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ated by M. Lanza de CristoforisKeywords and phrases: Green fun
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tion, triangle,triangulation of the plane, re�e
tion.Mathemati
s Subje
t Classi�
ation: 31A25, 35J25, 35A08.Abstra
t. The harmoni
 Green and Neumann fun
tions are 
onstru
ted for aparti
ular triangle in the 
omplex plane, whi
h by re�e
tions a
ross its sides providesa triangulation of the plane.1 Constru
tion of harmoni
 Green fun
tionsA fundamental solution to the Lapla
e operator△ = 4∂z∂z for regular plane domains
D adjusted to vanishing boundary values is 
alled harmoni
 Green fun
tion. Itexists for any domain for whi
h the Diri
hlet problem for harmoni
 fun
tions with
ontinuous boundary data is solvable. Thus in prin
iple the existen
e of the harmoni
Green fun
tion is guaranteed for a wide 
lass of domains (in the 
omplex plane). Asthe Green fun
tion provides the solution to the Diri
hlet problem for the Poissonequation, it is important to know it expli
itly. The 
onformal invarian
e of the Greenfun
tion for the Lapla
e operator is a ni
e and useful tool to �nd the Green fun
tionsfor a variety of domains. Be
ause the Green fun
tion for the unit dis
 is known theRiemann mapping theorem serves to get the Green fun
tions for a large 
lass ofsimply 
onne
ted domains. But this does not always give the Green fun
tion inexpli
it form. One example is the 
onformal map of a polygonal domain given bythe S
hwarz-Christo�el formula.Another prin
iple for 
onstru
ting Green fun
tions (not only for simply
onne
ted domains) is by re�e
tion. To explain this prin
iple let D be the unitdis
 in the 
omplex plane. In order to alter the fundamental solution log |ζ − z| for
z, ζ ∈ D let ζ be �xed and z vary. Re�e
ting the point ζ at the boundary ∂D providesthe point 1/ζ. The fun
tion 1− zζ is analyti
 in z ∈ C with a zero at z = 1/ζ. Thedi�eren
e log |1 − zζ | − log |ζ − z| is a harmoni
 fun
tion in z ∈ D for any �xed ζ,
ζ ∈ D, with the ex
eptional point z = ζ. Moreover, it vanishes on the boundary
|z| = 1. Thus log

∣∣∣1−zζζ−z

∣∣∣ is the harmoni
 Green fun
tion for D.Similarly, for the upper half plane 0 < Im z the re�e
tion of the �xed point ζ,
0 < Im ζ, at the real axis gives ζ. The di�eren
e log |ζ − z| − log |ζ − z| is the Green
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hfun
tion for the upper half plane.Continued re�e
tions serve to determine the Green fun
tion for a 
ir
ular
on
entri
 ring domain, see [4℄, [6℄.In all these examples the original domain is mapped via these re�e
tion pro
essesonto the entire plane or even the Riemann sphere, o

asionally with the ex
eptionof 
ertain isolated points. The re�e
tion method does work also for regular 
onvexpolygons providing a parqueting of the 
omplex plane. A simple su
h parqueting isa triangulation of the plane. This 
ase will be elaborated here.For further examples of expli
it formulas for harmoni
 Green fun
tions fordomains with 
orners see e.g. [1℄, [2℄, [3℄, [5℄.2 Green fun
tion for a 
ertain equilateral triangleFor getting the harmoni
 Green fun
tion G(z, ζ) for the open triangle T with the
orner points−1, 1, i
√

3 the triangle is re�e
ted at its three sides. The three resultingtriangles are re�e
ted at their sides, et
. This leads to a triangulation of the 
omplexplane.

