
ISSN (Print): 2077-9879

ISSN (Online): 2617-2658

Eurasian

Mathematical

Journal

2021, Volume 12, Number 4

Founded in 2010 by

the L.N. Gumilyov Eurasian National University

in cooperation with

the M.V. Lomonosov Moscow State University

the Peoples' Friendship University of Russia (RUDN University)

the University of Padua

Starting with 2018 co-funded

by the L.N. Gumilyov Eurasian National University

and

the Peoples' Friendship University of Russia (RUDN University)

Supported by the ISAAC

(International Society for Analysis, its Applications and Computation)

and

by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University

Nur-Sultan, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL

Editorial Board

Editors�in�Chief

V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy

Vice�Editors�in�Chief

K.N. Ospanov, T.V. Tararykova

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (China), O.V. Besov (Russia),
N.K. Bliev (Kazakhstan), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud
(France), A. Caetano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov
(Russia), A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia),
M.L. Goldman (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany),
A. Hasanoglu (Turkey), M. Huxley (Great Britain), P. Jain (India), T.Sh. Kalmenov (Kazakhstan),
B.E. Kangyzhin (Kazakhstan), K.K. Kenzhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin
(Great Britain), V. Kokilashvili (Georgia), V.I. Korzyuk (Belarus), A. Kufner (Czech Republic),
L.K. Kussainova (Kazakhstan), P.D. Lamberti (Italy), M. Lanza de Cristoforis (Italy), F. Lan-
zara (Italy), V.G. Maz'ya (Sweden), K.T. Mynbayev (Kazakhstan), E.D. Nursultanov (Kazakhstan),
R. Oinarov (Kazakhstan), I.N. Parasidis (Greece), J. Pe�cari�c (Croatia), S.A. Plaksa (Ukraine), L.-
E. Persson (Sweden), E.L. Presman (Russia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia),
M. Reissig (Germany), M. Ruzhansky (Great Britain), M.A. Sadybekov (Kazakhstan), S. Sagitov
(Sweden), T.O. Shaposhnikova (Sweden), A.A. Shkalikov (Russia), V.A. Skvortsov (Poland), G. Sin-
namon (Canada), E.S. Smailov (Kazakhstan), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia),
D. Suragan (Kazakhstan), I.A. Taimanov (Russia), J.A. Tussupov (Kazakhstan), U.U. Umirbaev
(Kazakhstan), Z.D. Usmanov (Tajikistan), N. Vasilevski (Mexico), Dachun Yang (China), B.T. Zhu-
magulov (Kazakhstan)

Managing Editor

A.M. Temirkhanova

c© The L.N. Gumilyov Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research papers
in all areas of mathematics written by mathematicians, principally from Europe and Asia. However
papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.
The EMJ publishes 4 issues in a year.
The language of the paper must be English only.
The contents of the EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,

MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal � Matematika, Math-Net.Ru.
The EMJ is included in the list of journals recommended by the Committee for Control of

Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education and
Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted electronically in
DVI, PostScript or PDF format to the EMJ Editorial O�ce through the provided web interface
(www.enu.kz).

When the paper is accepted, the authors will be asked to send the tex-�le of the paper to the
Editorial O�ce.

The author who submitted an article for publication will be considered as a corresponding author.
Authors may nominate a member of the Editorial Board whom they consider appropriate for the
article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the EMJ.
Manuscripts are accepted for review on the understanding that the same work has not been already
published (except in the form of an abstract), that it is not under consideration for publication
elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors' names (no degrees).
It should contain the Keywords (no more than 10), the Subject Classi�cation (AMS Mathematics
Subject Classi�cation (2010) with primary (and secondary) subject classi�cation codes), and the
Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.
References. Bibliographical references should be listed alphabetically at the end of the article.

The authors should consult the Mathematical Reviews for the standard abbreviations of journals'
names.

Authors' data. The authors' a�liations, addresses and e-mail addresses should be placed after
the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in the
paper being published in a later issue.

O�prints. The authors will receive o�prints in electronic form.



Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publication see
http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic thesis or as
an electronic preprint, see http://www.elsevier.com/postingpolicy), that it is not under consideration
for publication elsewhere, that its publication is approved by all authors and tacitly or explicitly by
the responsible authorities where the work was carried out, and that, if accepted, it will not be
published elsewhere in the same form, in English or in any other language, including electronically
without the written consent of the copyright-holder. In particular, translations into English of papers
already published in another language are not accepted.

