = max  sup  [[aV(z, 1) — 3O (2, )] + max [N 5D (z) = N\

r=1,N te[(r—1)h,rh) r=1,N

xT

< 0, m3(0) [19(6) + 016) + 104(6, R max{ s o),z 100 1o

te[o,T
0

|

O ()|
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T

£
0, (2, o (x) / / (&) + o(&) + b 61, >dsld5max{max 0], ma !Iw()!H\fHo}

[0,7] t€[0,7)

h 14
#0000 " g 0, 0150) + 0(2) + 1 macd e (0] ma 10O 17T -
Thus,
mae |3, 7D (2) — A, 4 (z)]
r=1,N
h)¥ - -
<o) PO e s [ t) — 30 a0, 2.1)
vl =T N e[(r—1)hrh)
max  swp [P0, b) — 70 (2, )]
r=1,N te[(r—1)h,rh)
h)¥ - -
B L T E T e CEs T (22)
vl =T N te[(r—1)hrh)

Owing to the inequality ¢, (z, h)(a(i# < 1 follows the uniform convergence of the sequence

vf«l’mﬂ)(x,t), at (x,t) € §,, to vﬁl)(x,t) and the convergence of the sequence of systems of func-
tions A"V (2) to continuous on z € [0,w] functions )\gl)(x) forallr =1,N:

max sup [T (2,8) — 50 (2, 1)
r=1L,N te[(r—1)h,rh)

gz{qymﬂ} max  sup 70 (x,6) ~ 500z, )],

v. r= 1Nt€[(r 1)h,rh)

max [|A, 47 (z) — 2,00 (@)
r=1,N

<> [ate S T o O o sup [0 0) - 500 )

j=0 r=1,N tc[(r—1)h,rh)

+ max [|A, Y (z) = A0 ().
r=1,N

Passing to the limit at m — oo, we obtain the estimates:

AD(z) = max  sup |57 (2, 8) — 0 (2, 1) + max ||>\ H(z) = A ()|
r=1L,N te[(r—1)h,rh)

<
< (o, ) maf ma (0] o [0(0)] HfHo},

T

max  swp[=0(x, ) — 20z, 1)) < / AL (€)de,

r=1,N te[(r—1)h,rh)

xz &
max  sup [u(z,t) — ul®(z,1)] < / / AW (&) de, dE.
0 0

r=LN te[(r—1)h,rh)
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For the systems of the of differences A, **V(z) — X, (z), i7§k+1)(x, t) — o (x,1),
zf«kﬂ)(x, t)— 20 (x,1), u,(nkﬂ)(x, t)— u,(ak)(x, t),r=1,N, k=1,2,... the following estimates are valid:

IE% H)\r(kJrl’l)(.iE) _ )\r(k+1,0)(x)H

Blz)max  sup 2 (x,t) — 20D (2, 1)
J! r=1,N t&[(r—1)h,rh)

v—1
h]
(e, S DY e sup (e, 6) — D, ),
=0 J: r=1,N te[(r—1)h,rh)
max  sup [ (2, 1) — 5O (5,1

r=1,N te[(r—1)h,rh)

— (a(z)h)!

< q(z,h)h ——f(xr) max  sup 1289 (@, t) — 28D (@, 1)
s J: r=1,N te[(r—1)h,rh)
J
v—1 :
h J
g S LMY ) v s (e, ) — (),
0 J: r=L,N te[(r—1)h,rh)
J
max || A, (z) — A B ()|
r=1,N
h)¥ ~ -
< W g [ g, 1) — D g, )
vl =T N te[(r—1)h,rh)
max  sup  [[oFFEmED (g 1) — gRELT (g 1|
r=1,N te[(r—1)h,rh)
h)¥ ~ -
<) SO ax sup (1) - T ),
v r=L,N te[(r—1)h,rh)
max  sup [0 (2 0) — 5O (2, )|
r=LN te[(r—1)h,rh)
<3 ae ) CE T s ) - T @, )
= V! r=LN te[(r—1)h,rh)
maiXHAr(kJrl’erl)(:U) _ )\r(kJrl’O)(SU)H
r=1,N
m—1 .
alx)h)’ 19 a(x)h)” ~ ~
<3 [aam OO o O e ) - 510 )
=0 4 4 r=L,N te[(r—1)h,rh)