Re�e
ting z ∈ T at the line from 1 to i√3 gives
z1 = −1

2
(1 + i

√
3)z +

√
3

2
(
√

3 + i). (1)The triangle T itself is mapped onto the triangle T1 with the 
orners 1, 2 + i
√

3,
i
√

3. Re�e
ting T1 at the line from 1 to 2 + i
√

3 maps z1 onto
z2 = −1

2
(1 + i

√
3)z +

√
3

2
(
√

3 + i), (2)and T1 onto the triangle T2 with the 
orners 3, 2 + i
√

3, 1. Continuing re�e
ting inthe same dire
tion leads to
z3 = z +

√
3(
√

3 + i) (3)and to T3 with the 
orners at 3, 4 + i
√

3, 2 + i
√

3.Then to
z4 = −1

2
(1 − i

√
3)z +

√
3

2
(3
√

3 + i) (4)
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orners at 3, 5, 4 + i
√

3, and �nally to
z5 = −1

2
(1 − i

√
3)z +

√
3

2
(3
√

3 + i) (5)and the triangle T5 with the 
orners at 5, 6+ i
√

3, 4+ i
√

3. The next re�e
tion gives
z6 = z + 6 and T6 = T + 6. Re�e
ting now at the sides on the real axis leads to thepoints z, z1, z2, z3, z4, z5.Further re�e
tions on all sides of the twelve triangles attained so far result inthe same periodi
 pattern with the basi
 periods 6 and 2i

√
3. The entire 
omplexplane is 
overed by a periodi
 pattern of translations of these twelve basi
 trianglesperforming a parqueting of the plane by triangles.Endowing z with the label p, its dire
t re�e
tions z1 and z with the label n,any dire
t re�e
tion of a point labeled p (or n) with the label n (or p, respe
tively)de
omposes all these points into two 
lasses. They are used to form an analyti
fun
tion with simple zeroes at the n−points and simple poles at the p−points justby an in�nite produ
t. This produ
t turns out to be 
onvergent and obviously formsan ellipti
 fun
tion. The log of its absolute value appears to be the harmoni
 Greenfun
tion for the triangle T .Notation. Let for entire m and n, m, n ∈ Z, denote

Ωm,n = 6m+ 2i
√

3nand
G1(z, ζ) = log

∏

m,n∈Z

∣∣∣∣
ζ − z − Ωm,n

ζ − z − Ωm,n

ζ − z1 − Ωm,n

ζ − z1 − Ωm,n

ζ − z2 − Ωm,n

ζ − z2 − Ωm,n

×ζ − z3 − Ωm,n

ζ − z3 − Ωm,n

ζ − z4 − Ωm,n

ζ − z4 − Ωm,n

ζ − z5 − Ωm,n

ζ − z5 − Ωm,n

∣∣∣∣
2

.The periods Ωmn obviously satisfy
Ω−m,−n = −Ωm,n, Ω−m,n = −Ωm,n, Ωm,−n = Ωm,n.Theorem 1. The fun
tion G1(z, ζ) is the Green fun
tion for the triangle T,satisfying

• G1( · , ζ) is harmoni
 in T \ {ζ},

• G1(z, ζ) + log |ζ − z|2 is harmoni
 in T,
• lim

z→∂T
G1(z, ζ) = 0for any ζ ∈ T.The third property holds even in the three 
orner points of the triangle T.The proof of Theorem 1 is given in the following two lemmas.
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hLemma 1. The double in�nite produ
ts
∏

m,n∈Z

∣∣∣∣
ζ − zk − Ωm,n

ζ − zk − Ωm,n

∣∣∣∣
2
onverge for 0 ≤ k ≤ 5, where z0 = z ∈ T.Proof. Let am,n denote the fa
tor of the above produ
t

am,n =

∣∣∣∣
ζ − zk − Ωm,n

ζ − zk − Ωm,n

∣∣∣∣
2

,then
∏

m,n∈Z

am,n = a0,0

∞∏

m=1

a−m,0am,0

∞∏

n=1

a0,−na0,n

∞∏

m=1

∞∏

n=1

a−m,−na−m,nam,−nam,n.At �rst
∞∏

m=1

a−m,0am,0 =

∞∏

m=1

∣∣∣∣
ζ − zk + 6m

ζ − zk + 6m

ζ − zk − 6m

ζ − zk − 6m

∣∣∣∣
2

=

∞∏

m=1

∣∣∣∣
(ζ − zk)

2 − 36m2

(ζ − zk)2 − 36m2

∣∣∣∣
2
onverges as

∞∑

m=1

[
36m2 − (ζ − zk)

2

36m2 − (ζ − zk)2
− 1

]
=

∞∑

m=1

(ζ − zk)
2 − (ζ − zk)