No other forms of scienti�c misconduct are allowed, such as plagiarism, falsi�cation, fraudulent
data, incorrect interpretation of other works, incorrect citations, etc. The EMJ follows the Code
of Conduct of the Committee on Publication Ethics (COPE), and follows the COPE Flowcharts
for Resolving Cases of Suspected Misconduct (http://publicationethics.org/�les/u2/NewCode.pdf).
To verify originality, your article may be checked by the originality detection service CrossCheck
http://www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clari�cations, retractions and apologies when needed. All authors of a paper should have signi�cantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated con�dentially. The reviewers will be
chosen in such a way that there is no con�ict of interests with respect to the research, the authors
and/or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will
only accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clari�cations, retractions and apologies when needed. The acceptance of
a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure
1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject to

mandatory reviewing.
1.2. The Managing Editor of the journal determines whether a paper �ts to the scope of the EMJ

and satis�es the rules of writing papers for the EMJ, and directs it for a preliminary review to one
of the Editors-in-chief who checks the scienti�c content of the manuscript and assigns a specialist for
reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly quali�ed scientists and specialists of the
L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other universities of
the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at creating
conditions for the most rapid publication of the paper.

1.5. Reviewing is con�dential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education and
Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES). The
author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.
1.7. A positive review is not a su�cient basis for publication of the paper.
1.8. If a reviewer overall approves the paper, but has observations, the review is con�dentially

sent to the author. A revised version of the paper in which the comments of the reviewer are taken
into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is con�dentially sent to the author.
1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper

should be considered by a commission, consisting of three members of the Editorial Board.
1.11. The �nal decision on publication of the paper is made by the Editorial Board and is recorded

in the minutes of the meeting of the Editorial Board.
1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor

informs the author about this and about the date of publication.
1.13. Originals reviews are stored in the Editorial O�ce for three years from the date of publica-

tion and are provided on request of the CCFES.
1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review
2.1. In the title of a review there should be indicated the author(s) and the title of a paper.
2.2. A review should include a quali�ed analysis of the material of a paper, objective assessment

and reasoned recommendations.
2.3. A review should cover the following topics:
- compliance of the paper with the scope of the EMJ;
- compliance of the title of the paper to its content;
- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words and

phrases, bibliography etc.);
- a general description and assessment of the content of the paper (subject, focus, actuality of

the topic, importance and actuality of the obtained results, possible applications);
- content of the paper (the originality of the material, survey of previously published studies on

the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);



- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of biblio-
graphic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and understanding
of the presented scienti�c results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The �nal part of the review should contain an overall opinion of a reviewer on the paper
and a clear recommendation on whether the paper can be published in the Eurasian Mathematical
Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of the EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in the EMJ (free access).

Subscription

Subscription index of the EMJ 76090 via KAZPOST.

E-mail

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EMJ)
The Nur-Sultan Editorial O�ce
The L.N. Gumilyov Eurasian National University
Building no. 3
Room 306a
Tel.: +7-7172-709500 extension 33312
13 Kazhymukan St
010008 Nur-Sultan, Kazakhstan

The Moscow Editorial O�ce
The Peoples' Friendship University of Russia
(RUDN University)
Room 562
Tel.: +7-495-9550968
3 Ordzonikidze St
117198 Moscow, Russia



TYNYSBEK SHARIPOVICH KAL'MENOV

(to the 75th birthday)

Tynysbek Sharipovich Kal'menov was born in the village of Koksaek
of the Tolebi district of the Turkestan region (earlier it was the Lenger
district of the South-Kazakhstan region of the Kazakh SSR). Although
�according to the passport� his birthday was recorded on May 5, his real
date of birth is April 6, 1946.

Tynysbek Kal'menov is a graduate of the Novosibirsk State University
(1969), and a representative of the school of A.V. Bitsadze, an outstand-
ing scientist, corresponding member of the Academy of Sciences of the
USSR. In 1972, he completed his postgraduate studies at the Institute of
Mathematics of the Siberian Branch of the Academy of Sciences of the
USSR. In 1983, he defended his doctoral thesis at the M.V. Lomonosov
Moscow State University. Since1989, he is a corresponding member of the
Academy of Sciences of the Kazakh SSR, and since 2003, he is an academi-
cian of the National Academy of Sciences of the Republic of Kazakhstan.

Tynysbek Kal'menov worked at the Institute of Mathematics and Mechanics of the Academy of
Sciences of the Kazakh SSR (1972-1985). From 1986 to 1991, he was the dean of the Faculty of
Mathematics of Al-Farabi Kazakh State University. From 1991 to 1997, he was the rector of the
Kazakh Chemical-Technological University (Shymkent).

From 2004 to 2019, Tynysbek Kal'menov was the General Director of the Institute of Mathematics
and Mathematical Modeling. He made it one of the leading scienti�c centers in the country and the
best research institute in Kazakhstan. It su�ces to say, that in terms of the number of scienti�c
publications (2015-2018) in international rating journals indexed in the Web of Science, the Institute
of Mathematics and Mathematical Modeling was ranked fourth among all Kazakhstani organizations,
behind only three large universities: the Nazarbaev University, Al-Farabi National University and
L.N. Gumilyov Eurasian National University.