+ max [|A, D (@) = 2O (@),
r=1,N

Passing to the limit as m — oo, we obtain the following estimates:

max  sup [ 1) — 7w,
r=1,N te[(r—1)h,rh)

v—1 )
a (@, Wh L B 6(a)
< — — max  sup W (g, 1) — 2D (gt
1—q,(x,h) (au(z)h) r=LN te[(r1)hrh) I (2,1) T (z, 1)l

v!
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Yo ()

+ = a(z)h)¥ max sup HUS‘k) (I7 t) - ugk_l) (ZE, t) H7 (23)
1—q(z, ) ] r=L,N te[(r—1)h,rh)
max [|A,*TY (2) =A@ (2)]]
r=1,N
1 "
(i, W Y CEE B ()
< — v max  sup zfnk) r,t) — zﬁkfl) x,t
1— a(z, h) (a(’x/)!h) 7”=1,7Nt€[('r’—1)h,'rh) H ( ) ( )H
v—1
Yol h)h Y G o ()
i=0
t = maxswp (1) —ul ()] (24)
1 —qy(z, h)=; r=LN t[(r—1)h,rh)
max  sup =50 (@, 0) — 2O (e, 1)
r=LN te[(r—1)h,rh)
< [ max [NV = AP (EIdE + [ max  sup  [5FEI(E 1) — B0 (1) |dE,
) r=1,N 4 r=L,N te[(r—1)h,rh)

max  sup [lul*V (2, t) — u (2, 1))
r=1L,N te[(r—1)h,rh)

< [ max  sup (|2 (@) — 2 (x, 1)]|dE.
r=1L,N te[(r—1)h,rh)

Summing, respectively, the left and right sides of inequalities (2.3), (2.4) we have

AP (@) = max  sup 5" (1) — 5 (2, )] + max || A, D (z) = AP ()]

r=1,N te[(r—1)h,rh) r=1
ORI s sup 29, t) - 2D, 1)
- 1—q(x, h) = 3&. r=LN te[(r—1)h,rh)

0,(x, h
" >U<(:f)>h>v max sup o () — oD (2, 1)), (2.5)
1 — qy(x, h)*=Z"= r=LN te[(r—1)h.rh)

max  sup |55 (@, 1) — 2 (2, 1)]| < /A'““ (£)de,

r=1,N te[(r—1)h,rh)

z &
max  sup [[ul"V(z,) — uP (2, )| < / / AFETD (&) de,dé.
r=1LN te[(r—1)h,rh) -

For the function A®*+V(z) on the basis of (2.5) we establish the inequality

AE(2) < p, (2, h) / A®) (€)de, (2.6)
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AFD () < fk(%ff, ( / pu<£,h>d£>k_l / A®

Next we establish the inequalities

max [|A¥P)(z) = AP (2)|| + max  sup  [[5F) (2, 1) — 0 (x, 1))
r=1,N r= thE[(r 1)h,rh)

<) ( [ e e’ / (e macd o 1000, s 1901 1o

t€[0,7]
j=k= 0
max sup HZ7("k+p) (.CL’, t) - ngk) (‘T7 t)”
r=LN te[(r—1)h,rh)
< [ max NS = AP (©)lde + [ max  sup  [FFP(E 1) — BV, 1) e,
/ r=1,N ] r=1,N te[(r—1)h,rh)

max  sup [Jul* (2, 1) — ul (2, 1))
r=1L,N te[(r—1)h,rh)

T

< [ max sup |20 (2, 1) — 29 (@, 1) dE
r=L1,N te[(r—1)h,rh)

By passing to the limit as p — oo, for all (z,t) € Q,, r = 1, N, we obtain the estimates of The-
orem 2.1. Finally we show that the uniqueness of a solution to problem (1.13)-(1.18). Let the
quadruples {\*(x), v¥(x, 1), 25 (x, t), u*(x, t)} and {\*(x), 0¥* (x, t), 2 (2, t), us* (2, t)} be solutions to
problem (1.13)-(1.18). Using inequality (2.6) for the dlfferences Ar ( ) — A (x), 0k (2, t) — U (2, t),
we obtain

max [|Ar(z) — A (2)[| + max  sup  |[vi(z,t) — 0" (, 1) ||
r=1,N r= 1Nt€[(r 1)h,rh)

< pu(x,h) [ max [[A(E) = A (§)[|dE+ [ max  sup  [[U5(E ) — o (E )[1dE, (2.7)
] r=1,N J r= 1Nt6[(r—1)h,rh)