2

36m2 − (ζ − zk)2is 
onvergent.Similarly
∞∏

n=1

a0,−na0,n =

∞∏

n=1

∣∣∣∣∣
ζ − zn + 2

√
3in

ζ − zn + 2
√

3in

ζ − zn − 2
√

3in

ζ − zn − 2
√

3in

∣∣∣∣∣

2

=

∞∏

n=1

∣∣∣∣
(ζ − zn)

2 + 12n2

(ζ − zn)2 + 12n2

∣∣∣∣
2
onverges.Finally

∞∏

m=1

∞∏

n=1

a−m,−na−m,nam,−nam,n

=

∞∏

m=1

∞∏

n=1

∣∣∣∣
ζ − zn + Ωm,n

ζ − zn + Ωm,n

ζ − zn + Ωm,−n
ζ − zn + Ωm,−n

ζ − zn − Ωm,−n
ζ − zn − Ωm,−n

ζ − zn − Ωm,n

ζ − zn − Ωm,n

∣∣∣∣
2

=
∞∏

m=1

∞∏

n=1

∣∣∣∣
(ζ − zn)

2 − Ω2
m,n

(ζ − zn)2 − Ω2
m,n

(ζ − zn)
2 − Ω2

m,−n
(ζ − zn)2 − Ω2

m,−n

∣∣∣∣
2

=
∞∏

m=1

∞∏

n=1

∣∣∣∣
(ζ − zn)

4 − 24(3m2 − n2)(ζ − zn)
2 + 144(3m2 + n2)2

(ζ − zn)4 − 24(3m2 − n2)(ζ − zn)2 + 144(3m2 + n2)2

∣∣∣∣
2is 
onvergent as

∞∑

m=1

∞∑

n=1

(ζ − zn)
4 − (ζ − zn)

4 − 24(3m2 − n2)[(ζ − zn)
2 − (ζ − zn)

2]

144(3m2 + n2)2 − 24(3m2 − n2)(ζ − zn)2 + (ζ − zn)4
onverges. �
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tion G1( · , ζ) has vanishing boundary values on ∂T, i.e. for
ζ ∈ T

lim
z→z0∈∂T,

z∈T

G1(z, ζ) = 0.Proof. The three parts ∂1T, ∂2T, ∂3T of ∂T have to be investigated separately.i. On the segment ∂1T from 1 to i√3 where
z = z1 = −1

2
(1 + i

√
3)z +

√
3

2
(
√

3 + i)also
z2 = z2, z3 = z4, z5 = z2 + 3 + i

√
3, z5 = z5 − 2i

√
3hold. Then

ζ − z − Ωm,n

ζ − z − Ωm,n

ζ − z1 − Ωm,n

ζ − z1 − Ωm,n
= 1,

ζ − z3 − Ωm,n

ζ − z3 − Ωm,n

ζ − z4 − Ωm,n

ζ − z4 − Ωm,n

= 1,

ζ − z2 − Ωm,n

ζ − z2 − Ωm,n
= 1,

ζ − z5 − Ωm,n

ζ − z5 − Ωm,n
=

ζ − z5 − Ωm,n

ζ − z5 − Ωm,n−1
.Be
ause

∏

m,n∈Z

∣∣∣∣
ζ − z5 − Ωm,n

ζ − z5 − Ωm,n

∣∣∣∣
2is 
onvergent

∏

n∈Z

∣∣∣∣
ζ − z5 − Ωm,n

ζ − z5 − Ωm,n−1

∣∣∣∣
2

= lim
N→∞

N∏

n=−N

∣∣∣∣
ζ − z5 − Ωm,n

ζ − z5 − Ωm,n−1

∣∣∣∣
2

= lim
N→∞

∣∣∣∣
ζ − z5 − Ωm,N

ζ − z5 − Ωm,−N−1

∣∣∣∣
2

= lim
N→∞

∣∣∣∣∣
ζ − z5 − 6m− 2i

√
3N

ζ − z5 − 6m+ 2i
√

3(N + 1)

∣∣∣∣∣

2

= 1.Therefore G1(z, ζ) = 0 for z = z1, ζ ∈ T.ii. On the segment ∂2T from i
√

3 to −1 where
z = −1

2
(1 − i

√
3)z −

√
3

2
(
√

3 − i),also the equalities
z1 = z1 − 2i

√
3, z3 = z2, z4 = z4, z5 = z + 6are true. Then

ζ − z1 − Ωm,n

ζ − z1 − Ωm,n
=

ζ − z1 − Ωm,n

ζ − z1 − Ωm,n−1
,
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h
ζ − z2 − Ωm,n