Since 2019, Tynysbek Kal'menov has been working as the head of the Department of Di�erential
Equations of the Institute of Mathematics and Mathematical Modeling. He is a member of the
National Scienti�c Council �Scienti�c Research in the Field of Natural Sciences�, which is the main
Kazakhstan council that determines the development of science in the country.

T.Sh. Kal'menov was repeatedly elected to maslikhats of various levels, was a member of the
Presidium of the Committee for Supervision and Attestation in Education and Science of the Ministry
of Education and Science of the Republic of Kazakhstan. He is a Laureate of Lenin Komsomol Prize
of the Kazakh SSR (1978), an Honored Worker of Science and Technology of Kazakhstan (1996),
awarded with the order �Kurmet� (2008 Ði.) and jubilee medals.

In 2013, he was awarded the State Prize of the Republic of Kazakhstan in the �eld of science and
technology for the series of works �To the theory of initial- boundary value problems for di�erential
equations�.

The main areas of scienti�c interests of academician Tynysbek Kal'menov are di�erential equa-
tions, mathematical physics and operator theory. He has obtained fundamental scienti�c results,
many of which led to the creation of new scienti�c directions in mathematics.

Tynysbek Kal'menov, using a new maximum principle for an equation of mixed type (Kal'menov's
maximum principle), was the �rst to prove that the Tricomi problem has an eigenfunction, thus he
solved the famous problem of the Italian mathematician Francesco Tricomi, set in 1923 This marked
the beginning of a new promising direction, that is, the spectral theory of equations of mixed type.

He established necessary and su�cient conditions for the well-posed solvability of the classical
Darboux and Goursat problems for strongly degenerate hyperbolic equations.
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Tynysbek Kal'menov solved the problem of completeness of the system of root functions of the
nonlocal Bitsadze-Samarskii problem for a wide class of multidimensional elliptic equations. This
result is �nal and has been widely recognized by the entire mathematical community.

He developed a new e�ective method for studying ill-posed problems using spectral expansion of
di�erential operators with deviating argument. On the basis of this method, he found necessary and
su�cient conditions for the solvability of the mixed Cauchy problem for the Laplace equation.

Tynysbek Kal'menov was the �rst to construct boundary conditions of the classical Newton
potential. That is a fundamental result at the level of a classical one. Prior to the research of
Kal'menov T.Sh., it was believed that the Newton potential gives only a particular solution of an
inhomogeneous equation and does not satisfy any boundary conditions. Thanks for these results, for
the �rst time, it was possible to construct the spectral theory of the classical Newton potential.

He developed a new e�ective method for constructing Green's function for a wide class of boundary
value problems. Using this method, Green's function of the Dirichlet problem was �rst constructed
explicitly for a multidimensional polyharmonic equation.

From 1989 to 1993, Tynysbek Kal'menov was the chairman of the Inter- Republican (Kazakhstan,
Uzbekistan, Kyrgyzstan, Turkmenistan, Tajikistan) Dissertation Council. He is a member of the
International Mathematical Society and he repeatedly has been a member of organizing committee
of many international conferences. He carries out a lot of organizational work in training of highly
quali�ed personnel for the Republic of Kazakhstan and preparing international conferences. Under
his direct guidance, the First Congress of Mathematicians of Kazakhstan was held. He presented
his reports in Germany, Poland, Great Britain, Sweden, France, Spain, Japan, Turkey, China, Iran,
India, Malaysia, Australia, Portugal and countries of CIS.

In terms of the number of articles in scienti�c journals with the impact- factor Web of Science, in
the research direction of �Mathematics�, the Institute of Mathematics and Mathematical Modeling
is on one row with leading mathematical institutes of the Russian Federation, and is ahead of all
mathematical institutes in other CIS countries in this indicator.

Tynysbek Kal'menov is one of the few scientists who managed to leave an imprint of their indi-
viduality almost in all branches of mathematics in which he has been engaged.

Tynysbek Kal'menov has trained 11 doctors and more than 60 candidate of sciences and PhD,
has founded a large scienti�c school on equations of mixed type and di�erential operators recognized
all over the world. Many of his disciples are now independent scientists recognized in the world of
mathematics.

He has published over 150 scienti�c articles, most of which are published in international math-
ematical journals, including 14 articles published in �Doklady AN SSSR/ Doklady Mathematics�.
In the last 5 years alone (2016-2020), he has published more than 30 articles in scienti�c journals
indexed in the Web of Science database. To date, academician Tynysbek Kal'menov has a Hirsch
index of 18 in the Web of Science and Scopus databases, which is the highest indicator among all
Kazakhstan mathematicians.

Outstanding personal qualities of academician Tynysbek Kalmenov, his high professional level,
adherence to principles of purity of science, high exactingness towards himself and his colleagues, all
these are the foundations of the enormous authority that he has among Kazakhstan scientists and
mathematicians of many countries.