By applying the Gronwall - Bellman inequality to integral equations (2.7), we get

max [N (@)~ N @]+ max  swp T 0 — T @ Ol = ple ) 0. (28)
r=1,N r= 1Nt€[(r 1)h,rh)

From (2.8) it follows v} (z,t) = v}*(x,t) and A\,"(x) = \,"*(z), for all (z,t) € Q,, r =1, N. Then on

the inequality

max  sup |[zi(z,t) — 2" (x, 1)
r=L,N te[(r—1)h,rh)

S/(max sup  [[or (&, 1) — 0 (&, 75)H+maX IA-(€) = A7 (©)de,
0

r=1,N te[(r—1)h,rh)
max sup ug(z,t) — " (2, 1)]]
r=LN te[(r—1)h,rh)
z £

/ / max sup {5 (6t) = T (60 ) + max [N (€)= A (6 )dude
0 0 ’

r= 1Nt€ [(r—1)h,rh)
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we have 2/ (z,t) = 2 (x,t), ul(z,t) = w*(z,t),r = 1, N, for all (z,t) € Q,, r =1, N. This contradicts
with our assumption that problem (1.13)-(1.18) has two solution. Therefore, solution to problem
(1.13)-(1.18) is unique. O

By virtue of the equivalence of problems (1.1)-(1.4) and (1.13)-(1.18) from Theorem 2.1 follows

Theorem 2.2. Let the conditions of Theorem 2.1 be satisfied. Then problem (1.1)-(1.4) has a unique
solution u*(z,t) and the following estimates are valid

max  sup |lui(z, 1) — ul®(z, )|
r=1,N te[(r—1)h,rh)

k-1 & &
/ /pu &, h ( / s )d&) [ ptcamass / d,, (&2, h)dEydEy dE

0

y m{m o). mace [0 Hfuo}, F=1.2....

(0,7 t€[0,T]

The main condition for the unique solvability of the problem under study is the existence of
numbers A > 0 : Nh = T and v € N, for which the matrix Q,(z, h) is invertible for all x € [0, w].
Since the (nN x nN) matrix @Q,(z, h), for N > 2, has a special block-band structure, then

Lemma 2.1. The (nN x nN) matriz Q,(x,h) for x € [0,w] is invertible if and only if the (n X n)
matriz

M, (x) =1 — [JII + Dys(z, h)].

s=N

Proof. Tt suffices to prove that the equation

Q.(z,h)-y=0, ye&R"™, (2.9)
has a nonzero solution if and only if a nonzero solution has the equation

M,(z)-y1 =0, y €R" (2.10)

Let y € R™N y(z) = (y1(x),...,yn(x)), be a solution to equation (2.9). Then, block-wise writing
equation (2.9), we have the following relations

y1(x) — [I + Dyn(x, h)]|yn(z) =0, (2.11)

I+ D,j(x,h)]yj(x) —yj41(x) =0, j=1,..,N—1, (2.12)

i.e. the components of the vector y(r) satisfy (2.11) - (2.12). Hence, all components y € R™ can be
expressed in terms of y; € R™:

1

yj-‘rl(x) = H[I + Dus<x7 h)]yl(x)v ] = 17 (ERE) N — 17 (213)

s=j

From (2.13) for j = N — 1 we find that yy(z) has the form:

yn(x) = ] [+ Dus(z, )l (x). (2.14)

s=N-—1
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Substituting the right-hand side of (2.14) into (2.11) instead of yy(x) we obtain that y;(z) € R”
is a solution to equation (2.10). Since relation (2.13) is valid for any solution of equation (2.9), it
follows from (2.13) that homogeneous equation (2.9) has a nonzero solution if and only if ||y, (z)| #
0,y1(x) € R™. In view of the fact that y;(x) satisfies equation (2.10), it follows that equation (2.9)
has a nonzero solution if and only if equation (2.10) has a nonzero solution.

Let the matrix @Q,(x,h) be invertible. Consider equation (2.10). If it has a nonzero solu-
tion y;(z) € R", then this contradicts the invertibility of @,(z,h). Indeed, if y;(x) € R™ is
a solution to equation (2.10) and ||yi(z)|| # 0, then, based on the aforementioned, the vector
y(z) = (yi(x),...,yn(x)), where y;1(x), j = 1,..,N — 1, is determined by formulas (2.13),
will be a nonzero solution to equation (2.9), and this contradicts the invertibility of the matrix
Q,(z,h) : RN — R™ for every x € [0, w].

