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VAGIF SABIR oglu GULIYEV
(to the 65th birthday)

On February 22, 2022 was the 65th birthday of Vagif Sabir oglu Guliyev,
editor-in-chief of the Transactions of the Azerbaijan National Academy of Science,
Issue Mathematics, Series of physical-technical and mathematics science (Scopus,
Q3), deputy editor-in-chief of the Applied and Computational Mathematics (Web
of Science, Q1), deputy director of the Institute of Applied Mathematics (IAM)
of the Baku State University (BSU), head of the Department of Mathematical
Analysis at the Institute of Mathematics and Mechanics (IMM) of the Azerbaijan
National Academy of Sciences (ANAS), member of the Editorial Board of the
Eurasian Mathematical Journal.

V.S. Guliyev was born in the city of Salyan in Azerbaijan. In 1978 Vagif
Guliyev graduated from the Faculty of Mechanics and Mathematics of the Azerbaijan State University
(now the Baku State University) with an honors degree and then completed his postgraduate studies
at this university. His scientific supervisors were distinguished mathematicians A.A. Babayev and
S.K. Abdullayev. In 1983 he defended his PhD thesis at the BSU. From 1983 he continued his
scientific activities at the V.A. Steklov Mathematical Institute of the Academy of Sciences of the
USSR. In 1987-1991 he was in internship at this institute and in 1994 defended there his DSc thesis.

From 1983 to 1995 he worked as assistant, a senior lecturer, docent and from 1995 to 2018 as a
professor of Mathematical Analysis Chair of the BSU. In 1995-2008 he worked on part-time basis
at the Institute of the IMM. From 2008 to 2014 he was a chief researcher of the Department of
Mathematical Analysis of the IMM, from 2014 to the present day he is the head of this department.

In 2014 V.S. Guliyev was elected a corresponding member of the ANAS.

From 2015 to 2019, he worked as deputy director on science at the IMM. From 2019 to the present
day, he has been working as a chief researcher at the IAM. Since May 2021, he has been working as
a deputy director on science of the TAM.

Professor Vagif Guliyev has been a member of the Presidium of the Higher Attestation Commis-
sion under the President of the Republic of Azerbaijan since 2014 to the present day.

V.S. Guliyev is a world recognized specialist in real and harmonic analysis, function spaces and
partial differential equations. He obtained seminal scientific results in several areas of functional
analysis and the theory of partial differential and integral equations. He was one of the first to study
local Morrey-type spaces, generalized weighted Morrey-type spaces and anisotropic Banach-valued
Sobolev spaces, for which appropriate embedding theorems were established.

Some of his results and methods are named after him: the Adams-Guliyev and Spanne-Guliyev
conditions for the boundedness of operators in Morrey-type spaces, Guliyev’s method of local esti-
mates of integral operators of harmonic analysis, the Burenkov-Guliyevs conditions for the bound-
edness of operators in general local Morrey-type spaces.

On the whole, the results obtained by V.S. Guliyev have laid a groundwork for new perspec-
tive scientific directions in the theory of functions spaces and its applications to partial differential
equations.

Vagif Sabir oglu Guliyev is an author of more than 250 scientific publications including 2 mono-
graphs. Among his pupils there are more than 20 candidates of sciences and 5 doctors of sciences.
The results obtained by V.S. Guliyev, his pupils, collaborators and followers gained worldwide recog-
nition.

The mathematical community, many his friends and colleagues and the Editorial Board of the
Eurasian Mathematical Journal cordially congratulate Vagif Sabir oglu Guliyev on the occasion of
his 65th birthday and wish him good health, happiness and new achievements in mathematics and
mathematical education.
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ZEROS OF LACUNARY TYPE POLYNOMIALS
S. Das

Communicated by V.I. Burenkov

Key words: zeros, lacunary polynomials, annular region.
AMS Mathematics Subject Classification: 30C15, 30C10, 26C10.
Abstract. Using Schwarz’s lemma, Mohammad (1965) proved that all zeros of the polynomial

f()=a +az+ - +a,12"" +a,2"

with real or complex coefficients lie in the closed disc

!/

2| <

if |a,| < M,

|anl

where
M = Tn|a}1< |a0 +aiz 44 ap_12"Y.
zl=

In this paper, we present new results on the location of zeros of the lacunary type polynomial

p(z) =ag+ar1z+ - +apf +a,2", p<n.