Academician Tynysbek Sharipovich Kalmenov meets his 75th birthday in the prime of his life,
and the mathematical community, many of his friends and colleagues and the Editorial Board of the
Eurasian Mathematical Journal heartily congratulate him on his jubilee and wish him good health,
happiness and new successes in mathematics and mathematical education, family well-being and long
years of fruitful life.
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Abstract. An extremal problem of geometric function theory of a complex variable for the maximum
of products of the inner radii on a system of n mutually non-overlapping multiply connected domains
Bk containing the points ak, k = 1, n, located on an arbitrary ellipse x2

d2
+ y2

t2
= 1 for which d2−t2 = 1,

is solved.

DOI: https://doi.org/10.32523/2077-9879-2021-12-4-82-91

1 Preliminaries

The paper is devoted to investigation of extremal problems in the theory of conformal mappings of
multiply connected domains [1]�[20]. The theory of quadratic di�erentials is one of the important
elements in the study of these extremal problems. Moreover, the basic structural theorem of Jenkins
[11], which gives a complete description of the global structure of trajectories of a positive quadratic
di�erential on a �nite Riemann surface, is one of the key results of the theory.

The start point of the theory of extremal problems on non-overlapping domains is the Lavrent'ev
paper [16] who in 1934 solved the problem of the maximum of product of conformal radii of two
simply connected non-overlapping domains. This problem caused a whole stream of results of many
authors who generalized and strengthened it in di�erent directions. From the proof of this theorem,
as a corollary, follows the well-known statement of Koebe-Bieberbach in the theory of univalent
functions.

Note, that the problems on non-overlapping domains considered in 1930�1960 were problems
corresponding to quadratic di�erentials with �xed poles. In 1968 P.M. Tamrazov [19] �rst attracted
the attention of experts to the study of the extremal problems associated with quadratic di�erentials
with non-�xed poles possessing a de�nite freedom. Moreover, he solved a signi�cant extremal problem
of the geometric function theory of a complex variable with �ve free simple poles. Such problems
are called extremàl problems with free poles. The �rst problems with free poles on non-overlapping
domains were formulated and partially solved by G.P. Bakhtina [4] in 1974�1975.

Further, interest to the study of problems on non-overlapping domains with free poles has grown
signi�cantly, as V.N. Dubinin [7]�[9] solved a number of problems using the method of separating
transformation developed by him, which is based on the study of the behavior of the Dirichlet integral
under some symmetrization transformations. An important achievement of the works of A.K. Bakhtin
[1]�[3] is a signi�cant weakening of the requirements for geometry of the relative position of free poles
of quadratic di�erentials corresponding to the studied problems, the development of the method of
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"control" functionals, the introduction of the concept of radial systems of points, which expanded
the classes of extremal problems for which a complete solution was obtained.

Let N, R be the sets of natural and real numbers, respectively, C be the complex plane, C =
C
⋃
{∞} be its one point compacti�cation, U be the open unit disk in C, R+ = (0,∞), χ(t) =

1
2

(t+ t−1) be the Zhukovsky function.

A function gB(z, a) which is continuous in C, harmonic in B\{a} apart from z, vanishes outside
B, and in the neighborhood of a has the following asymptotic expansion

gB(z, a) = − ln |z − a|+ γ + o(1), z → a,

is called the (classical) Green function of the domain B with pole at a ∈ B. The inner radius r(B, a)
of the domain B with respect to a point a is the quantity eγ.

Since the Green function is a conformal invariant, if a function f maps the domain B conformally
and univalently onto a domain f(B), then

r(B, a)|f ′(a)| = r(f(B), f(a))

for each a ∈ B.
The inner radius increases monotonically with the growth of the domain: if B ⊂ B′ then

r(B, a) 6 r(B′, a), a ∈ B.

Let n,m ∈ N. A set of points An,m :=
{
ak,p ∈ C : k = 1, n, p = 1,m

}
is called (n,m)-radial

system if for all k = 1, n and p = 1,m the following inequalities hold

0 < |ak,1| < . . . < |ak,m| <∞,

arg ak,1 = arg ak,2 = . . . = arg ak,m =: θk =: θk(An,m),

0 = θ1 < θ2 < . . . < θn < θn+1 := 2π.

For m = 1, (n, 1)-radial system of points is called n-radial. In this case, we use the simpler notations:
ak,1 =: ak, k = 1, n, An,1 =: An, an+1 := a1, a0 := an.

The quantities αk := αk(An,m) := 1
π

[θk+1 − θk], k = 1, n, αn+1 := α1, α0 := αn := 1
π

[2π − θk], are

called the angular parameters of the system An,m. It is obvious that
n∑
k=1

αk(An,m) = 2.

The following result was established by G.M. Goluzin [10] using the variational method.

