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TYNYSBEK SHARIPOVICH KAL'MENOV
(to the 75th birthday)

Tynysbek Sharipovich Kal’'menov was born in the village of Koksaek
of the Tolebi district of the Turkestan region (earlier it was the Lenger

— district of the South-Kazakhstan region of the Kazakh SSR). Although
/ “according to the passport” his birthday was recorded on May 5, his real
‘ date of birth is April 6, 1946.

, Tynysbek Kal’'menov is a graduate of the Novosibirsk State University
— (1969), and a representative of the school of A.V. Bitsadze, an outstand-
ing scientist, corresponding member of the Academy of Sciences of the
USSR. In 1972, he completed his postgraduate studies at the Institute of
Mathematics of the Siberian Branch of the Academy of Sciences of the
USSR. In 1983, he defended his doctoral thesis at the M.V. Lomonosov
Moscow State University. Sincel989, he is a corresponding member of the
Academy of Sciences of the Kazakh SSR, and since 2003, he is an academi-
cian of the National Academy of Sciences of the Republic of Kazakhstan.

Tynysbek Kal’'menov worked at the Institute of Mathematics and Mechanics of the Academy of
Sciences of the Kazakh SSR (1972-1985). From 1986 to 1991, he was the dean of the Faculty of
Mathematics of Al-Farabi Kazakh State University. From 1991 to 1997, he was the rector of the
Kazakh Chemical-Technological University (Shymkent).

From 2004 to 2019, Tynysbek Kal’'menov was the General Director of the Institute of Mathematics
and Mathematical Modeling. He made it one of the leading scientific centers in the country and the
best research institute in Kazakhstan. It suffices to say, that in terms of the number of scientific
publications (2015-2018) in international rating journals indexed in the Web of Science, the Institute
of Mathematics and Mathematical Modeling was ranked fourth among all Kazakhstani organizations,
behind only three large universities: the Nazarbaev University, Al-Farabi National University and
L.N. Gumilyov Eurasian National University.

Since 2019, Tynysbek Kal’'menov has been working as the head of the Department of Differential
Equations of the Institute of Mathematics and Mathematical Modeling. He is a member of the
National Scientific Council “Scientific Research in the Field of Natural Sciences”, which is the main
Kazakhstan council that determines the development of science in the country.

T.Sh. Kal’'menov was repeatedly elected to maslikhats of various levels, was a member of the
Presidium of the Committee for Supervision and Attestation in Education and Science of the Ministry
of Education and Science of the Republic of Kazakhstan. He is a Laureate of Lenin Komsomol Prize
of the Kazakh SSR (1978), an Honored Worker of Science and Technology of Kazakhstan (1996),
awarded with the order “Kurmet” (2008 Pi.) and jubilee medals.

In 2013, he was awarded the State Prize of the Republic of Kazakhstan in the field of science and
technology for the series of works “To the theory of initial- boundary value problems for differential
equations”.

The main areas of scientific interests of academician Tynysbek Kal’'menov are differential equa-
tions, mathematical physics and operator theory. He has obtained fundamental scientific results,
many of which led to the creation of new scientific directions in mathematics.

Tynysbek Kal’menov, using a new maximum principle for an equation of mixed type (Kal’menov’s
maximum principle), was the first to prove that the Tricomi problem has an eigenfunction, thus he
solved the famous problem of the Italian mathematician Francesco Tricomi, set in 1923 This marked
the beginning of a new promising direction, that is, the spectral theory of equations of mixed type.

He established necessary and sufficient conditions for the well-posed solvability of the classical
Darboux and Goursat problems for strongly degenerate hyperbolic equations.




Tynysbek Kal'menov solved the problem of completeness of the system of root functions of the
nonlocal Bitsadze-Samarskii problem for a wide class of multidimensional elliptic equations. This
result is final and has been widely recognized by the entire mathematical community.

He developed a new effective method for studying ill-posed problems using spectral expansion of
differential operators with deviating argument. On the basis of this method, he found necessary and
sufficient conditions for the solvability of the mixed Cauchy problem for the Laplace equation.

Tynysbek Kal’'menov was the first to construct boundary conditions of the classical Newton
potential. That is a fundamental result at the level of a classical one. Prior to the research of
Kal’'menov T.Sh., it was believed that the Newton potential gives only a particular solution of an
inhomogeneous equation and does not satisfy any boundary conditions. Thanks for these results, for
the first time, it was possible to construct the spectral theory of the classical Newton potential.

He developed a new effective method for constructing Green’s function for a wide class of boundary
value problems. Using this method, Green’s function of the Dirichlet problem was first constructed
explicitly for a multidimensional polyharmonic equation.

From 1989 to 1993, Tynysbek Kal’'menov was the chairman of the Inter- Republican (Kazakhstan,
Uzbekistan, Kyrgyzstan, Turkmenistan, Tajikistan) Dissertation Council. He is a member of the
International Mathematical Society and he repeatedly has been a member of organizing committee
of many international conferences. He carries out a lot of organizational work in training of highly
qualified personnel for the Republic of Kazakhstan and preparing international conferences. Under
his direct guidance, the First Congress of Mathematicians of Kazakhstan was held. He presented
his reports in Germany, Poland, Great Britain, Sweden, France, Spain, Japan, Turkey, China, Iran,
India, Malaysia, Australia, Portugal and countries of CIS.

In terms of the number of articles in scientific journals with the impact- factor Web of Science, in
the research direction of “Mathematics”, the Institute of Mathematics and Mathematical Modeling
is on one row with leading mathematical institutes of the Russian Federation, and is ahead of all
mathematical institutes in other CIS countries in this indicator.

Tynysbek Kal’'menov is one of the few scientists who managed to leave an imprint of their indi-
viduality almost in all branches of mathematics in which he has been engaged.

Tynysbek Kal'menov has trained 11 doctors and more than 60 candidate of sciences and PhD,
has founded a large scientific school on equations of mixed type and differential operators recognized
all over the world. Many of his disciples are now independent scientists recognized in the world of
mathematics.

He has published over 150 scientific articles, most of which are published in international math-
ematical journals, including 14 articles published in “Doklady AN SSSR/ Doklady Mathematics”.
In the last 5 years alone (2016-2020), he has published more than 30 articles in scientific journals
indexed in the Web of Science database. To date, academician Tynysbek Kal’'menov has a Hirsch
index of 18 in the Web of Science and Scopus databases, which is the highest indicator among all
Kazakhstan mathematicians.

Outstanding personal qualities of academician Tynysbek Kalmenov, his high professional level,
adherence to principles of purity of science, high exactingness towards himself and his colleagues, all
these are the foundations of the enormous authority that he has among Kazakhstan scientists and
mathematicians of many countries.