In particular, for p = n — 1, our first result implies an important corollary which sharpens the above
result. Also, we described some regions in which all zeros of p(z) are simple. In many cases, our

results give better bounds for the location of polynomial zeros than the known ones.

DOI: https://doi.org/10.32523/2077-9879-2022-13-1-32-43

1 Introduction and main results
For the moduli of the zeros of the polynomial

f(2)=ao+arz+ - +a, 12" +a,2"

of degree n with real or complex coefficients, the Lagrange [14] (see [3, Theorem 1.1]) and Cauchy [5]
(see also [15, Chapter VII, Section 27, Theorem 27.2|) bounds are well known. In 1964, Guggenheimer
[9] generalized the Cauchy result for the following class of lacunary type polynomials [15, Chapter

VIII, Section 34, page 156]
p(z) =ap+arz+ -+ apz’ +a,2", p<n,

and proved the following
Theorem A. All zeros of p(z) lie in the disc

2] <6,
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where §(> 1) is the only positive root of the equation
tnfp . tnfpfl — me

where
Qg

Qpn = max
an,

0<k<p

In 1965, Mohammad [16] obtained the following results by using Schwarz’s lemma.
Theorem B. All zeros of f(z) lie in the disc

!

M
|z] < - if |a,| < M,

|ay]
where

M = max ’ao +az+ -+ an_lz”_l‘

|z|=1
= max ’an,l +ap_9z+---+ aoz”’w .
|z|=1

Theorem C. All zeros of f(z) lie in the annular region

Q .
r% < |z| < rif|ag] < K7,

!/
where r is the largest modulus of the zeros of f(z) and

K’ = max ‘anz" +ap 12" 4 alz‘ )

|z|=r

Using a particular lacunary type polynomial, in 2004, Shah and Liman [17] established the fol-
lowing result.
Theorem D. All zeros of f(z) with a,—1 =0, lie in the disc

1 | M,
2] < =/t
r\ fan]

My = max ‘aoz” +a" 4 an_2z2‘ )

|z|=r

where r > 0 and

In the literature, there exist several results [1, 2, 10, 11, 12, 17, 20| on polynomial zeros of lacunary
type polynomials.

In this paper, we obtain some new bounds for the moduli of zeros for the considered class of
lacunary type polynomials. Some of the results give generalizations of Theorem B, Theorem C and
Theorem D, respectively. Moreover, the second, third and fourth results, and all corollaries related
to these results do not require any numerical methods. Finally, we describe some regions in which
zeros are simple. More precisely, we prove

Theorem 1.1. All zeros of p(z) lie in the disc

1
|Z’ S t_ 1f|an| S MT;
0
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where v > 0 and to(< 1) is the only positive root of the equation

F.(t) = (n—p)!M" Pt 4 |a,| M PHine

— [ap| [an| PPt = (n = p)! || Myr" 7T,

and

M, = Tnax ‘apz”_p + ap_lz"_pJrl + -+ aoz”‘ )
zl=r

Moreover, if M, = |a,|, all zeros of p(z) lie in the disc

2| <

i

Remark 1. The bound in Theorem 1.1 is attainable by the polynomial
Q(2)=—apz" + a2’ +---+ay, p<n, a;>0; 1=0,1,2,...,p,n,

which can be seen by observing that

1
|—a,| = M,, and Q (r_) =0,

0

where 7 is the unique positive root of the equation
apr" + ayr™ Tt + -+ apyr™ P — |—a,| = 0.
Here we note that there is no loss of generality if we take

- —p+l
M, > maX|apz" Pt a, 2" PF +---+a0z"|

|z|=r
in Theorem 1.1. For r = 1, replacing M; by M in Theorem 1.1, we have the following corollary.

