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Abstract. We consider those elements of the Schwartz algebra of entire functions which are the
Fourier-Laplace transforms of invertible distributions with compact supports on the real line. These
functions are called invertible in the sense of Ehrenpreis. The first of the presented results is about
the properties of zero subsets of invertible in the sense of Ehrenpreis function f. Namely, we establish
some properties of the zero subset formed by zeros of f laying not far from the real axis. We also
obtain estimates from below for |f| which generalize the corresponding ones in the definition of the
notion of sine-type functions.

DOI: https://doi.org/10.32523/2077-9879-2022-13-1-09-18

1 Introduction

Let £ denote the strong dual to the Fréchet space £ := C°(R). Recall that the Fourier-Laplace
transform operator acting in £ is defined by the formula

Y(z) = S(e™), Se&,

and the image P of £ under this transform is a topological algebra (Schwartz algebra) if we equip
it with the topology and the algebraical structure induced from &’. It is well-known that P consists
of all entire functions of exponential type having at most polynomial growth along the real axis [8,
Theorem 7.3.1].

We say that the division theorem is valid for ¢ € P if the following implication holds:

dPeP, ¢/pec HC)= d/pecP.

Now, we explain why having this property for ¢ € P is important for applications.
In |7] L. Ehrenpreis establishes that the validity of the division theorem for ¢ € P is equivalent
to the invertibility in the spaces £ and D’ = (C§°(R))’ of the distribution S = F~!(¢), which means

Sx&=¢E,

S+xD =D,

where the symbol % denotes the convolution.
We say that ¢ € P is invertible in the sense of Ehrenpreis if the division theorem is valid for it

(see [2], [3]).



10 N.F. Abuzyarova

Below, we will use the following analytical criterion due to L. Ehrenpreis |7, Theorems I, 2.2,
Proposition 2.7]: ¢ € P is invertible (in the sense of Ehrenpreis) if and only if it is slowly decreasing,
i.e. there exists a > 0 such that

VeeR I eR: |z —2| <an(2+ |z]), || > (a+ |2])7% (1.1)
Each S € & generates the convolution operator Mg acting in & :

Mg(f):S*f, feé'

It is easy to check that ¢ € P is invertible in the sense of Ehrenpreis if and only if the convolution
operator Mg generated by S = F (i) is surjective.

Let ¢ € P be invertible in the sense of Ehrenpreis, A be its zero set, A’ C A. Then, (iA’) coincides
with the spectrum of the differentiation-invariant subspace W C & which has the following property:
each f € W is represented as a series with grouping of exponential monomials contained in W. This
fact is established in [7], [5], [4] for the subspaces of the form

W={fe&: Sxf=0}

where S € £ is fixed. And it is also true for general subspaces admitting (weak) spectral synthesis
with respect to the differentiation operator.

Summarizing the above, we may conclude that there are enough reasons to study the behavior
and zero subsets of functions ¢ € P which are invertible in the sense of Ehrenpreis.

In Section 1, we establish some restrictions on the distribution of real parts of zeros lying not far
from the real axis (Theorem 2.1). The result generalizes |3, Lemma 2| and |7, Proposition 6.1]).

In Section 2, we study the estimates from below for In|p|. The start point is the notion of sine-
type function. Recall that entire function ¢ of exponential type o > 0 is called sine-type function
if

m < [(z)le” M < M
for all z : |Im z| > yo, where m, M, y, are some positive constants.

Clearly, each sine-type function is invertible in the sense of Ehrenpreis element of the algebra P
and its zero set is contained in the horizontal strip |Im z| < yp.

Consider entire function ¢ of the exponential type ¢ having the properties:
its indicator diagram is the segment of the imaginary axis [—io;io];
the estimate

In|p(z)| > o|Im z| — const In(|Re z| + €) (1.2)

holds for all z such that
|Im z| > const In(|Re z| + e)}. (1.3)

It is clear that the zeros A; of such function satisfy
IIm \;| < constIn(|Re )|+ ¢€)}. (1.4)

By the minimum modulus theorem [9, Chapter 1, Section 8, Theorem 11| and analytical criterion
(1.1), we can easily derive that ¢ is invertible in the sense of Ehrenpreis.

It is turned out that the converse is also true: if ¢ € P is invertible in the sense of Ehrenpreis
and its zeros \; satisfy (1.4) then (1.2) is true for all z submitted to (1.3). This fact is the particular
case of Theorem 3.1 corresponding to w(x) = In (z + e). We prove this theorem in Section 2.