ζ − z2 − Ωm,n

ζ − z3 − Ωm,n

ζ − z3 − Ωm,n
= 1,

ζ − z4 − Ωm,n

ζ − z4 − Ωm,n
= 1,

ζ − z5 − Ωm,n

ζ − z5 − Ωm,n

=
ζ − z − Ωm+1,n

ζ − z − Ωm+1,n

.Similarly as in 
ase i
G1(z, ζ) = 0 for z = z5 + 6, ζ ∈ T,is seen.iii. On the segment ∂3T on the real axis z = z, then
z1 = z2, z3 = z3 − 2i

√
3, z4 = z5.Arguing as before G1(z, ζ) = 0 is seen for z = z, ζ ∈ T. �Lemma 2 shows G1(z, ζ) to be the harmoni
 Green fun
tion for T. In fa
t, itsatis�es all properties of a Green fun
tion formulated in Theorem 1. The uniquenessof the Green fun
tion in general follows easily form the maximum prin
iple forharmoni
 fun
tions, as is well known. Its symmetry G1(z, ζ) = G1(ζ, z) follows fromthe basi
 properties of G1(z, ζ) in general. But for a parti
ular 
ase the symmetryshould be seen dire
tly.Lemma 3. For z, ζ ∈ T the symmetry relation

G1(z, ζ) = G1(ζ, z)holds.Proof. Introdu
ing the relations
z3 = z + 3 + i

√
3,

z4 = z1 + 3 + i
√

3,

z5 = z2 + 3 + i
√

3,the Green fun
tion 
an be expressed as
G1(z, ζ) = log

∏

m+n∈2Z

∣∣∣∣
ζ − z − ωm,n
ζ − z − ωm,n

ζ − z1 − ωm,n
ζ − z1 − ωm,n

ζ − z2 − ωm,n
ζ − z2 − ωm,n

∣∣∣∣
2

, (6)where now
ωm,n = 3m+ i

√
3n for m+ n ∈ 2Z.The single fa
tors are

∣∣∣∣
ζ − z − ωm,n
ζ − z − ωm,n

∣∣∣∣ =

∣∣∣∣
z − ζ − ω−m,n
z − ζ − ω−m,−n

∣∣∣∣ ,
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∣∣∣∣
ζ − z1 − ωm,n
ζ − z1 − ωm,n

∣∣∣∣ =

∣∣∣∣∣
ζ + 1

2
(1 + i

√
3)z −

√
3

2
(
√

3 + i) − ωm,n

ζ + 1
2
(1 + i

√
3)z −

√
3

2
(
√

3 + i) − ωm,−n

∣∣∣∣∣

=

∣∣∣∣∣
1
2
(1 − i

√
3)ζ + z −

√
3

2
(
√

3 − i) − 1
2
(3(m+ n) − i

√
3(3m− n))

1
2
(1 − i

√
3)ζ + z −

√
3

2
(
√

3 − i) − 1
2
(3(m− n) − i

√
3(3m+ n))

∣∣∣∣∣

=

∣∣∣∣∣
z − ζ1 − ωm+n

2
, 3m−n

2

z − ζ2 − ωm−n
2

, 3m+n
2

∣∣∣∣∣ ,

∣∣∣∣
ζ − z2 − ωm,n
ζ − z2 − ωm,n

∣∣∣∣ =

∣∣∣∣∣
ζ + 1

2
(1 + i

√
3)z −

√
3

2
(
√

3 + i) − ωm,−n

ζ + 1
2
(1 + i

√
3)z −

√
3

2
(
√

3 + i) − ωm,n

∣∣∣∣∣

=

∣∣∣∣∣
1
2
(1 − i

√
3)ζ + z −

√
3

2
(
√

3 − i) − 1
2
(3(m− n) − i

√
3(3m+ n))

1
2
(1 − i

√
3)ζ + z −

√
3

2
(
√

3 − i) − 1
2
(3(m+ n) − i

√
3(3m− n))