Academician Tynysbek Sharipovich Kalmenov meets his 75th birthday in the prime of his life,
and the mathematical community, many of his friends and colleagues and the Editorial Board of the
Eurasian Mathematical Journal heartily congratulate him on his jubilee and wish him good health,
happiness and new successes in mathematics and mathematical education, family well-being and long
years of fruitful life.
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Abstract. The purpose of this paper is to discuss, via the exterior penalty functions method,
a class of nonlinear optimal control problems with additional equality and inequality state and
control constraints. Two different kinds of penalties are given, in the first the state and control
constrained optimal control problem is replaced by a sequence of unconstrained control problems,
while the second type transforms the constrained optimal control problem into a sequence of truly
unconstrained optimization problems. Two convergence theorems are given to obtain approximate
and, in the limit, exact solution of the given constrained optimal control problem. In particular, we
show how the necessary conditions of optimality of these two methods yield the familiar Lagrange
multipliers of the original constrained optimal control problem in the limit.
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1 Introduction

In the past few years, and more recently, considerable attention has been given to the study of the
optimal control problems with mixed vector-valued state-control constraints 7], [10], [20], [23], [39],
[40], [45]. Such interest is explained by their importance in the modeling of real-life phenomena in
various physical, chemical and biological processes, in economics and mechanics and various other
fields, see 4], |5], [24] and the references therein.

In general, it is difficult to solve a constrained optimal control problem by the standard techniques
such as the Pontryagin maximum principle and the Hamilton-Jacobi-Bellman approach, results of this
direction was be obtained more than half a century ago, see for instance [30], [11], [29] and more recent
9], [15], [32]; for a good survey of the maximum principles for optimal control problems with state
constraints, see [12]. To attempt to overcome these difficulties, several strategies have been proposed.
The most common method used to handle constraints is the penalty functions method. This method
is based on developing an auxiliary function such that, by appropriate choice of parameters, the
original constrained problem might be solved by unconstrained problems. The main problem is to
justify the convergence of the sequence of the optimal solutions of the unconstrained problems to the
optimal solution of the constrained one.

The application of penalty methods to optimal control problems has received much attention since
Courant’s work [8]. In the literature, we can distinguish two ways of formulating the unconstrained
optimal control problems via the penalty methods. The first common formulation is as follows:

e Removing troublesome intermediate control and/or state constraints via a penalty function
and then utilizing the associated necessary conditions for optimality to solve the transformed
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problem, still an optimal control problem. Investigations in this direction may be found in [16],
18], [27], [31], [34], [37], [25], [26], [46], [47], [48], [38] and [2].

The second alternative, which in general is stronger, is as follows:

e A system differential equations viewed as equality constraints is also penalized together with
control-state constraints to obtain an abstract infinite-dimensional optimization problem. This
approach was proposed for the first time by A.V. Balakrishnan [1], for unconstrained optimal
control problems and generalized later for the constrained optimal control problems by many
authors [3], [21], [35], [43], [50].

In this article we use the two different kinds of penalties cited above for solving the constrained
control problems aiming to generalize some previous results. Note that this treatment yields certain
useful properties to ensure the strong compactness in the Lebesgue spaces and new techniques for
studies of many problems in the literature. We treat here a fixed endpoint optimal control problem
with specified intermediate state and control constraints. We assume these constraints are given by
finite systems of inequality and equality constraints.

The paper consists of two parts. In the first part, we discuss two different kinds of penalties. In the
first case, equality and inequality state-control constraints are penalized in a way that guarantees the
exteriority of the approaching solutions. This property allows one to produce a sequence of optimal
control problems (without constraints) and, under reasonable assumptions, we generate a sequence
of minimizing points which converge to the solution of the original control problem.

In the second, we develop a theoretical framework for constrained optimal control problems with
not well-posed differential equation. We use the penalty method in which the control and the state
function are at the same level and the state equation becomes a general equality type constraint. The
penalty function used, in this case, gives a sequence of truly unconstrained optimization problems.
It turns out that the obtained sequence of minimizing points offer a minimizing point as well as a
solution of the system differential equations (as equality constraints) for the original problem. As
such, this approach is a generalization of previous works on penalty methods in optimal control
theory given in [1], [3], [21], [35], [43] and [50] by taking hypotheses ensure the lower semi-continuity.

In the second part of the paper, we give the necessary conditions of optimality of the solutions of
the sequence of penalized problems in a Hilbert case. Under smoothness assumptions, we show that
the sequence given by the Pontryagin maximum principle approximate the Lagrange multipliers of
the initial problem.

The paper is organized as follows. In Section 2, we present the problem, notations, basic def-
initions and assumptions. In Section 3 we investigate the two different approaches to the exterior
penalty method for solving the constrained optimal control problem considered. First, we give conver-
gence results of the penalty method in the case whence also the equality and inequality state-control
constraints are handled. Secondly, a system differential equations viewed as equality constraints is
also penalized together with the control-state constraints to give a convergence theorem which guar-
antees that any accumulation point of the sequence of minimizing points for the penalized problems
is also an optimal solution of the constrained optimal control problem. In Section 4, we discuss a
relationship between the necessary conditions of optimality of the original problem and those of its
penalized problems in a Hilbert spaces case. We show that if the optimal control for the non-dynamic
unconstrained problem converges pointwise to an admissible control, the latter is actually an opti-
mal control, and the sequence of the maximum principle associated to the sequence of the dynamic
unconstrained problem yields the familiar Lagrange multipliers of the original constrained optimal
control problem in the limit.
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2 Statement of the problem and preliminary results

We consider the following constrained optimal control problem:

(P) min/o Lt o (1), u (1) dt (2.1)

subject to

() = f(t,z(t),u(t)) for almost all ¢ € [0, T (2.2)
z(0) = =g (2.3)

and satisfying
gi(t,x(t),u(t) < 0 i=1...s for almost all ¢ € [0, 7] (2.4)
gi(t,z(t),u(t)) = 0 i=s+1...r foralmostallte]|0,T] (2.5)
z(T) = 0 (2.6)

z(.) € AC([0,T],R") and wueU.

The data of the problem are the distributed cost [ : RxR™*xR™ — R, dynamics f : RxR*xR™ —
R™, mixed control-state constraints ¢g; : R x R® x R™ — R for i = 1...r, a subset U, (fixed) final
time 7" > 0, and (fixed) final initial condition =, € R™.