Theorem 1.1. For functions fk(z) which univalently map the disc |z| < 1 onto mutually non-
overlapping domains, k ∈ {1, 2, 3}, the following exact estimate holds∣∣∣∣∣

3∏
k=1

f ′k(0)

∣∣∣∣∣ 6 64

81
√

3
|(f1(0)− f2(0))(f1(0)− f3(0))(f2(0)− f3(0))|. (1.1)

Equality in (1.1) is attained only for functions w = fk(z) which conformally and univalently map the
disc |z| < 1 onto the angles 2π/3 with vertex at point w = 0 and bisectors of which pass through points
fk(0), |fk(0)| = 1, and for functions obtained from it by means of any but the same fractional-linear
transformation.

Corollary 1.1. For mutually simply connected non-overlapping domains Dk ⊂ {z : |z| < 1}, points
zk ∈ Dk and function w = f(z) which is regular and univalent in the disc |z| < 1, the following
estimate holds

3∏
k=1

r(Dk, zk) 6
64

81
√

3

|f(z1)− f(z2)||f(z1)− f(z3)||f(z2)− f(z3)|
|f ′(z1)f ′(z2)f ′(z3)|

. (1.2)
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For equality in (1.2) it is necessary that the extremal partition of the plane Cw by the domains
f(Dk) should coincide with the extremal partition in the Theorem 1.1 under some fractional-linear
transformation. To prove it we need to apply inequality (1.1) to superpositions fk(ζ) = f(gk(ζ)),
where gk(ζ) are functions mapping conformally and univalently the disc |ζ| < 1 onto domains Dk,
respectively, in addition gk(0) = zk, k ∈ {1, 2, 3}.

In the paper [13] E.V. Kostyuchenko proved that the maximum value of multiplication of inner
radiuses for three simply connected non-overlapping domains in the disk is attained for three equal
sectors. However, this statement remains valid for multiply connected domains Dk. This follows from
V.N. Dubinin's generalization of inequality (1.1) to the case of arbitrary meromorphic functions [8,
p. 65].

2 Main results

Let L =
{
z = x+ iy : x2

b2
+ y2

c2
= 1
}
be the ellipse, where

b =
1

2

(
3

√√
10 + 3 +

3

√√
10− 3

)
and c =

1

2

(
3

√√
10 + 3− 3

√√
10− 3

)
.

Then the following proposition is true.

Theorem 2.1. For any set of di�erent points ak, ak ∈ L, k ∈ {1, 2, 3}, and any mutually non-
overlapping domains Bk such that ak ∈ Bk ⊂ C \ [−1, 1], k ∈ {1, 2, 3}, the following inequality
holds

3∏
k=1

r (Bk, ak) 6
64

729

(
223− 70

√
10
) 3∏
k=1

∣∣∣∣∣
√
a2
k − 1

ak −
√
a2
k − 1

∣∣∣∣∣ , (2.1)

and the equality in (2.1) is attained, in particular, for points

a0
k = 1

2

(
3
√√

10− 3 · ei(ϕ+ 2π
3

(k−1)) +
3
√√

10 + 3 · e−i(ϕ+ 2π
3

(k−1))
)
, where k ∈ {1, 2, 3}, ϕ ∈

[
0, 2π

3

)
,

and domains B0
k bounded by quarters of the hyperbola

x2

cos2(ϕ+ 2π
3

(k − 1) + π
3
)
− y2

sin2(ϕ+ 2π
3

(k − 1) + π
3
)

= 1

and
x2

cos2(ϕ+ 2π
3

(k − 1)− π
3
)
− y2

sin2(ϕ+ 2π
3

(k − 1)− π
3
)

= 1

(which can degenerate into a real or imaginary half-axis) and containing, respectively, the points a0
k.

Proof. Let B∗k be the image of the domain Bk by the mapping w = z −
√
z2 − 1. Consider the

branch of the root for which
√

1 = 1. Taking into account the invariance of the Green function under
conformal and univalent mappings, we get

gBk(z, ak) = gB∗k(w, a
∗
k) = ln

1

|w − a∗k|
+ ln r(B∗k, a

∗
k) + o(1). (2.2)

Note that

ln
1

|w − a∗k|
= ln

∣∣∣∣∣ 1

z −
√
z2 − 1− ak +

√
a2
k − 1

∣∣∣∣∣
= ln

1

|z − ak|
+ ln

∣∣∣∣∣∣ 1

1−
√
z2−1−

√
a2k−1

z−ak

∣∣∣∣∣∣
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= ln
1

|z − ak|
+ ln

∣∣∣∣∣∣∣∣
1

1− (
√
z2−1−

√
a2k−1)(

√
z2−1+

√
a2k−1)

(z−ak)(
√
z2−1+

√
a2k−1)