Corollary 1.1. All zeros of p(z) lie in the disc
1.
|z| < —if |a,| < M,
to

where to (< 1) is the only positive root of the equation
F(t) = (n—p)!M*" P 4 |a,| Mt" P — |ay| ||t — (n — p)!M |a,| =0
and

M > ﬁax ‘apz"_p + ajl,_l,z”_”+1 I aoz”‘
zl=1
= m‘ax|ao+alz+---~|—apzp|.
|z]=1

Put p=n — 1 in Corollary 1.1, we can easily obtain the following corollary.
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Corollary 1.2. All zeros of f(z) lie in the disc
I,
|z| < —if|a,| < M,
to
where to (< 1) is the only positive root of the equation
G (t) = M*t* + |an_1| (M — |ap|) t — M |a,| =0

1€,

el (M = o) £ s (M — ) + 407
° IVE

and
M = max ‘ao +az+ -+ an,lz”’l‘
|z|=1
= max ‘%—1 + ap_9z+ -+ aozn_l‘ .
|2|=1

Remark 2. The bound in Corollary 1.2 is sharper than the bound in Theorem B. Indeed

M = M = max |an1 + ap oz + -+ ag2"}|
Z|l=

and by the Maximum Modulus Principle it follows that
M Z |an—1|7

where |a,_1] is the value of |a,_1 + a,_22 + - -+ + ag2""'| at the centre of the circle |z| = 1. Therefore

2
an, Qp, an

| |an]
= lan|(lan| = M) = ——7—— (lan| = M)

M
= 9 0 ) (el - M) < 0
M

Hence

ol

0= "N
ie.,

1 M

<

to |an|

Remark 3. In some cases Corollary 1.2 gives a better bound than those given by other similar
results. To illustrate this, we consider the polynomial

f(2) = as52" + asz* + a32® 4+ a22° + a1z + ag

with |ag| = 3, |a1| = 2, |az| = 1,]as| = 3, |as| = 1, |as| = 4. By Corollary 1.2, all zeros of f(z) lie in
the disc
12| < 1.6579,
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whereas all zeros of f(z) lie in the regions
(¢
(id

(14i

1.75, by Cauchy [5] (|15, Chapter VII, Section 27, Theorem 27.2])
2.5, by Theorem B

2.7825, by Jain and Tawary [12, Theorem)|

1.8101, by Lagrange [14] (|3, Theorem 1.1])

1.7721, by Batra, Mignotte, Stefanescu |3, Theorem 3.1|
1.8464, by Kojima [13]

1.697, by Boese and Luther [4, Theorem 1]

1.791, by Dehmer |7, Theorem 3.2]

1.704, by Datt and Govil |6, Theorem 2]

2.25, by Bairagi, Jain, Mishra and Saha [2, Corollary 1.1]
3.5309, by Walsh [19].

)
)
)
(iv)
(v)
(vi) |2]
(vid)
(vitd)
(i)
)
)

(x

AN N CININ AN IN AN A A TN IA

(xi
Theorem 1.2. For any r > 0, all zeros of p(z) lie in the disc
1 (M, \7»
<t (o) it < o,
r \ |a,]
where

- —p+l
M., :max|apz" Pt a, 2" PF —|—---+a0z”}.

|2|=r

For p = n — 2, the bound in Theorem 1.2 coincides with the bound in Theorem D. So Theorem
1.2 is a generalization of Theorem D when |a,| < M,.