AC ([0, T],R™) stands for the space of absolutely continuous maps from [0,7] to R*. For 1 <
p < 0o ( p = o0, respectively), LP (|0, T] R™) denotes the Lebesgue space of all measurable functions

u such that |[ul,, = (fo o (¢ |pdt> < 00 (|Jull; = supess|u(t)] < oo, respectively). The
Banach space of all vector-valued continuous functions x is denoted by C ([0, 7], R™) with standard
norm |12, = supyegor [z 1)

We refer to a measurable function u : [0,7] — R™ as a control function or simply control. In
the sequel, U will be the set of all control functions u such that u(t) € U for almost all ¢, where U is
a given nonempty bounded and closed subset of R™.

A trajectory or control process

T = {(z(t),u(t)) : t € [0, T1}

is said to be admissible if z(.) is absolutely continuous, u(.) € U and the pair of functions (x(t), u(t))
satisfies (2.2), (2.3) and (2.6) on the interval I = [0,7]. The component z(.) will be called the state
trajectory. In the sequel, we assume that there exists a control from a given set for which relations
(2.2) - (2.6) are satisfied.

We make the following assumptions on the data:

(A-1) (i) The mapping [ is a Carathéodory mapping, i.e., [ is continuous in (z,u) for almost all

(i)
t € 0,7, and is measurable in ¢ for every (z,u) € R* x R™;
(i) there exist 0 € L'([0, T],R) and p € L>=([0,T],R,) such that for almost all ¢ € [0, T],

[t 2,u) 2 0(8) = p(&) (]| + full)-

(A-2) (i) The mappings f is a Carathéodory mapping and there exist 6; € L ([0,7],R,) and
p1 € L= ([0,7],R,) such that for almost all ¢ € [0, 7],

1 (&2, )l < Oy (8) 4 pa (&) (]| + ffull) ;
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(ii) there exist K > 0 such that for almost all ¢ € [0, T7,
Hf (t,l‘l,U) - f (t,.I'Q,’LL)H S K Hml - xQH )
for all 21, x5 in some bounded set of R™ and for all w.

(A-3) For all i« = 1,---,r, the function g; ia a Carathéodory mapping and there exists ) €
LY ([0,T],R) and p, € L™ ([0,T],R) such that for almost all ¢ € [0, T,

gi (t,w,u) > 05 (8) — p () (]l + [lul]) -

Let us give some examples to illustrate the above hypotheses (A-1)-(A-3).

Example 1. Consider the optimal control problem

1
1
min/ (3t — || — |ul)dt
o 2
subject to

t(t) = tsinx++/|ul  for almost all ¢t € [0, 1]
x(0) = xo

and satisfying

1+t* —|z|sint — |u|cosz < 0 for almost all ¢ € [0, 1]
z(l) = 0
lu| < 1.

We have ]
Utz u) =3t = 5 faf = [u] 2 6(8) — p(t)(|2] + |ul),

where 6(t) = 3t and p(t) = 1, so (A-1) holds. On the other hand,

|f (t,x,u)| = ’tsin:c—i— \/]u\‘ < x| + 4 /|u|,

and
|f (t,z1,u) — f(t,xe,u)| < tlsinx; —sinay| < |x; — 29,

for all 21, x5 in some bounded set of R and for all u such that |u| < 1. Thus, (A-2) holds. Also,
g(t,z,u) =1+t — |z|sint — |u|cosz > (1 +t2) — (|z| + |u|).
Hence, (A-3) holds.

Example 2. Consider the optimal control problem

1
min/ (% |u| + 2* + y*)dt
0

subject to
z(t) = (z+yu
y(t) = u for almost all ¢ € [0, 1]
((0),y(0)) = (z0,%0)
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and satisfying

Jt+2—u—+/|zy] < 0 for almost all ¢ € [0, 1]
(z(1),y(1) = (0,0)
lu] < 1.

We have
Itz y,u) = 2 ul + 2 +y* > 0(t) — p(t) 1z, y)|| + |ul).

with 0(¢) = 0 and p(t) = max{1,#*} =1, so (A-1) holds.

1f (2, g, 0)|| = V(@ +y)%a? +u? < V2| (@, 9)] + [ul),

and

1f (& 20, y1,u) = f (£ 22, y2, w) | = [[((21 + 91 — 22 = 92)u, 0)| < [[((21,91) — (22, 92)) I
for all u such that |u| < 1. Hence, (A-2) holds. Also,
1

g(t,av,y,u):325—1-2—u—\/]xy|2325—1-2—\/§

Gz, )l = ful = 3t +2 = ([ (@, y)[| + [u]) .

Thus, (A-3) holds.

Now, let
Q=T N, NQy,
where
Qi = {(x, u) satisfying inequality constraints (2.4)},
and

Qey = {(z, u) satisfying equality constraints (2.5)} .

Then the constrained optimal control problem is to find (7,u) € €2 such that

F(z,u) = (xrrggg F(z,u) (2.7)

where .
F(z,u) = / L(t,z(t),u(t))dt. (2.8)
0
By [22, Theorem 4.1|, we have

Proposition 2.1. Suppose (A-1) holds and the functional F(.,.) is not identical to +o00, then F(.,.)
is lower-semicontinuous in L'(I;R™) x L'(I;R™) and

F(z,u) > —oo for all (z,u) € L'(I;R™) x L*(I;R™).

Note that assumptions (A-2) guarantees local existence and uniqueness of the solution of differen-
tial equations (2.2- 2.3) for a given control u(.) defined in the whole interval [0, T]. In fact, since u(.)
is only assumed to be measurable and bounded, the right-hand side of equation (2.2) is continuous
in x but only measurable and bounded in ¢ for each z. Therefore, solutions are understood to be
absolutely continuous functions,

z(t) = xo + /Otf (1,2 (1), u(r))dr for all ¢ € [0,7"]
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for 7" small enough. Now by growth condition (A-2)-(i), we have

lz (@ < on\|+/0 1 (r2 (1), u (7)) dr

< IIIo||+||91(')IIL1+/p1 (7) [l ()l d7 4 {lpx Ol oo [l O] -

0

Applying Gronwall’s lemma we obtain
|z(t)]] < M, for all t € [0,T"],

where M = ([lzol| + 161 ()l 1 + [lo2 ()l L 1w ()I]) exp <Of pr(T)dr

We see that the solution remains in a bounded fix set, independently of 77 and u. It is known
that in this case the solution has a maximum extension in the interval [0, 7]. Further, this extension
is unique by Lipschitz condition (A-2)-(ii). In the sequel, the unique solution of (2.2) such that (2.3)
for a given u(.) will be called the response to u(.); and we denote it by

z,(t) = x(t; xo,u(.)) = g +/0 f(ryx,(1),u(r))dr  te€]0,T].

We have

L. ||z, (t)]| < M, forallt € [0,T] and u € U,

2. ||z, (0] < max{||f(t,z,u)| :0 <t <T;uelU, and |z| < M}.
Furthermore,

Proposition 2.2. Under condition (A-2), the mapping v — x, is a continuous function from
U c LYI;R™) to C([0,T],R").