Here, we give the short description of the result. Let w : R — [1; +00) be even and subjected some
regularity restrictions, ¢ € P be invertible in the sense of Ehrenpreis. Suppose that the exponential
type of ¢ equals o and its zero set Z, is contained in

{z: |Imz| > w(|Rez|)}.
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Theorem 3.1 asserts that if |Im z| < w(|Re z|) then the estimate

In|p(z)] > o|lm z| — const w(|Re z])

holds.

2 Zero sets

Let M = {u;}, pj = o +1i;,
0<|m| <lual <.,

be such that 3; = O(In|u;|) as j — oo, and the formula

R—o0 MJ

¥(2) = lim s (1 - i) (2.1)

defines an entire function of exponential type.
In [3, Lemma 1|, we established the following fact.

Lemma A. The function ¢ defined by (2.1) is invertible in the sense of Ehrempreis element of the
Schwartz algebra P if and only if the same is true about the function

Ui(2) = lim I (1 . i) . (2.2)

R—o0 Q;

Taking into account Lemma A, we give another formulation of Lemma 2 in [3].

Lemma B. Let ¢ € P be invertible in the sense of Fhrenpreis, M = {ux} C C be its zero set.
Then, for the subset M’ C M defined by

pr € M’ <= |Im | < Moln |Re pug|

with My > 0 fized,

m mRe<x7 1)

<
|z|—o00 In ’.CL’| oo

where mge(z, 1) denotes the number of points of the sequence
Re M’ ={Repuy : px € M'}

contained in the segment [v — 1;x + 1].

Consider non-decreasing function [ : [0; +00) — [1; +00) satisfying

Int = O(I(t)), t— oo, (2.3)
— Inl(t) 1
t£+moo Int = 2’ (24)
and (K
lim -~ 2.
tlg‘rnoo L(t) ST (2:5)

for some K > 1.
The following theorem generalizes Lemma B.
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Theorem 2.1. Let ¢ € P be invertible in the sense of Ehrenpreis with the zero set M = {u}, and
M’ C M be defined by
p € M’ <= |Im | < My - 1 (|Re pug|)

for a fixed My > 0.

Then,

T el D) (2.6)

where mge(x, 1) denotes the number of points of the sequence
ReM' ={Repy: pup € M’}
contained in the segment [v — 1;x + 1].
First, we prove the following auxiliary proposition.
Proposition 2.1. Let ¢, M, M’ be the same as in Theorem 2.1,
M= M\M', «a; =Rep;.

Then, the function

. z z
s | I (=25) T (-50) e
g <R || <R
i EM’ i €M
belongs to the algebra P, and there exists My > 0 such that
Ve e R, |x| >2, 37 €C: |2/ —z| < Ml(|z]) and In|yi(2)] > —Ml(|2]). (2.8)

Proof. We start with estimating the single multiplier (1 — ai) , ¢ € R, where o; = Re i, uj € M'.
J

It is easy to see that
(a;
(1 + 0 ( (O;])» :
@;

e
In ¢ (x)| < constln [i(x)], =z €R. (2.9)

<p-Z
Fj

272/ . \\ 1/2

2
(% 1

J

Qi

Taking into account (2.4), we get

Hence, ¢ € P.
To estimate [¢;| from below, we consider the auxiliary function

T(z) = 1 1= 1=
o= T () (-2 |
luj|<R lujl<R
pjeEM_|JM” pjEM!,

where

M, ={g e M+ B; >0}, M =M\M,.
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Because of (2.5), we have
(Kt) < Col(t), >0, (2.10)

for some Cy > 0. Notice that

1/2
‘1_1 B B (Y S /e N
mil = oyl |a|
where p; = a; +i8; € M., z = x + iy. Together with (2.10), it gives us the inequality
'1—1 3’1—1 (2.11)
H a;

if z =2 +2CoMol(|z|), p; € M’ and |Re p,;| = |oy;| < 4K|x|.
From the other hand, for z = x + 2iCo Myl(|z|), p1; = o; +if; € M/, we have

. (1 i M)m (2.12)

g‘l—i

1—- =

Hj

if |a;| > 4K |z|, where the constant C; > 0 depends only on [ and M.
Relations (2.4), (2.11), (2.12) lead to the estimate