∣∣∣∣∣∣∣∣
= ln

1

|z − ak|
+ ln

∣∣∣∣∣∣ 1

1− z+ak√
z2−1+

√
a2k−1

∣∣∣∣∣∣
= ln

1

|z − ak|
+ ln

∣∣∣∣∣
√
z2 − 1 +

√
a2
k − 1

√
z2 − 1 +

√
a2
k − 1− z − ak

∣∣∣∣∣
= ln

1

|z − ak|
+ ln

∣∣∣∣∣
√
a2
k − 1

ak −
√
a2
k − 1

∣∣∣∣∣+ ln

∣∣∣∣∣∣∣
√

z2−1
a2k−1

+ 1

1 +
√
z2−1−z√
a2k−1−ak

∣∣∣∣∣∣∣ .
Substituting this expression in (2.2) and taking into account that

ln

∣∣∣∣∣∣∣
√

z2−1
a2k−1

+ 1

1 +
√
z2−1−z√
a2k−1−ak

∣∣∣∣∣∣∣→ 0 at z → ak,

the following equality is true

gBk(z, ak) = ln
1

|z − ak|
+ ln

∣∣∣∣∣
√
a2
k − 1

ak −
√
a2
k − 1

∣∣∣∣∣ r(B∗k, a∗k) + o(1).

Hence,

r(Bk, ak) =

∣∣∣∣∣
√
a2
k − 1

ak −
√
a2
k − 1

∣∣∣∣∣ r(B∗k, a∗k). (2.3)

Moreover, from above-posed considerations, follows the equality

3∏
k=1

r (Bk, ak) =
3∏

k=1

r(B∗k, a
∗
k)

3∏
k=1

∣∣∣∣∣
√
a2
k − 1

ak −
√
a2
k − 1

∣∣∣∣∣ . (2.4)

The function w = z −
√
z2 − 1 maps the points ak that lie on the ellipse L onto the points a∗k,

which lie on a circle centered at the origin with the radius
3
√√

10− 3, and domains Bk that contain,
respectively, the points ak of the ellipse L onto the domains B∗k ⊂ U , which contain, respectively, the
points a∗k.

By Theorem 3.1 [13], the following inequality holds

3∏
k=1

r(B∗k, a
∗
k) 6

64

729

(
223− 70

√
10
)
. (2.5)

The sign of equality in this inequality is attained only for the sectors of the unit circle with the central

angle 2π
3
and for the points a∗k lying on the bisectors and on the circle of the radius

3
√√

10− 3.
Combining two previous inequalities (2.4) and (2.5), we obtain

3∏
k=1

r (Bk, ak) 6
64

729

(
223− 70

√
10
) 3∏
k=1

∣∣∣∣∣
√
a2
k − 1

ak −
√
a2
k − 1

∣∣∣∣∣ ,
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and the equality in this inequality is attained, in particular, for the points a0
k and domains B

0
k speci�ed

in the statement of the theorem which are, respectively, inverse images of the points a∗k and sectors
for which equality in inequality (2.5) holds by the mapping w = z −

√
z2 − 1.

Theorem 2.1 is valid also in a more general form.

Theorem 2.2. For any set of di�erent �xed points ak, ak ∈ C \ [−1, 1], k ∈ {1, 2, 3}, and any
mutually non-overlapping domains Bk such that ak ∈ Bk ⊂ C \ [−1, 1], k ∈ {1, 2, 3}, the following
inequality holds

3∏
k=1

r (Bk, ak) 6
64

729

(
223− 70

√
10
) 3∏
k=1

∣∣∣∣∣
√
a2
k − 1

ak −
√
a2
k − 1

∣∣∣∣∣ , (2.6)

and the equality in (2.6) is attained, in particular, for the points a0
k and domains B0

k described in
Theorem 2.1.

Proof. Note, that inequality (2.5) holds for an arbitrary con�guration of the points a∗k ∈ B∗k ⊂ U ,
k ∈ {1, 2, 3}, where B∗k are mutually non-overlapping domains. Next, we repeat the reasoning in the
proof of Theorem 2.1.

Remark 1. Note, that the case in which the points ak ∈ L is interesting primarily due to the
fact that the equality in inequality (2.6) is achieved for this case and extremal con�gurations of the
domains can be written in an explicit form.

Remark 2. Theorem 2.2 gives a di�erent estimate for the product of the inner radii of three non-
overlapping domains than Goluzin's theorem [10]. The estimate obtained in Theorem 2.2 is more
accurate for many individual cases.

For example, for con�gurations of domains B0
k and points a0

k described in Theorem 2.1 for the

case ϕ = 0 in inequality (2.6) we get equality
3∏

k=1

r (Bk, ak) ≈ 0, 0589. By Goluzin's theorem the

following estimate holds

3∏
k=1

r (Bk, ak) 6
64

81
√

3
|a0

1 − a0
2||a0

1 − a0
2||a0

2 − a0
3||a0

1 − a0
3| ≈ 1, 7778.

Note, that the estimate (2.6) can be applied only to con�gurations of domains Bk and points ak for
which ak ∈ Bk ⊂ C \ [−1, 1], k ∈ {1, 2, 3}.