Proof. Let u(.),v (.) be two controls in # and z,, (.),xz, (.) be the corresponding responses. We show
that for all € > 0 there exists 0 > 0 such that if [|u (.) — v (.)||;: <6 then ||z, (.) —z, (.)| <e€. Let
€ > 0, define

oo

B, ={x € R": inf ||z —z,(t))] <€}

0<t<T
Also, f is continuous on the compact set B, x U for almost all ¢ € [0, 7], then there exists a constant
M' > 0 and a Lebesgue measurable set I, such that

I f(t, z,u)|| < M for all (t,z,u) € B= (I — Iy) x By, x U,

with meas(ly) = 0, where meas(E) denote the Lebesgue measure of a Lebesgue measurable set
E. Let ¢ = min{e, ¢}, and 0 > 0 be a number such that o(7 + 2M')exp(kT) < €. Be-
cause of the uniform continuity of f on the compact set B, there exist some n > 0 such that
| f(t,z,u) — f(t,z,v)| <o for all (¢, x,u),(t,x,v) € B with ||u —v| <n. Let 6 = on, if u € U and

/0 lu(t) — v(t)]| dt < 5 = o7,
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let I; be the set of all £ € [0,T] where ||u(t) — v(t)|| > n. Then

n(meas(L,)) /Hu —v<>r\dt</ lu(t) — o(t)| dt < 6 = om,

and hence meas(I;) < o. If Iy = I — Iy, then ||u(t) — v(t)|| < n for all t € I5. For every ¢ € [0,T] let
E; =0,t] NIy and E; = [0,¢] N ;. Thus, for all ¢ > 0 of at least a right neighborhood of 0 we have

o) =@ < [ W) ) ~ ) el
< [ 1) u(e) = firnr). ) i
+ [ a0l - 1) (el
o [ W+ [ 1) ur

¢
< /4;/ |2y (T) — xo(7)||dT + o(meas(Ey)) + 2M'(meas(Ey})).
Since meas(FEy) < T and meas(E;) < meas(l;) < o, we have

|wy (t) — 2, (t ]</§/ |2y (7) — 2 (7)|| dT + o (T + 2M").

Applying Gronwall’s lemma we obtain
|zy (t) — zp ()] < o(T + 2M') exp(kT) < € = min{e, e},
forall t € I. O

Remark 1. Without of the boudedness of the set of controls, we can find two controls u (.) and
v (.) in L' (I;R™) very close in norm but f(¢,z,u) and f(¢,z,v) may be quite different. For instance,
for f(t,z,u) = u? t € [0,1], if we take u(t) = 0 and v(t) = et~¥/2, we have ||u(.) —v (.)||;: = 2e,
f(t,z,0) = 0 and f(t,z,v) = %! is not in L'—integrable in any neighborhood of ¢ = 0. This
example shows also there are no AC solutions passing through the point (¢,z¢) = (0,0) with v(¢) =
et=1/2 (see [14], p. 506).

3 Approximate constrained optimal control problem via the exterior
penalty method

3.1 Approximate constrained problem via a sequence of unconstrained
optimal control problems

Using the penalty function method we consider the following sequence of unconstrained optimal
control corresponding to the problem (P),

(P,) min_F,(z,u) = F(z,u) + ¢,G(x, u),
(zu)eT

where (¢,) is an increasing sequence of positive real numbers, and

G(z,u) Z/ max(0, g; (¢, z (t) dt+2/ lgi (t,x (t) ,u(t))|dt.

1=s+1
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Under the above assumptions it is clear by Proposition 2.1 that the functional F' is lower semicon-
tinous from L'(I;R®) x L'(I;R™) to Ry, and G is lower semicontinous from L'(I; R®) x L'(I;R™)
to Ry, so F,(z,u) is also lower semicontinuous. Further, we have

G(z,u) >0 forall (v,u) € L'(I;R™) x L*(I;R™),
and
Qin N Qeg = {(z,u) € AC(L;R") x L'(I;R™) : G(z,u) =0} .

It is well known that the penalty function methods are very effective techniques to prove the
existence of optimal solution for constrained optimization problems via unconstrained problems.
The main question is the convergence of the sequence of the solutions of the unconstrained optimal
control problems to the solution of the constrained one, and the nonlinearity of the state equation
causes more difficulties. To overcome this, we consider the following set of admissible controls.

Definition 1. A subset I' C L”((a,b) ; R™), p € [1,+00), is said to be LP-equicontinuous, if
b—h

lim llu(t + h) — u(@®)||” dt =0, uniformly for v €T,

h—0 a

Let
0:t0<t1<"'<tN_1<tN:T,

be an arbitrary partition of the interval [0, 7], which divides the interval into N subintervals (subdi-
visions) (;,t;11). Let I'; a subset of LP([t;,t;11];R™), i =0,..., N — 1.
The set of admissible controls is given by

Upg = {1 u(t) = vi(t),t € [ti, tiy1),v; € Ty and T'; is LP — equicontinuous for all i} .

Proposition 3.1. If for all i, T'; is bounded in LP([t;, t;1];R™), then Uy,q is a totally bounded set of
LP(I,R™), 1 < p < +o0.

Proof. By the celebrated Theorem of Riesz-Fréchet-Kolmogorov (see e.g. [6, Theorem IV.26] T is
totally bounded, for all 7. Now, U,4 is totally bounded as a finite sum of totally bounded sets. [

The following are examples of classes of controls which are in U,,:

1. If there exists a finite number of constants k; (independent of v;(.)) such that v;(.) is k-Lipschitz
in the subinterval (¢;,¢;41) for all v;(.) € T'; (see |2, Proposition 3|).

2. Recall that an integrable function v on [0, 7] is of bounded variation if it has finite essential or
total variation, that is, if

N-1
Var() =sup 3 Joltiss) — v(t)]| < o0,
=0

where the supremum is taken over all finite partitions 0 = ¢y < t; < -+ < ty_1 < ty =
T, such that each ¢; is a point of approximate continuity of v (that is, meas{t : |t — ;| <
S [[v(t) —ov(t;)]| > e} —0asd —0). Let

F=Au:Var(u) <C}.

If F is bounded in L*(I,R™); then is a relatively compact set in L'(I, R™).
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3. For a given integer IV, the set of controls which are piecewise constant at most N points of
discontinuity to,...ty_1, on [0,7]. In this case, the control is approximated by a piecewise
constant function as follows:

N-1
uN(t) = Z UiX[ti,tFl)(tL
=0

where 0; € R™ are fixed, i = 0,..., N — 1 and yg is the indicator function of a subset E of R,
that is, xg(t) = 1 if t € E and xg(t) = 0 otherwise.