In | (z)| < constln [T (2)]+ O(1) as |z| = oo (2.13)

6%

’ z
J

In a similar way, we get that

In |1 (2)] < constIn |y (2)| +O(1), as |z| = oo, (2.14)

where z = x — 2i1Co Myl(|z|).
Applying analytical criterion (1.1) and the minimum modulus theorem |9, Chapter 1, Section 8,
Theorem 11], we arrive to the estimate

In |¢)(2)] > —Csln ||

for all z: |z — x| = Coln|z|, x € R, |z| > 2 and some Cy > 0.
Notice that ¢ € P implies the inequality

[0(2)] < Cy(2 + [2]) el (2.15)

with some Cy, > 0.
Fix x € R, |z| > 2, set 2z, = x + iCsln |z| and then apply the minimum modulus theorem to the

function # in the disc |z — z,| < 4CyMyl(]z|). Taking into account (2.3), (2.5) and (2.15), we find

M5 > 0 and 0 € (2;4) such that
In ()] = ~Mal(Jal) i |z — 2| = 0CoMol(Ja]). (2.16)
Further, from (2.13), (2.16) and (2.4)-(2.5), it follows that there exists M3 > 0 with the property:
Vx € R, |z| >2, FJw, € C such that
wy — x| < Msl(Jz]) and  In|r (ws)| = —Msl(|w,|).

Now, we apply the above argument including the minimum modulus theorem to the function
+ .
%" _ and the disc |z —w,| < R, where

Yt (we)
R = max{2M;l(|z|), 4CoMyl(|z|)}.

It gives us the estimate for In[¢)*(2)| which is similar to (2.16). This estimate and (2.14), together
with (2.4)-(2.5), lead us to the assertion. O
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Remark 1. It is not difficult to see that applying the minimum modulus theorem once more, to the
function f;/), we obtain the following version of Proposition 2.1:
there exists M; > 0 such that

Ve e R,|z| >2, 32’ e R:
|2" — x| < Myl(Jz|) and 1In|yy(2')| > —Myl(]2)). (2.17)
Proof of Theorem 2.1.
Without loss of generality, we assume that 1/ is bounded on the real axis and its exponential type
equals 1. Because of (2.9), we may also assume that the same is true for the function ; defined by
(2.7). Let \y € M" and ay, = Re Ay.
Further in the proof, we use symbol 1) to denote the function ¢, defined in (2.7).
If (2.6) fails then
e\Lj 1
lim mre(2,1) 50 (2.18)
= (|5
for some x;, |x;| — oo. For clarity, we assume that z; > 0.
Consider entire functions

iz =v()—z)m - [ G—a)

ki|lag—z;|<1
where m; = m(z;,1), 7 =1,2,... It is easy to check that the estimates

sup [¢;(z)| < Co2™i, j7=1,2,...,
zeR
hold with Cy = max{sup |¢(¢)|, 1}. By Bernstein’s theorem |6, Chapter 11|, the inequalities
teR

sup [0\ (2)] < Cp2™ (2.19)

z€R

are also valid for all n, 7 € N.
From the Taylor expansion of 1; at z; and the estimates (2.19), it follows that

[5(2)] < Co2™ (my!) ™|z — | el z e C
Hence, for all x € R satisfying the condition
InCy + |z — zj| + mjln |z — z;| —In (m;!) < —nli(x;) — m;In2, (2.20)
where n € N, we have the inequality
V()] < ay™ 27" (2.21)
By Stirling’s formula, relation (2.20) will follow from the inequality
|z — z;| + mjln |z — x;| — mjlnm; < —nl(z;) — Cim;,

where C] is an absolute constant.
Because of (2.18), for each n € N we can find j, such that

—nl(z;) > —mj, j=jn,Jn+1,... (2.22)
Fix b € (0;e"972). Estimates (2.21) are valid for j > j, and all z € R such that |z — x;] < bm;.
This fact, inequalities (2.22) and the relations
() <2™Yy(z)|, z€C, j=12,...,
imply
()] < e

for x € R satistying | — z;| < bni(x;), j > jn, n € N. It means that ¢ does not satisfy (2.17), i.e.
the assumption (2.18) leads to the contradiction.
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3 Estimates from below

First, recall that P is included into the class C' (Cartwright class) of entire functions. Hence, each
¢ € P has completely regular growth and its indicator diagram is the segment of the imaginary axis
i[—hy(—m/2); hy(m/2)], where hy, is the indicator function (see |9, Chapter V, Section 4]).