∣∣∣∣∣

=

∣∣∣∣∣
z − ζ2 − ωm−n

2
,− 3m+n

2

z − ζ1 − ωm+n
2

,− 3m−n
2

∥∥∥∥∥ ,so that
G1(z, ζ) = log

∏

m+n∈2Z

∣∣∣∣∣
z − ζ − ω−m,n
z − ζ − ω−m,−n

z − ζ1 − ωm+n
2

, 3m−n
2

z − ζ1 − ωm+n
2

,− 3m−n
2

z − ζ2 − ωm−n
2

,− 3m+n
2

z − ζ2 − ωm−n
2

, 3m+n
2

∥∥∥∥∥

2

.The system
m+ n = 2k, 3m− n = 2lis uniquely solvable in Z for given k, l satisfying k + l ∈ 2Z by
2m = k + l, 2n = k − l.Multiplying
∏

m+n∈2Z

∣∣∣∣
z − ζ − ωm,−n
z − ζ − ωm,n

∣∣∣∣
2by

∏

m+n∈2Z

∣∣∣∣
z − ζ − ωm,n

z − ζ − ωm,−n

∣∣∣∣
2

= 1�nally
G1(z, ζ) = log

∏

m+n∈2Z

∣∣∣∣
z − ζ − ωm,n
z − ζ − ωm,n

z − ζ1 − ωm,n

z − ζ1 − ωm,n

z − ζ2 − ωm,n
z − ζ2 − ωm,n

∣∣∣∣
2

= G1(ζ, z)is obtained.From (6) the boundary behavior of the Green fun
tion G1(z, ζ) is easily seen. Aswelli. for z = z1 and the fa
t z2 = z2 as
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hii. for z = z and the fa
t z1 = z2 the formula (6) immediately shows that theboundary values vanish.iii. For the last side of T where
z = −1

2
(1 − i

√
3)z −

√
3

2
(
√

3 − i)implies
z1 = z1 + 2i

√
3, z2 = z + 3 + i

√
3the form (6) shows

G1(z, ζ) = log
∏

m,n∈2Z

∣∣∣∣
ζ − z − ωm,n
ζ − z − ωm,n

ζ − z1 − ωm,n
ζ − z1 − ωm,n−2

ζ − z − ωm+1,n−1

ζ − z − ωm+1,n+1

∣∣∣∣
2

= 0.

�In the Green representation formula besides the Green fun
tion itself also thePoisson kernel is needed. It is given by the outward normal derivative of the Greenfun
tion on the boundary
P (z, ζ) = −∂νzG1(z, ζ), z ∈ ∂T, ζ ∈ T.For ∂1T, where z = z1, the outward normal derivative is

∂νz =
1

2
(
√

3 + i)∂z +
1

2
(
√

3 − i)∂z.For ∂2T, where z = z5 − 6, it is
∂νz =

1

2
(
√

3 − i)∂z +
1

2
(
√

3 + i)∂z.For ∂3T, where z = z, this is
∂νz = −i∂z + i∂z .Theorem 2. The Poisson kernel for T is given as

P (z, ζ) = Re
∑

m+n∈2Z





2(
√

3 + i)
[

1
z−ζ−ωm,n

− 1
z−ζ−ωm,n

+ 1
z−ζ1−ωm,n

]
on ∂1T,

2(
√

3 − i)
[

1
z−ζ−ωm,n

− 1
z−ζ−ωm,n

+ 1
z−ζ2−ωm,n

]
on ∂2T,

2i
[

1
z−ζ−ωm,n

+ 1
z−ζ1−ωm,n

− 1
z−ζ2−ωm,n

]
on ∂3T.Proof. i. On ∂1T the relations z = z1 and z2 = z2 hold. ∂νzG1(z, ζ) = Re(

√
3 +

i)∂zG1(z, ζ). Moreover, for the Poisson integral formula
dsz = −2dx, dz = (1 − i

√
3)dx, dx =

1

4
(1 + i

√
3)dz,

dz = −1

2
(1 − i

√
3)dz,
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∂νzG1(z, ζ) =

∑

m+n∈2Z

[
1

ζ − z − ωm,n
− 1

ζ − z − ωm,n

−1

2

1 − i
√

3

ζ − z1 − ωm,n
− 1

2

1 − i
√

3

ζ − z1 − ωm,n
− 1

2

1 + i
√

3

ζ − z2 − ωm,n
+

1

2

1 + i
√

3

ζ − z2 − ωm,n

]
,i.e.