Now, if assume that Uaq = U,g N U, that is all controls u such that u(t) € U for almost all
t € [0,T] and u(t) = vi(t),t € [ti,tiy1), v; € [; with T; is L' — equicontinuous on L'((t;, t;11); R™)
for ,7=0,...,N — 1. Then by Proposition 3.1, Uaq is a compact subset of L'(I,R™).

The following result gives an existence theorem of an optimal solution for problem (P).

Theorem 3.1. Suppose that hypotheses (A-1), (A-2) and (A-3) hold and the functional F(.,.) is
not identical to +oo. If the controls lie in Uyq, then there exists an optimal solution for problem (P).

Proof. Denote by V(P) the value of (P). By Proposition 2.1, we can assert that problem (P)
has a finite value V(P). Consequently, there exists a minimizing sequence (xj (.),ux (.)) € T and
Uy (.) € Uaq such that

F(on() i () < V(P) + 1.

Since uy, (.) € Uaa, by Proposition 3.1 we then conclude that (u (.)), contains a subsequence noted
again by (uy (.)), which converges strongly to v in L'(1,R™). By [6, Théoréme IV.9], the sequence
(ug(.))x contains a subsequence, noted again (u(.))g, such that

o uy(t) — v (t) for almost all ¢ € I, and
e there exists h(.) € L*(I,R™) such that ||uy (¢) || < h(t) for all k and almost all ¢ € I.

Now, if we denote by xy (.) the response of wuy (.), then by Proposition 2.2, the continuity of the
input-output maps u (.) — x,, (.) assert that there exists y (.) € C' (I,R™) such that z; (.) — y (.) €
C (I,R"™) strongly with y (.) is the response of v (.), this means (y (.),v(.)) € 7. Under assumption
(A-3) the mappings g; are Carathéodory mapping, thus

gi bk () ur (8)) — gi (6, y (), v (1))
for almost all ¢ € [0,7] and for every i = 1...r, with

gi(t,y(t),v(t) < 0 i=1...s for almost all ¢ € [0, 7]
gi(t,by(t),v(t) = 0 i=s+1...r foralmost all t € [0,T].

Consequently (y,v) € 2. Now, by Proposition 2.1 F' is lower semicontinous, then

Fy(),v()) <lminfF (2 (), u () < V(P).

k—+o00
Hence F' (y(.),v(.)) = V(P), this implies that (y(.),v (.)) is an optimal solution of (P). O
Now the first convergence theorem of the partially penalty method reads as follows.

Theorem 3.2. Suppose that hypotheses (A-1), (A-2) and (A-3) hold, the functional F(.,.) is not
identical to +oo and the controls lie in Uyg. Then
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1. The problem (P,) is solvable for every ¢, > 0.

2. The sequence (T (.), Uy, (.))n of optimal solutions of the problem (P,) contains a convergent
subsequence (T, (.) , ug (.))g; such that

o 7, —> 7 (.) strongly in C(I,R"™),
o () — Z(.) weakly in L'(I,R™),
o iy (.) — u(.) strongly in L'(I,R™),

3. The limit (z (.),u(.)) is an optimal solution of original problem (P).

Proof. (1) We put
V(P,) = inf{F,(x,u), (z,u) € T,u € Uaa}

V(P,) is finite; in fact, let (x (.),u(.)) € T and u(.) € Uaq, we have

Fla(),u()) < Fal@(),ul).

By Proposition 2.1, F' is bounded below, it follows that F), is also bounded below. Consequently,
there exists a minimizing sequence (xy (.),ux (.)) € T and wuy (.) € Uaq such that

Since uy, (.) € Uya, by Proposition 3.1 we then conclude that (uy (.)), contains a subsequence noted
again by (uy (.)), which converges strongly to v in L'(Z,R™). Now, if we denote by z (.) the response
of ug (.), then by Proposition 2.2, the continuity of the input-output maps u(.) — z, (.) ensures
that there exists y (.) € C'(I,R™) such that z; (.) — y(.) € C (I,R") strongly, where y (.) is the
response of v (.), this means (y (.),v(.)) € T. Now, F, is lower semicontinous, then

Fu(y ()0 () < Iminf (o (), u () < V(B

Hence F,, (y (.),v (.)) = V(P,), this implies that (y (.),v (.)) is an optimal solution of (F,), noted in
the sequel by (Z,, (.), @y (.)).

(2) We have Q C T, then V(P,) < V(P) since G (z (.),u(.)) = 0 in €y, N Q.

On other hand, we have that G (.,.) is nonnegative and hence

F(Zn (), Un () < Fal@n (1), 00 (1)) S V(P).

Again since (U, (.))n C Uaa , by Proposition 3.1, the sequence (u, (.)), contains a converging subse-
quence (iuy (.)), to @(.) strongly on L*(I,R™). The map u — x, is continuous (Proposition 2.2),
which implies that z; (.) — 2z (.) in C (I,R") strongly and zx(7) — z (7)) = 0. This implies
(@(),u()eT.

(3) To complete the proof we prove that (Z(.),@(.)) is the optimal solution of (P). First, we
have that G (.,.) is lower semicontinous, then

0<GE(),a(.) < UminfG (T (), (). (3.1)

k—+4o0

On other hand, . lim G(Zg (.),ux (.))) =0, in fact

—+00

0 <G (), u () < - (V(P) = F(z (), k(1)) - (3.2)

Ck
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From this point, we can distinguish two cases:

Case 1: There exist kg such that F(Zg, (.), U, () =V V(P)
and G(Z (.),u (.)) = 0 for all &k > ko, so G(Zy, (.), U, (. J)) =
(jko () s Uy ()) € Qi N Qeg‘

Case 2: F(ZTx (.),ur(.)) # V(P) for all k. In this case by virtue (3.1) and (3.2) by letting & to
+0o , we deduce that G(z (.),u(.)) =0.

We conclude that (Z (.),u(.)) is an admissible point, and V(P) < F(z (.),u(.)) in the two cases.
Now, since F'(.,.) is lower semicontinous, we obtain

(P). In this case we have V(Py) =
)) = 0, this implies that (z (.),a(

F(z(),u(.) <lminfF (z (.),ax (.) < V(P),

k—+4o00

that is F(z(.),u(.)) = V(P), this implies that the pair (z(.),u(.)) is an optimal solution of the
problem (P). O

Remark 2. Without the boudedness of the set of controls, i.e. u € U,y, we can derive a similar
convergence theorem to Theorem 3.2, by assuming further that the mapping f is Lipschitz in u and
[ is coercive on u, i.e. there exists K, > 0 and K, > 0 such that

1f (t,21,u1) — f(E 20, u0)|| < Ky |1 — @o| + Ko [Jur — ual|

for almost all ¢ € [0, 7], and
(A-4) there exists 8 > 0 such that

Ltz u) > B lull

for almost all ¢ € [0, 7] and for all z € R*. See Theorem 1 of [2].