The following theorem is true for the case n > 3 and all domains Bk, k = 1, n, contained in some
circle.

Theorem 2.3. Let n ∈ N, n > 3, R ∈ R+, R > 1
2

(
3
√√

10 + 3 +
3
√√

10− 3
)
and UR = {z : |z| <

R}. Then, for any system of di�erent points An = {ak}nk=1 ∈ L and for any collection of mutually
non-overlapping domains {Bk}nk=1, ak ∈ Bk ⊂ UR \ [−1, 1], k = 1, n, the inequality

n∏
k=1

r (Bk, ak) 6

(
2

n

)n
·
(√

10− 3
)n

3 ·
n∏
k=1

∣∣∣∣∣
√
a2
k − 1

ak −
√
a2
k − 1

∣∣∣∣∣(
n∏
k=1

χ

((
3

√√
10− 3

) 1
αk

)
χ

((
3

√√
10− 3

) 1
αk−1

)) 1
2
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holds. The sign of equality is attained, when ak and Bk, k = 1, n, are, respectively, the poles and
circular domains of the quadratic di�erential

Q(z)dz2 = −
(
z
2

+ 1
2z

)n−2 (1
4
− 1

2z2
+ 1

4z4

) (
1 +

(
z
2

+ 1
2z

)n)2[(
z
2

+ 1
2z

)n − (
√

2− 1)2
]2 [( z

2
+ 1

2z

)n − (
√

2 + 1)2
]2 dz2. (2.7)

Proof. Similarly to Theorem 2.2, let the function w = z −
√
z2 − 1 map the points ak that lie on

the ellipse L onto the points a∗k, which lie on a circle centered at the origin with radius
3
√√

10− 3,
and domains Bk that contain, respectively, the points ak of the ellipse L onto the domains B∗k ⊂ U ,
which contain, respectively, the points a∗k.

Then, we construct (n, 2)-radial system of points A∗n,2 = {a∗k,p} and suppose that a∗k,p :=

R2(a∗k,l)
−1, p + l = 3, k = 1, n, p ∈ {1, 2}, and system of domains {B∗k,p}, a∗k,p ∈ B∗k,p, and the

domains B∗k,p are symmetric to the domains B
∗
k,l, k + l = 3, k = 1, n, p ∈ {1, 2}.

By using the Theorem 3.1.1 [1], the following estimate holds

n∏
k=1

2∏
p=1

r(B∗k,p, a
∗
k,p)

6 (2R)2n

(
n∏
k=1

αk

)2( n∏
k=1

µk(R)

) 1
2
[

n∏
k=1

χ

(∣∣∣a∗k,1
R

∣∣∣ 1
αk

)
χ

(∣∣∣a∗k,1
R

∣∣∣ 1
αk−1

)]
,

where the values {µk(R)}nk=1 ⊂ R+ for a given R are the coe�cients of displacements of the system
An,2 (see, for example, [1, p. 75�76]). In this case, µk(R) 6 m−2m, R ∈ R+.

Taking into account that
n∏
k=1

2∏
p=1

|a∗k,p| = R2n,

r(B∗k,3−p, a
∗
k,3−p) = r(B∗k,p, a

∗
k,p) ·

R2

|a∗k,p|2
,

we obtain
n∏
k=1

2∏
p=1

r(B∗k,p, a
∗
k,p) =

[
n∏
k=1

r(B∗k,1, a
∗
k,1)

]2

·R2n ·

[
n∏
k=1

|a∗k,1|

]−2

6 (2R)2n

(
1

2

)2n
(

n∏
k=1

αk

)2 n∏
k=1

χ

(∣∣∣a∗k,1
R

∣∣∣ 1
αk

)
χ

(∣∣∣a∗k,1
R

∣∣∣ 1
αk−1

)
.

From here it follows that[
n∏
k=1

r(B∗k,1, a
∗
k,1)

]2

6

(
n∏
k=1

αk

)2 n∏
k=1

χ

(∣∣∣a∗k,1
R

∣∣∣ 1
αk

)
χ

(∣∣∣a∗k,1
R

∣∣∣ 1
αk−1

)
·

[
n∏
k=1

|a∗k,1|

]2

.

Extracting the square root of both sides of the inequality we obtain

n∏
k=1

r(B∗k,1, a
∗
k,1) 6

(
n∏
k=1

αk

)
·

(
n∏
k=1

χ

(∣∣∣a∗k,1
R

∣∣∣ 1
αk

)
χ

(∣∣∣a∗k,1
R

∣∣∣ 1
αk−1

)) 1
2

·
n∏
k=1

|a∗k,1|.
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Since a∗k,1 ∈ B∗k,1 ⊂ U , k = 1, n, and
n∏
k=1