∂νzG1(z, ζ) = Re
∑

m+n∈2Z

[ √
3 + i

ζ − z − ωm,n
−

√
3 + i

ζ − z − ωm,n

−
√

3 − i

ζ − z1 − ωm,n
+

√
3 − i

ζ − z1 − ωm,n
− 2i

ζ − z2 − ωm,n
+

2i

ζ − z2 − ωm,n

]

= Re
∑

m+n∈2Z

2

[ √
3 + i

ζ − z − ωm,n
−

√
3 + i

ζ − z − ωm,n
− 2i

ζ − z2 − ωm,n

]follows. The last term in the sum 
an be rewritten as
2i

ζ − z2 − ωm,n
=

√
3 + i

z − ζ1 − ωm+n
2

, 3m−n
2

,where
ζ1 = −1

2
(1 + i

√
3)ζ +

√
3

2
(
√

3 + i).Hen
e, on ∂T1

∂νzG1(z, ζ) = Re
∑

m+n∈2Z

2(
√

3 + i)

[ −1

z − ζ − ωm,n
+

1

z − ζ − ωm,n
− 1

z − ζ1 − ωm,n

]
.Remark 1. For any 
omplex number a the sum

∑

m+n∈2Z

1

a− ωm,nis 
onvergent. This is seen from
2
∑

m+n∈2Z

1

a− ωm,n
=

∑

m+n∈2Z

[
1

a− ωm,n
+

1

a+ ωm,n

]
=

∑

m+n∈2Z

2a

a2 − ω2
m,n

.ii. On ∂2T besides z1 = z1 − 2i
√

3, z2 = z + 3 + i
√

3 holds
∂νzG1(z, ζ) = Re(

√
3 − i)∂zG1(z, ζ).Also

dsz = −2dx, dz = (1 + i
√

3)dx, dx =
1

4
(1 − i

√
3)dz, dz = −1

2
(1 − i

√
3)dz.
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hAs before in step i
∂νzG1(z, ζ) = Re

∑

m+n∈2Z

[ √
3 − i

ζ − z − ωm,n
−

√
3 − i

ζ − z − ωm,n

+
2i

ζ − z1 − ωm,n
− 2i

ζ − z1 − ωm,n
−

√
3 + i

ζ − z2 − ωm,n
+

√
3 + i

ζ − z2 − ωm,n

]

= Re
∑

m+n∈2Z

2

[ √
3 − i

ζ − z − ωm,n
−

√
3 − i

ζ − z − ωm,n
+

2i

ζ − z1 − ωm,n

]is seen. Here the last term is
2i

ζ − z1 − ωm,n
= −

√
3 − i

z − ζ2 − ωm−n
2

, 3m+n
2

,where
ζ2 = −1

2
(1 + i

√
3)ζ +

√
3

2
(
√

3 + i).Thus on ∂2T

∂νzG1(z, ζ) = Re
∑

m+n∈2Z

2(
√

3 − i)

[ −1

z − ζ − ωm,n
+

1

z − ζ − ωm,n
− 1

z − ζ2 − ωm,n

]
.iii. On ∂3T holds z = z so that z1 = z2 and

∂νzG1(z, ζ) = 2Re i ∂zG1(z, ζ).Here dsz = dx = dz = dz. Moreover,
∂νzG1(z, ζ) = Re

∑

m+n∈2Z

[
i

ζ − z − ωm,n
− i

ζ − z − ωm,n

−1

2

√
3 + i

ζ − z1 − ωm,n
+

1

2

√
3 + i

ζ − z1 − ωm,n
+

1

2

√
3 − i

ζ − z2 − ωm,n
− 1

2

√
3 − i

ζ − z2 − ωm,n

]
.Be
ause √

3 − i

ζ − z1 − ωm,n
= − 2i

z − ζ1 − ωm+n
2

,n−3m
2

,

√
3 − i

ζ − z1 − ωm,n
= − 2i

z − ζ2 − ωm−n
2

,− 3m+n
2

,then
∂νzG1(z, ζ) = Re

∑

m+n∈2Z

2i

[ −1

z − ζ − ωm,n
− 1

z − ζ1 − ωm,n
+

1

z − ζ2 − ωm,n

]
.