3.2 Approximate constrained control problem via an unconstrained opti-
mization problems

Using the exterior penalty function method we consider the following sequence of infinite-dimensional
unconstrained optimization problems corresponding to problem (P),

P’n 3 (pn 9 == F 9 TLH 5 ’I’LG , ,
) (00) EAC XUna (z,u) = Fz,u) + cpH (2, u) + cnG(z, u)

where,

e AC) is the space of absolutely continuous maps from [0,7] to R™ such that z(0) = x¢ and
z(T) =0,

e (c,) is an increasing sequence of positive real numbers,
[ ]
T
Hee,w) = [ ote) = £ 6 () u (0) .
0

and

G(z,u) :Z/o max(0,g; (t,z (t),u(t)))dt + Z /0 lgi (t, 2 (t) ,u(t))|dt.

1=s+1
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Under assumption (A-2)-(i) and the continuity of the norm, we can assert that H(.,.) is lower
semicontinuous form AC([0,T],R®) x L'([0,T],R™) to R,. So then ®,(z,u) is also bonded below
and lower semicontinuous from AC([0,T],R™) x L*([0,T],R™) to R,. The next result is the second
convergence theorem for the totally penalty method.

Theorem 3.3. Suppose that hypotheses (A-1), (A-2)-(i), and (A-3) hold, the functional F(.,.) is
not identical to +00 and the controls lie in Ugq, then we have:

1. Problem (P,) is solvable for every ¢, > 0.

2. The sequence (T, (.), Uy, (.))n of optimal solutions of problem (P,) contains a convergent sub-
sequence (T (.) , g (.))k; such that

o 7 — T (.) strongly in C(I,R"),
e 7;(.) — 7 (.) weakly in L'(I,R™),
o iy (.) — u(.) strongly in L'(I,R™).

3. The limit (z (.),u(.)) is an optimal solution of original problem (P).

Proof. Denote by V(P,,) the value of (P,). Since the sequence (¢,) is non-decreasing then (V(P,))x
is a decreasing sequence bounded from above by V(P) the value of problem (P) which is finite.
®,,(z,u) is bounded below, so there exists a minimizing sequence (zy (.),ux (.)) € ACy X Uaq such
that

By (2 (), () < V(Po) + % (3.3)

Since (ug (.))r C Uaa, by Proposition 3.1 we conclude that (uy (.)), contains a subsequence, noted
again, by (ug (.)), which converges strongly to w € Uaq in L' and there is a constant g > 0 such that
|lug (1)|| < p. On the other hand, the functions x(.) are uniformly bounded, in fact, if we observe
that

(@1 (t), (1)) = (2u(t), (1)) + (f (8, 21 (1), un(t)), 2a(t)),
where z(t) = @5 (t) — f(t, 2 (t), ur(t)), then we have

(@x (1), (1)) [ (2 (8), 2r ()] + | (L 2r (), wr (1)), 2 ()]
1zl (@] + 62 (0) [lzx ()] + pr(E) [ur (O] |z @) + pr (¢) [ew(B)]]”
(12 () + 61 () + pa () Il (O D) 2Ol + o1 (&) 2 (@)1

On the other hand, we have

IA A CIA

(i (0), 2l0) = 3 s )] = () )]

Therefore,

t

[z (@)1 <l (0)]] +/0 2k @I + 01 (7) + p1 (1) Huk(T)H)dTJr/O pr(7) [lzx(7)|d,

and
k(O < llzoll + (My + 1161 ()l oo + o1 (] oo [Jur() [l 2) +/0 p1 (7) |lzk(7)|dT.

Here ||zx(.)||r < M; for some M; > 0 which follows by (3.3). So, we have

[z (O < llzoll + (My + 161 ()l oo + [lo1 ()l oo () 1) +/0 pr (7) [Jzx(T)[|dT-
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Applying Gronwall’s lemma we obtain
lzx ()] < K, for all t € [0, 77,

for k sufficiently large, with K = (||zo|| + M1 + |01 ()]l ;00 + 1 ()] 1oe 1) €xp(||p1 ()]l ;) This
proves the boundedness of (xx(.)) independently of k£ and t. We shall now show that (z4(.))x is also
equicontinuous. To this end we must first show that (i4(.))s is equi-integrable in L'(1,R®). If I, is
any Lebesgue measurable subset of I, we have

Nt ar < / ()] dr + / V(7). ()| dr
< [zl dr + / 6, (r) dr + / o1 (7) ()] + () ) dr

Ip Iy Io

< ||Z]€(T>||d7'+/ 01 (T)dT+M2/ p1 (7)dr.

Iy Ip 1o

The right-hand side approaches zero as meas(ly) — 0, so (i (.)), is equi-integrable in L'(I,R™).
By the Dunfords-Pettis theorem, we can extract a further subsequence from (& (.)), such that @(.)
converges weakly to, say, o(.) in L'. On the other hand, since (i, (.)), is equi-integrable, the sequence
(xk(.))r is equicontinous, indeed, for all ¢;,t5 € [0, 7] such that |ty — ¢;| < § we have

to
/ T(T)dT
t1

Now, since the sequence (z(.))x is equibounded and equicontinous, by Arzela’s theorem there exists
a subsequence, again denoted by (xx(.)), which converges uniformly on [0, 7] to a continuous function
v(.). The equality

to
|2k (1) — 2i(t2)]| = < / & (7)|| dr < e, for all k.

t1

¢
xy, (t) —xo—i-/ iy (1)dr ; forall t € 1,
0
implies that
t
v(t) = :130+/ o(t)dr ; forallt € I,
0

and hence 0(t) = o(t) for almost all ¢ € I. Now, because the uniform convergence of (xx(.))x to v(.),
the weak convergence of @1 (.) to v(.) in L' and the strong convergence of (uy (.)), to w in L', we
have z,(.) converge weakly to z(.) in L'(I,R™) where z(t) = 0(t) — f(t,v(t), w(t)). Then,

H(v,w) = /0 [o(r) = f(r,v (1), w (7))]l dT

T
< h;?l inf/ k(7)) — f (1,28 (7)), ug (7))|| d7. (3.4)
— 00 0
Furthermore,
Fv,w) < lign inf F(zg,ur) and G(v,w) < 111?1 inf G(zy, ug). (3.5)
— 00 — 00

Since F'(.,.) and G(.,.) are lower semicontinuous, by virtue of (3.4), (3.5) and (3.3), it follows that

O, (v,w) < liminf @, (z1, up) < V(P,).

k—o0

Hence, @, (v (.),w(.)) = V(P,) which implies that (v (.),w (.)) is an optimal solution of (P,), noted
in the sequel by (Z,, (.), @y, (.)). We shall show that the sequence (Z,, (.) , @, (.)), contains a convergent
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subsequence to the solution of the original problem (P). Let V(P) be the value of problem (P). Since
G (.,.)+ H(.,.) is nonnegative, then

F(@a () i (1)) < Pl () 00 () < V(P).