Remark 4. The equality in Theorem 1.2 is attainable by the polynomial
p(2) == (apr" P+ ap " P 4t agr™) 2"+ apz” + -+ ag,
where r > 0 and a; > 0;7=0,1,2,...,p.
For r =1, replacing M; by M in Theorem 1.2, we have the following corollary.
Corollary 1.3. All zeros of p(z) lie in the disc
M\
n—p
|z| < (—) if |a,| < M,
|an]
where

M = ﬁa)f ]apz"_p + ap_lz”_p“ + o4 ap2”
z|l=

= max|ag+ a1z + - + a,2”|.
|z|=1

Clearly, Corollary 1.3 is a generalization of Theorem B.

Remark 5. In some cases Corollaries 1.1 and 1.3 give better bounds than those given by other
similar results. To illustrate this, we consider the lacunary type polynomial

p(2) = a52” + a1z + ag
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with ag = 4,a; = 1,a5 = 1. Then all zeros of p(z) lie in the regions

(1
(x

(1) ||

4.015, by Bairagi, Jain, Mishra and Saha |2, Theorem 1.5]
1.4954, by corollary 1.3
1.3812, by corollary 1.1.

(i) |2| < 3.061, by Aziz [1] (|20, Theorem B])

(17) |z| < 1.748, by Theorem A
(i7i) |z| < 5, by Theorem B

() |z| < 2.2361, by Theorem D for r =1

(v) |z| < 1.995, by Jain [10, Theorem 2]

(vi) |z| < 2.3195, by Lagrange [14] (|3, Theorem 1.1])
(vii) |z| < 2.1724, by Batra, Mignotte, Stefanescu [3, Theorem 3.1]
(viii) |z| < 2.556, by Jain [11, Theorem 1]

) <
) <
<

By Corollary 1.3, we can easily obtain the following corollary.

Corollary 1.4. All zeros of p(z) lie in the disc

1

e (bt se)

|an|

provide that a; > 0; i =0, 1, ..., p and |a,| < ap+ a1 + -+ + ap.
In particular, the bound in Corollary 1.4 is equal to 1 when
lan| = ao+ a1+ -+ + a,.
Theorem 1.3. All zeros of
P(2) = ap+ a2 + ag 127 -+ an2™, 0 < g < n,
lve in the annular region

1
\a0|>q . "
r|l— ) <|z| <rif|ag] <M,

(MT" "

where 1 is the largest modulus of the zeros of P(z) and

" +1
M, = max ‘aqzq + ag 127+ ane| .

|z|=r

For ¢ = 1, this reduces to Theorem C. So Theorem 1.3 is a generalization of Theorem C.

Theorem 1.4. For any r > 0, all zeros of
h(z)=ao+az?+ -+ ay2’ +a,2", 0<qg<p<n,

lve in the annular region

1 1
= 1 M,,,. n—
T(‘m’)q < I2| S‘( ) " iffan] < My, Jao| < A,
T

"
M?" ‘ n‘
where
_ —p+1 _
M, = rln‘ax |ap2" P+ ap 12" P a2+ ag2"
z|=r
" +1 n
M = max ’aqzq +ag1 2T+t ap a2 ’ :

|z|=r

37
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Remark 6. The bound below in Theorem 1.4 is attainable by the polynomial

h(z) == (agrf + agar™ + -+ apr? + apr™) 4+ ag2? + - + ap2” + a, 2",
0<qg<p<mn,wherer >0and a; >0fori=gq,qg+1, ..., p, n, which can be seen by observing
that

laol = M = agr? + agear™ + -+ ayr” + a,r™ and h(r) =0,
where

1
ay = — (aqrq + agr?t 4 ar? + anr”) )
Now we present some regions in which all zeros of a polynomial are simple.