�
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tion for the triangle TTo our knowledge there is no theoreti
al method to get a harmoni
 Neumannfun
tion from the Green fun
tion. By experien
e it 
an be a
hieved by the followingpro
edure. When the Green fun
tion is given by a 
ertain quotient, the Neumannfun
tion turns out to be just given by multiplying all the fa
tors of the quotient, seee.g. [3℄, [6℄. However, sometimes a modi�
ation is needed in order to get 
onvergen
eof the produ
t in 
ase when this is an in�nite one.Theorem 3. A harmoni
 Neumann fun
tion for T is
N1(z, ζ) = − log

∣∣∣∣∣∣∣∣

5∏

k=0

(ζ − zk)(ζ − zk)
∏

m,n∈Z,
0<m2+n2

5∏

k=0

(
ζ − zk
Ωm,n

− 1

)(
ζ − zk
Ωm,n

− 1

)
∣∣∣∣∣∣∣∣

2

for z, ζ ∈ T, z 6= ζ, where z0 = z.Proof. At �rst
∏

m,n∈Z,
0<m2+n2

∣∣∣∣
ζ − zk
Ωm,n

− 1

∣∣∣∣
2will be shown to 
onverge. Let the fa
tor be denoted by am,n. Then

∏

m,n∈Z,
0<m2+n2

am,n =

∞∏

m=1

a−m,0am,0

∞∏

n=1

a0,−na0,n

∞∏

m,n=1

a−m,−na−m,nam,−nam,n.Obviously,
∞∏

m=1

a−m,0am,0 =

∞∏

m=1

∣∣∣∣
(
ζ − zk
6m

+ 1

)(
ζ − zk
6m

− 1

)∣∣∣∣
2

=

∞∏

m=1

∣∣∣∣
(ζ − zk)

2

36m2
− 1

∣∣∣∣
2and

∞∏

n=1

a0,−na0,n =

∞∏

n=1

∣∣∣∣
(
ζ − zk

2i
√

3n
+ 1

)(
ζ − zk

2i
√

3n
− 1

)∣∣∣∣
2

=

∞∏

n=1

∣∣∣∣
(ζ − zk)

2

12n2
+ 1

∣∣∣∣
2are 
onvergent. Moreover,

∞∏

m,n=1

a−m,−nam,n =

∞∏

m,n=1

∣∣∣∣
(

ζ − zk

6m+ 2i
√

3n
+ 1

)(
ζ − zk

6m+ 2i
√

3n
− 1

)∣∣∣∣
2

=

∞∏

m,n=1

∣∣∣∣
(ζ − zk)

2

(6m+ 2i
√

3n)2
− 1

∣∣∣∣
2
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hand
∞∏

m,n=1

a−m,nam,−n =

∞∏

m,n=1

∣∣∣∣
(

ζ − zk

6m− 2i
√

3n
+ 1

)(
ζ − zk

6m− 2i
√

3n
− 1

)∣∣∣∣
2

=
∞∏

m,n=1

∣∣∣∣
(ζ − zk)

2

(6m− 2i
√

3n)2
− 1

∣∣∣∣
2
onverge as

∞∑

m,n=1

∣∣∣∣
(ζ − zk)

2

(6m+ 2i
√

3n)2

∣∣∣∣
2
onverges.Next the normal derivative on ∂T has to be 
al
ulated.On ∂1T the outward normal derivative is

∂νz =
1

2
(
√

3 + i)∂z +
1

2
(
√

3 − 1)∂z.Thus di�erentiating N1(z, ζ) termwise and taking into a

ount the expressions for
z1, ..., z5 (formulas (1)�(5))

∂νzN1(z, ζ) = −
∑

m,n∈Z

5∑

k=0

∂νz

[
log |ζ − zk − Ωm,n|2 + log |ζ − zk − Ωm,n|2

]