Again, since (T, (.),Un (.))n C ACy X Uag, by the same argument as before we show that the se-
quence (i, (.)), contains a convergent subsequence (i (.)), to @(.) strongly on L'(I,R™) and the
sequence (Zy, (.)), contains a convergent subsequence (zj (.)), to Z (.) uniformly on C(I,R"), which
has a derivative Z (.) belonging to L'(I,R™), where Z (0) = z¢ and Z (T)) = 0. This implies that
(Z(.),u(.)) € ACy X Uaa. We have G (.,.) + H(.,.) is lower semicontinous, then

0<G@E(),al)+HE(),a()) <lminf(G@, (), a () + H@r (), ax (). (3.6)

k—>400

On other hand, llgim inf(G(z (\),u, (1) + H@k (1) ,ux (1)) =0, in fact

0<G(@ (), () +H@p (), () < —V(P) = F(@x (), 1 (1)) - (3.7)

Now we proceed as in the proof of Theorem 3.2 to prove that the pair (Z(.),@(.)) is an optimal
solution of problem (P). O

Remark 3. Note that Lipschitz condition (A-2)-(ii) is not assumed in the preceding theorem, so
the uniqueness of the solution for equation (2.2) is not required.

4 First order necessary conditions for optimality

We shall next turn to first order necessary conditions for optimality. To see this, let us consider
the control process in the Hilbert space H'(I,R™) x L*(I,R™), where H! is the Sobolev space of
all functions in L?(I,R™) such that its weak derivatives lies in L*(I,R™). We shall first obtain
necessary conditions for optimality for the non-dynamic problem (P,) and then show how under
suitable limiting conditions they lead to the Pontryagin maximum principle for the sequence of the
dynamic optimal control problem (P,).

Suppose, for each ¢, > 0, we can solve the following differentiable unconstrained optimization
problem

(Pn) min O, (z,u) = F(z,u) + ¢, H(x,u) + ¢,G(z, u),

(zu)EHI XU,

where,

e [} is the space of all absolutely continuous function x from [0, 7] to R™ such that its derivatives
lies in L*(I,R™) with z(0) = z¢ and z(T') = 0,

o U2, = Una N LA(I,R™),
e (c,) is an increasing sequence of positive real numbers,

Hiew) =5 [ 160 = f L) u )

and
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Gz, u) = %Z/O max(0, g; (t,x(t),u(t)))Zdt—l—% > /0 lgi (¢, 2 (£) ,u (2)]? dt.

1=s+1

To derive necessary conditions of optimality satisfied by an optimal control, we need to make the
following assumptions on the data of the problem:

(Hy) (i) The mapping [ is a C''-Carathéodory mapping, i.e., [ is C' in (x,u) for almost all ¢ € [0, T
and is measurable in ¢ for every (z,u) € R™ x R™;

(ii) there exist 8 € L%([0,T],R), p € L*([0,T),Ry) and B, (-) € L* (I,R™) such that for almost
all ¢ € [0, 7],
|1t 2, u)| < 0() + p() ([l + flull)

and
[Vl(t, 2, u)|| + [Vl (2, u)|| < B (1),

where V[ is the partial derivative of [ with respect to its jth argument, j € {z, u}.

(Hy) (i) The mapping f is a C'-Carathéodory mapping and there exist 6, € L* ([0,T],R,) and
p1 € L= ([0,7],R) such that for almost all ¢ € [0, 7],

1 (&2, u)l| < 00 (&) + o (8) (]| + [[ull)

(ii) there exists a(.) € L? (I,R") and 7/ (.) € L* (I,R") such that

IVaf (&, u)|| < at)

and
IVuf (8 z,u)l < (1),
for almost all ¢ € [0, 7.

(Hs) (i) For all 4; the mapping g; is a C*-Carathéodory mapping and there exist 6, € L? ([0, 7], R,)
and py € L?([0,T],R,) such that for almost all ¢ € [0, T],

|9i (8, 2, w)] < 05 (1) + pa (2) ([l + [[ull),
(ii) there exist p3 € L*([0,T],R,) such that for almost all ¢ € [0, 7],
IVagi(t, 2, u)|| + [ Vug: (2, u)|| < ps (t),

for all 7.

Let
g(t,l’,U) = (gl(t,x,u), s ,gr(t,l',U)),

0
V.g(t,x,u) = (a—gj(t,:c,u))ij, 1<i<n,1<j5<r,

0
Vag(t,z,u) = (59t o, u))y, 1<i<sml<j<m
and p(g) = p(g(t, x,u)) the vector in R” defined as follows,

e pi(9) =gi(t,z,u)if g; (t,x,u) >0 and p;(g) =01if g; (t,z,u) <0, fori=1...s.
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e pi(g) =gi(t,z,u), fori=s+1...7.

We see that for every fixed n and fixed control u, the problem (P,) becomes a problem of the
calculus of variations. We have the following necessary optimality conditions of Euler-Lagrange type.

Theorem 4.1. If for every n (Z,, (*), Uy, (+)) € HY X Uaq is an optimal solution to (P,,), then

%zn (8) = Vo f(t T (1) iy (1)) T2 () + =Vl (2, B () T (8)) (4.1)

Vgt O Ople)
V(020 050 () 20 (1) = 0022 0), 50 () + Va0, (0. 0 (o) (42)
2, (T) =0, (4.3)
for almost all t € [0,T), where

2 () =T () — [t (2) U (1))
and
p(gn) = p(g(t, Zn (1), Un (1)))-

Proof. Let (Z,, (+), 1, (-)) € Hy X Uaq be an optimal solution to (P,) for every n. Let v(t) and w(¢)
be any n x 1 and m x 1 functions, respectively, in the Schwartz space of infinitely smooth functions
vanishing outside compact subsets of (0,7"). By our assumptions on [(.), f(.), and g;(.) it follows
that the Fréchet derivative of @, (z,u) with respect to x and u, respectively, equals

/0 (Wl (b 2 (1) 0 (1)) , 0(8)) i+ € / (2 () 08) — V(£ B (1) 0 () (0(0)))

e, / (Vg (1,2 (£) 0 (£))p(g0), 0(1)) dt
and

/0 (ol (£ F (£) T (£))  w(1)) dE + o1 /0 (Vo f(t T (£) T (1)), w(t) dt

v [ (Vaalta (0) 0 (ot () .