Theorem 1.5. Let
p(2) =ap+arz+ -+ ap2f +a,2", p<n

be a polynomial with complex coefficients satisfying the condition

7 |an| < M, = max payz" P+ (p—1) ap 12" P 4 a2

for some r > 0. Then the zeros of p(z) are simple in the region

where ty is the only positive root of the equation

Gr (t) = 07

G.(t) = (n—p)!MA"PT 4 play| Mar" PP

—np|ay| |an| r*" Pt — (n — p)in|a,| M P
Moreover, if nla,| = M,, all zeros of p(z) in the region

1
|2 >~
.

are simple.
Theorem 1.6. Let
p(z)=ay+arz+---+ap +2", p<n, a;>0; i=0,1,2,...,p

satisfy the condition
pa, +(p—1)ap—1 +---+2as+a; >n,

then all zeros of p(z) with modulus greater than

_1
(pap—i—(p—1)ap_1+---+2a2+a1)"P
n

are simple.
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2 Lemmas

In this section we present some lemmas which will be needed in the sequel. The first lemma can be
proved similarly to Schwarz’s lemma.

Lemma 2.1. Let g(2) be a complex valued function which is analytic on the disc K : |z — z9| < R
with the followmg properties,

(1) g(20) = ¢ (20) = -+ = g"™ (2) =0,

(i) g(p (20) # 0,

(1ii) |g (2)] < M < oo for all z € T'k (boundary of K).

Then

M
9 ()| < 212 = =l 21)

holds for all z € K UT'k, and moreover

(2.2)

Also the equality in (2.1) holds for some z (# zo) € K if and only if
M .

—e" (2 — 29),

9(2) =4

for some real o, where g (2) is the derivative of order i of g (z) with respect to z, and p is a natural
number.

In particular, for p = 1, Lemma 2.1 reduces to Schwarz’s lemma.

Lemma 2.2. ([8, Lemmal, see also [17, Lemma 1|) If f(z) is analytic in |z| < 1, f(0) = a,|a| <
Lf(0)=0b,f(2)] <1onl|z| =1, then for |z| <1

(1 —lal) |2I” + [b}|2] + |a| (1 — |a])

1f (2)] < la| (1 = |a|) |2]* + 10| |2] + (1 = |a|)

Lemma 2.3. (|17, Lemma 2|) If f(2) is analytic in |z|] < R, f(0) =0, (0) =0b,|f (2)] < M on
|z| = R, then for |z] < R
M |z| M |z| + R?|b|
A I VRN AT

Lemma 2.4. (|18, Chapter VI, Example 5, page 212|) If f(2) is analytic on |z| < R, |f(2)| < M
on |z| = R, and f(0) #0, then for |z| < R

M|z + R[f (0)]
MR+ [f (0)|[2]

If ()| <M

Lemma 2.5. If f(z) is analytic on |z| < R, |f(2)] < M on |2| = R, and f(0) = f'(0) = --- =
Fm=D(0) =0, f(M(0) £0, then for |z| <R

M |2[™ mIM |z| + R™ | £ (0)]
R+t “mIM + Rm=L| ) (0)] ||

1f (2)] <

For m =1, it reduces to Lemma 2.3. So Lemma 2.5 is a generalization of Lemma 2.3.
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Proof of Lemma 2.5. From the Taylor series expansions we have for all |z| < R,

F0) o FV0) g, STHPA0)
f(Z):TZ +m2 +1+m2 +2+“‘

So the function g (z) defined by

) ) (o) (o) ,
G = s Y T s T

is analytic for all |z| < R and takes the value % at the origin. Also from the Maximum Modulus
Principle that for all |z| < R,

M
< —.
9(2)l < 2
Now, applying Lemma 2.4 to g(z), we have for all |z| < R,

M g |2 + Rg (0)]

9 (2)] < ——.
R LR+ 19 (0)] 2]
or -
m) (0
F)| M R[S
m | = pm’ m) (0
z R R%R+‘fm!()“2”
or

M |2[™ mIM |z| + R™H | £ (0)]
R+t “mlM + Rm=L | fm) (0)] ||

|f(2)] <

3 Proofs of theorems
Proof of Theorem 1.1. Consider
Q(z)=a,+ R(2),

where
- —p+1
R(2) =apz"P+ap, 12" P 4+ - 4 ag2".