αk 6

(
2

n

)n
, we consequently deduce

n∏
k=1

r
(
B∗k,1, a

∗
k,1

)
6

(
2

n

)n
·

(
n∏
k=1

χ
(∣∣a∗k,1∣∣ 1

αk

)
χ
(∣∣a∗k,1∣∣ 1

αk−1

)) 1
2

·
n∏
k=1

|a∗k,1|,

the sign of equality in this inequality is attained, if the points a∗k,1 and the domains B∗k,1, a
∗
k,1 ∈

B∗k,1 ⊂ U , k = 1, n, are, respectively, the poles and circular domains of the quadratic di�erential

Q(w)dw2 = − wn−2(1 + wn)2[
wn − (

√
2− 1)2

]2 [
wn − (

√
2 + 1)2

]2 dw2. (2.8)

Therefore, using equality (2.3), we get

n∏
k=1

r (Bk, ak) 6

(
2

n

)n
·

(
n∏
k=1

χ
(
|a∗k|

1
αk

)
χ
(
|a∗k|

1
αk−1

)) 1
2

·
n∏
k=1

|a∗k| ·
n∏
k=1

∣∣∣∣∣
√
a2
k − 1

ak −
√
a2
k − 1

∣∣∣∣∣ .
By replacing the variable in quadratic di�erential (2.8) by the formula

w =
1

2

(
z +

1

z

)
,

we have

dw =
1

2

(
1− 1

z2

)
dz,

then

dw2 =
1

4

(
1− 2

z2
+

1

z4

)
dz2.

Thus, we obtain quadratic di�erential (2.7).

Using the method of the proof of Theorem 2.1 we obtain the following statement about estimate
of the maximum of the product of the inner radii on the system of n mutually non-overlapping
domains Bk containing the points ak, k = 1, n, located on an arbitrary ellipse.

LetM =
{
z = x+ iy : x2

d2
+ y2

t2
= 1, d2 − t2 = 1

}
and let d∗ = d −

√
d2 − 1. Then the following

theorem is valid.

Theorem 2.4. Let n ∈ N, n > 3. Then, for any system of di�erent points ak such that ak ∈ M ,
k = 1, n, and for any collection of mutually non-overlapping domains {Bk}nk=1, ak ∈ Bk ⊂ C\[−1, 1],
k = 1, n, the inequality

n∏
k=1

r (Bk, ak) (2.9)

6

(
4(d−

√
d2 − 1)

n

)n(
1− (d−

√
d2 − 1)n

1 + (d−
√
d2 − 1)n

)n n∏
k=1

∣∣∣∣∣
√
a2
k − 1

ak −
√
a2
k − 1

∣∣∣∣∣
holds. The sign of equality is attained, if ak and Bk, k = 1, n, are, respectively, the poles and circular
domains of the quadratic di�erential

Q(z)dz2 = −
(
z
2

+ 1
2z

)n−2 (( z
2

+ 1
2z

)n
+ 1
) (

1
4
− 1

2z2
+ 1

z4

)((
z
2

+ 1
2z

)n − (d∗)n
)2 (

1−
(
z
2

+ 1
2z

)n
(d∗)n

)2dz
2. (2.10)
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Proof. Let B∗k be the image of the domain Bk, k = 1, n, by the mapping w = z −
√
z2 − 1. Next, we

consider branch of the root for which
√

1 = 1. Then, the points a∗k are the images of the points ak
at this mapping and lie on circle with the center at the origin and radius d∗ = d−

√
d2 − 1, besides

B∗k ⊂ U , k = 1, n. From the results of paper [7], for domains B∗k and points a
∗
k, k = 1, n, the following

inequality holds
n∏
k=1

r (B∗k, a
∗
k) 6

(
4d∗

n

)n(
1− (d∗)n

1 + (d∗)n

)n
, (2.11)

the sign of equality in this inequality is attained, if the points a∗k and the domains B∗k, k = 1, n, are,
respectively, the poles and circular domains of the quadratic di�erential

Q(w)dw2 = − wn−2(wn + 1)

(wn − (d∗)n)2 (1− wn(d∗)n)2dw
2. (2.12)

Using equality (2.3) and the condition d∗ = d−
√
d2 − 1, from inequality (2.11) we obtain (2.9).

The poles and circular domains of quadratic di�erential (2.10) are the inverse images, respectively,
the poles and circular domains of the quadratic di�erential (2.12) by mapping w = z −

√
z2 − 1.

Thus, equality in inequality (2.9) holds for it.

Remark 3. Note, that by some linear transformation w = pz + z0 we can transform an arbitrary
ellipse x−x0

d20
+ y−y0

t20
= 1 on the complex plane onto an ellipse of the form x2

d2
+ y2

t2
= 1 for which

d2− t2 = 1. Moreover, the inner radii of respective domains in this transformation will be treated as
|p| : 1. Therefore, in order to obtain an estimate of the product of the inner radii of non-overlapping
domains containing points of an arbitrary ellipse, it is necessary to transform it onto the ellipse M
by an appropriate linear transformation and apply Theorem 2.4.
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