Since (Zy, (+), @y, (+)) minimize ®,(x,u), we get the desired system. Next, specializing v(.) to any
smooth function with v(0) = 0, v(7") arbitrary and nonzero, it follows that z, (7') = 0. O

The Lagrangian £ from Hj([0,T],R®) x L*([0,T],R™) x HY([0,T],R*) x L*([0,T],R%) x
L3([0,T],R"~*) to R, for the initial problem (P) is given by

Lz, u, ¢, A ) :/0 1t (1), ()dt+/0 (W), 2(t) — (£, 2(t), u(t))) dt

+Z/ t), g (t,x (t) dt+2/ (i (t), gi (t, 2 (t) ,u (L)) dt

1=s+1

If (z(.), u(.)) is a local minimum of problem (P) and under suitable constraint qualification conditions,
as Robinson’s condition [33], there exist nontrivial multipliers (*, A*, u*) such that the following
conditions are satisfied:
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e (Z(.),u(.)) is an optimal solution of min L(x, u, *, \*, u*).
o N(t)gi(t,z(t),u(t)) =0 and A/ () > 0, for almost all ¢t € [0,7] and for every i =1...s.

In the following statement we give a relation between the multipliers of problem (P) and the
necessary optimality conditions given by Theorem 4.1.

Theorem 4.2. Let (Z, (), 4, (+)) be an optimal solution of problem (P,). If we put
Un(t) = cazn(t)  and (A, i) = cnp(gn)-
Then (Y, A, fn)n contains a subsequence (g, Ag, g )k such that
e Y, —> ¢* strongly in C'(I,R"),
e \x — \* weakly in L?(I,R®),
o i — pu* weakly in L2(I,R"™*),
and (Y*, \*, u*) is a non-trivial Lagrange multiplier associated to the solution optimal of problem (P).

Proof. By Theorem 3.3, we know that the sequence (Z,, (.), 4, (.)), of optimal solutions of problem
(P,) contains a convergent subsequence (Zy (.),ux (.))r to the optimal solution (z (.),u(.)) of (P)
with the properties:

e 7;(.) — z(.) strongly in C(I,R"),
o i (.) — u(.) strongly in L*(I,R™),

By [6, Théoréme IV.9], the sequence (ug(.))r contains a subsequence, denoted again by (ug(.)), such
that

o U(t) — u(t) for almost all t € I, and
e there exists h(.) € L?(I,R™) such that ||@, (¢) || < h(t) for all k and almost all ¢ € 1.
We also have Ty (t) — & (t), for all ¢ € I. This implies, by (H3)-(i), that
g (t, (1), ur(t)) — gi (¢, 2(t), u(t)), for almost all t € I, foreveryi=1...r
and

g (£, Zx (), ur(£)) | < 02 (1) + p2 (£) (|26 (O[] + llae()]])
< 0y (t) + pa (t) (K + h(t)) = hyi(t),

for all ¢ and almost all ¢ € I, where hy(.) € L*(I,R). Now, Lebesgue’s theorem assert that

gi (- Zk(),ux(.)) — g (,2(.),u(.)) in the strong topology of L?(I,R), for every i = 1...r. By
definition, we have

cr,max(0, g; (t, T (t), 4k (t)))* = Nin(t)gi (t, Zx(t), (1)), for every i =1...s,

and
cr |gi (6, 2 (), ()P = g (£)gi (8, T (t), wk (1)) for every i =s+1...7.
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The fact that

T
ck/ max (0, g; (t, Z(t), U (t)))*dt — 0, for every i =1...s,
0
and
T
ck/ \gi (t, Zi (1), W (1)) dt — 0, foreveryi=s+1...7,
0
ensures that .
/ Nr(B)gs (6 2(1), @k () dt —> 0,  for every i = 1...s, (4.4)
0

and .
/ui,k(t)gi(t,gz-k@),ak(t))dt—>o, for every i — s +1...r.
0

Since g; (., Zx(.), ux(.)) — i (-, z(.),u(.)) strongly in L*(I,R), for every ¢ = 1...r, then the se-
quences (A x(.))r and (u;x(.))x are bounded in L*(I,R). This implies, by the Theorem of Banach-
Alaoglu-Bourbaki, that there exist subsequences, denoted again by (X;x(.))r and (u;x(.))r such
that \ix(.) — N(.) and pi(.) — pi(.) weakly in L?(I,R), for every i = 1...7. Also, since
Nik(t)gi (t, Zx(t), ug(t)) > 0, for every i =1...s. By (4.4)

Xik(t)gi (t, zx(t), ug(t)) — 0,
for almost all £ € [ and every ¢ = 1...s. On the other hand,

Ai()gi (1, Tr(t), ur(t)) — Ai(t)gi (1, 2(2), u(t)) ,

for almost all ¢ € I and every i = 1...s. Consequently, \;(t) > 0 and X\;(t)g; (t,z (t),u(t)) = 0 for
almost all ¢t € [0,7] and for every i = 1...s. Now, from (4.1), which is a linear equation for z(.) it
follows that the limyg_, o cx2x(t) exists, and if we denote this limit by (t), it follows (by multiplying
by ¢ system (4.1)-(4.3) and taking limits) that

Y1) = =V f(t,2 (1), a () "o(t) + Vil (2 (), a (1))
+ (M), (1)) Vag(t 2 (t) , u (1))
Vuf (2 (), () (t) = Vul(t, 7 (t) . (1)) + (A1), u(t)) Vug(t, 7 (1) . (1))
(1) =0,

which, of course, means that (z(.),u(.)) is an optimal solution of min £(z, u, ¥*, \*, u*). We conclude
that (%, \*, u*) is a non-trivial Lagrange multiplier associated to the optimal solution of problem
(P). m

Concluding remarks.

In this paper, we have constructively developed a theoretical framework how to solve an optimal
control problem with state and control constraints. Under strong compact assumptions on the set
of controls, the state and control constraints (the differential equation, respectively) are handled
by defining an equivalent unconstrained control problem (infinite-dimensional optimization prob-
lem, respectively). This is done by defining a penalty function involving a non-decreasing sequence
(¢n)nen- The two problems are equivalent if ¢, is sufficiently large. A correspondence has been
shown between this penalty functions and the duality for this class of constrained optimal control
problems. Results bearing on computational aspects will be reported in a future work. It is to
be noted that the functional obtained is non-smooth, but has interesting differential properties and
modern non-differentiable optimization methods can be applied to solve these problems.
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