Clearly
R(0) =R (0)=---=R"?™(0) =0and R" (0) = a, # 0.

Now, for |z| < r, applying Lemma 2.5, we have

n—p - | n—p+1
’R(Z)| < MT|Z| (n p).MT|Z|+’6Lp|T ’
rnPtl (n — p)IM, + |a,| P12

which implies

M, 2" (n = )M, 2] + |ay| 7
P (= ), + Jag| e ]

for |z| <.

Q (2)] = lan| —

Therefore |@Q (z)| > 0 if
n — p)IM? 2| P 4 Ja,| M P 2P
r P

— |ap| |an| r2(n=p) |z| = (n — p)!M, |a,| rPrl <.
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We introduce the function
FL (1) = (0= )M gy | Mg e

~ Jagl laa| PPt = (n = p)lJa| M

Clearly,
F(0) = —(n—p)!M,|a,|r" P <0

and
F.(r)= ((n — p)IM, + |a,| T"_p) (M, — |an|)7‘”_ijl > 0if |a,| < M,.

Let to (< 1) be the only positive root of the equation F, (t) = 0. As for |a,| < M,,
F.(t) <0if 0 <t <ty,

which implies
|Q (2)| > 0if |z| < to.

In particular, for |a,| = M,,
F(0)<0and F(r)=0,

which implies
Q (2)| > 0if |z <7

Also

and this leads us to the desired result. O
Proof of Theorem 1.2. Consider
Q(Z) :an+R(Z)7

where

R(2) = a2 P +a, 12" Pt 4+ 4 ag2".

Applying Lemma 2.1 to R(z), we get

M, _
[R(2)] < = 2" for |z <,
.

which implies

M .
Q)] 2 lanl = S5 2" for |2] < 7.

Hence, if |z| < r (M) "7, then |Q (2)| > 0, and @ (z) = 2"p (£). Thus it follows that all zeros of

M
p(z) lie in the disc
1/ M, \ 77
2] < = :
r |an’
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Proof of Theorem 1.3. Consider
P(2) = a0+ T(2),

where
1
T(2) = ag2?+ ag129 + -+ a,2"

Applying Lemma 2.1 to 7'(z), we can write for |z| <7,

"

M,
T () < — 21,

rd

which implies
"

M
|P (2)| > |ao] — qr 2|7 for |z| <.
r

Hence, |P(2)| > 0if |z| <r (lj\%) g, and this leads us to the desired result. O

Proof of Theorem 1.4. The proof of Theorem 1.4 is not given because it is similar to the proofs of
Theorem 1.2 and Theorem 1.3. [

Proof of Theorem 1.5. Clearly
P (2) = nanz" " 4 page T 4 (p— 1) ap 1 2P0 4 4 2002 g
is a polynomial of degree (n — 1). Therefore the inequality

nla,| < M, = max papz" P + (p— 1) ap12" P -+ a2
zl=r

holds for some r» > 0 and can also be written as

lna,| < M, = Tnléx ‘papz(n—l)—(p—l) +(p—1) ap_lz(n—l)—(p—l)-i-l 44 alzn—1’ .

Applying Theorem 1.1 to the polynomial p' (z) we can easily say that all zeros of p’ (2) lie in the
region |z| < %, and in particular, for n|a,| = M,. Then the zeros of p' (z) lie in |z| < 1. Therefore,
1

p(z) cannot have any multiple zeros in the region [z > ;-, and in particular for nla,| = M,, the

region |z| > % has no multiple zeros of p(z), and this proves the desired result. O]

Proof of Theorem 1.6. The proof of Theorem 1.6 is not presented as it can be easily obtained by
applying Corollary 1.4 to the polynomial p’ (2). ]
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