Now, let the matrix M, (z) be invertible and equation (2.9) has a nonzero solution y(z) € R™.
As shown above, y(z) € R™ will be a nonzero solution to equation (2.9) if and only if the vector
y1(z) € R™, is nonzero, which is the first component of the vector y(x) and satisfies equation (2.10).
This contradicts our assumption that the matrix M, (z) is invertible. O

Lemma 2.2. If the matriz M, (z) is invertible, then

[Qu(z, )] ™" = {ay;(2)},m 5 =L N,

where
qu(z) = [M,(x)] 7,
k
() = =M, ()] T] 1 + Dol )], 1 < k < N,
Q'I‘j(x) = [[ + Du,rfl(xa h)]grfl,j(x)hj 7& r,T = 27_N>

%ﬂr(I) = [I + Du,r—1<x7 h’)]gT—Lj (I> - I> r= 27 N.
Proof. Consider the system of equations
Qu(z, h)A(x) = g(x), (2.15)
where \(z), g(x), € C([0,w], R™N), can be written block by block in the following form:
M(z) = [+ Dyn(z, h)]An () = g1 (), (2.16)
[I 4+ Dys(z, h)|As(x) — Agy1(x) = gsya(z), s=1,..,N—1. (2.17)
In system (2.17), sweeping downward, we have
)\2(1’) = [I + DV1<:C7 h)])‘l(x) - g2<x>7

A3(z) = [I 4+ Dya(z, h)|Aa(z) — g5(2)
= [I + Dya(z, W)][I + Dyi(z, h)]M(x) — [I + Doa(x, h)lga(x) — g3(@), ...

M(z) =T+ Dyyra(x,h)] - oo [T+ Dyi(z, h)]Ai(x)
—[L 4+ Dyy—1(x,h)] - ... - [I + Dyo(z, h)|ge(z) — ... — [I + Dyi(x, h)]|gr—1(2) — g-(2), (2.18)
r=2,3,...N. From here we find A\y(z) and substitute it into equation (2.16):

M (@) = [I+ Dyn(z, W[ + Dy (2, B)] - oo - [I + Do (z, h) A (2)
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+[I + Dyn(z, )L + Dyn-1(z,h)] - ... - [I + Dya(x, h)]ga(x)
+ [+ Dun(z, W] + D1z, h)gn-1(z) + [I + Dun(z, h)]gn(x) = g1(2)
{ H[+Dys<l’ h)]})\l ZHI"i‘Duswh g]( )
that is

z

J

M, (x)M(z) = gi(z) = > ]I + Dusla, h)]gi(x). (2.19)

j=2 s=N
Let the matrix M, (z) be invertible for all z € [0,w], then from (2.19) we find A\ (x) :

M (@) = M ()] { ST Dl gy } th Dgln). (220

j=2 s=N

Substituting (2.20) into (2.18), we find the remaining \,(z),r = 1, N, in the form of an expression
in terms of the right-hand sides of g.(z) where r =2, N :
1

Ar(z) = [[ + Dys(z, h)”MV(x)]ilgl(x)
_Hj—f—Dl,s(:ph 1Zﬁl+Dysxhgg()
H ]—|— Dys SB h ]gg( ) P [I“‘ Du,r—l(xa h)]gr—l(‘r) - gr($)

On the other hand, using expression (2
specifically

Arg1(z ZQT+12 z)gi(z) = [I + Dyr(z, R)|A(2) = gria(2)

N
= [I + DW’(xv h)] qu(x)gi(37> - gr+1(x)7 r=1, N — 17
i=1
we find more convenient  recurrent formulas for finding the matrix elements [Q,(x,h)]™! =
{QTj(m)}aT7j = 17N :
qui(z) = [M,(2)] ",

Gie(w) = —[M,(x ﬁ [[ + Dyy(x,h)],2 <k <N,

%"j(x) = [[ + Dl/,rfl(xa h)]ngl,jCC)?j 7& rTr= 27 )
¢r(x) =[I 4+ Dyr1(z,h)]gr—1,(x) = [,7 =2, N.
[
Recurrent formulas allow one to determine [Q,(z,h)]™! via the elements of the matrix A(x,t).

Therefore, Theorems 2.1, 2.2 establish a coefficient criterion for the unique solvability of boundary
value problem (1.1) - (1.4).
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