Let ¢ € P be invertible in the sense of Ehrenpreis A = {\;} be its zero set. Without loss of
generality, we may assume that p(0) =1, h,(—7/2) = hy(7/2) = a,.

Consider even function w : R — [1; +00) which is non-decreasing on [0; +00) and such that

w(e®) is convex on R, (3.1)

SK > 1. T 20

Z—>00 Kw(m)

< 1. (3.2)

Theorem 3.1. Let ¢ € P be invertible in the sense of Ehrenpreis with the zero set A = {\;}, and
the inequality
Tm ] < w(Re Ay (3.
holds for each \; € A except at most a finite number of points.
Then, there exists Cy > 0 such that for z € C

IIm z| > Mijw(|]Rez|) = In|p(z)| > a,|Im z| — CLw(]z]). (3.4)

Proof. The argument is based on the minimum modulus theorem [9, Chapter 1, Section 8, Theorem
11] and two Phragmen-Lindelof-type assertions (Lemma C and Lemma D).

Lemma C (|9, Theorem 19|). Let u be subharmonic in a domain G C C, and
lim (u(z) + dvo(2)) < Ao, ¢ € 0G,

z—(
zeG

for all sufficiently small 6 > 0, where vy is harmonic in G, Ay € R..
Then,
u(z) < Ay, z€Gaq.

Lemma D (|9, Theorem 20]|). Let u be subharmonic and bounded in G, and co € 0G.
if
imu(z) < 4, C€0G(C,
zeG
then

u(z) <Ay, z€Gaq.

By (3.1), we have
In|z| = O(w(z)), |z] — oo.

This estimate, (3.2) (3.3) and the minimum modulus theorem imply that
In|p(2)| = —Cow(|Re 2]) (3:5)

if |Im z| > Cyw(|Re z|), where Cj is a positive constant.
Consider the function

1 w(z +ty .
PW(Z):_/R%(H’ z=ux+1iy € C.
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Because of (3.1), (3.2), P, is continious and subharmonic in C. It is also harmonic and satisfies the
relations

Fu(z) = w([2]) (3.6)
— Pu(2)
lim < 00 3.7
S &0
in both half-planes Im z > 0 and Im z < 0 (see [1], [10]).

Set
D={z: Imz> Cow(|Rez|)}.

Inequality (3.5) and the properties of the function P, imply that
In e @ =9)%| —1In |p(2)| — (a, + 1)CoP,(2) <0 (3.8)

for all z € 9D and € € [0;a,).
Taking into account the completely regular growth of ¢, (3.3), (3.6) and the inequality w(z) > 1,
r € R, from (3.8), we get the estimate

Inel® =Y —In|p(iy)| — (a, + 1)CoPu(iy) < C(e), y>1,

where C'(¢) > 0 depends only on € € (0;a,), ¢ and w.
Fix o € (0;1/2] and set

vE(2) = —|2|"7 cos ((arg z F n/4)(1 4+ o)), =z € D*,
where D* = D(N{z: Rez = 0}. Applying Lemma C to
G =D*% yy=0F
and
u(z) = Infe %] —Infp(2)] — (a, + 1)CoPu(2),
we obtain that u is bounded in D. Together with (3.8) and Lemma D, it implies that
In e @92 —1In|p(2)| — (a, + 1)CoPu(2) <0

for z € D and for all € > 0 which are sufficiently small. It follows that

Injp(2)| > axIlmz — (a, + 1)CoP,y(2), z € D. (3.9)
Taking into account (3.7) and (3.3), we derive from (3.9) that
In|p(2)] > a,Imz — Ciw(|z]) (3.10)

if Imz > Cyw(|Re z|), where C} is a positive constant.
Setting
D={z: Imz< —Cyw(|Rez|)}

and arguing by the similar way, we obtain that (3.10) holds for all z satisfying
Imz < —Ciw(|Rez|).

Remark 2. Condition (3.2) implies
— Inw(z)

<1 (3.11)

z—oo In ||
(see [10]). It means that we may use w(|);|) instead of w(|Re A;|) in (3.3).

Remark 3. If w(z) = constln (|z]| + e) then (3.3) and (3.4) take the form (1.3) and (1.2), corre-
spondingly.
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