= i
∑

m,n∈Z

[
1

ζ − z5 − Ωm,n

− 1

ζ − z5 − Ωm,n

+
1

ζ − z5 − Ωm,n

− 1

ζ − z5 − Ωm,n

] (7)is seen. This series is absolutely 
onvergent as the two twi
e double sums
∑

m,n∈Z

[
1

ζ − z5 − Ωm,n
− 1

ζ − z5 − Ωm,n)

]
,

∑

m,n∈Z

[
1

ζ − z5 − Ωm,n

− 1

ζ − z5 − Ωm,n)

]are absolutely 
onvergent.As on ∂1T hold z = z1, z2 = z2, z3 = z4, z5 = z5 − 2
√

3i this in turn gives that(7) equals to
i
∑

m,n∈Z

[
1

ζ − z5 − Ωm,n
− 1

ζ − z5 − Ωm,n−1
+

1

ζ − z5 − Ωm,−n
− 1

ζ − z5 − Ωm,−(n+1)

]
.From

N∑

n=−N

[
1

ζ − z5 − Ωm,n
− 1

ζ − z5 − Ωm,n−1
+

1

ζ − z5 − Ωm,−n
− 1

ζ − z5 − Ωm,−(n+1)

]
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=

N∑

n=−N

[
1

ζ − z5 − Ωm,n

− 1

ζ − z5 − Ωm,n−1

+
1

ζ − z5 − Ωm,n

− 1

ζ − z5 − Ωm,n−1

]

=
1

ζ − z5 − Ωm,N
− 1

ζ − z5 − Ωm,−(N+1)

+
1

ζ − z5 − Ωm,N

− 1

ζ − z5 − Ωm,−(N+1)

=
2i
√

3(2N + 1)

(ζ − z5 − 6m− 2i
√

3N)(ζ − z5 − 6m+ 2i
√

3(N + 1))

+
2i
√

3(2N + 1)

(ζ − z5 − 6m− 2i
√

3N)(ζ − z5 − 6m+ 2i
√

3(N + 1))�nally
∂νzN1(z, ζ) = 0is seen for z on ∂1T, ζ ∈ T.On ∂2T the outward normal derivative is

∂νz =
1

2
(
√

3 − i)∂z +
1

2
(
√

3 + i)∂z .On this line z1 = z1 − 2i
√

3, z2 = z3, z4 = z4, z5 = z + 6.Dire
t 
al
ulations show
∂νzN1(z, ζ) =

1

2
(
√

3−i)
∑

m,n∈Z

[
1

ζ − z − Ωm,n

− 1

ζ − z − Ωm+1,n

+
1

ζ − z − Ωm,n

− 1

ζ − z − Ωm+1,n

]

+
1

2
(
√

3+i)
∑

m,n∈Z

[
1

ζ − z − Ωm,n

− 1

ζ − z − Ωm+1,n

+
1

ζ − z − Ωm,n

− 1

ζ − z − Ωm+1,n

]

−i
∑

m,n∈Z

[
1

ζ − z1 − Ωm,n
− 1

ζ − z1 − Ωm,n−1
+

1

ζ − z1 − Ωm,n

− 1

ζ − z1 − Ωm,n−1

]
.All these sums are of the above type as in step i and hen
e equal zero. Thus also on

∂2T
∂νzN1(z, ζ) = 0 for any ζ ∈ T.On ∂3T the outward normal derivative is
∂νz = −i∂y = −i∂z + i∂z .On this line as part of the real axis

z = z1, z1 = z2, z3 = z3 − 2i
√

3, z4 = z5.Thus
∂νzN1(z, ζ)

= i
∑

m,n∈Z

[
1

ζ − z3 − Ωm,n

− 1

ζ − z3 − Ωm,n

+
1

ζ − z3 − Ωm,n

− 1

ζ − z3 − Ωm,n

]
,
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hfrom where as before
∂νzN1(z, ζ) = 0is seen for z on ∂3T and ζ ∈ T. �Remark 2. The fun
tion

N̂1(z, ζ) = − log

∣∣∣∣∣∣∣∣
(ζ − z)(ζ − z1)(ζ − z2)

∏

m,n∈Z,
0<m2+n2

2∏

k=0

(
ζ − zk
ωm,n

− 1

)(
ζ − zk
ωm,n

− 1

)
∣∣∣∣∣∣∣∣

2

,where z0 = z and ωm,n = 3m + i
√

3n, di�ers from N1(z, ζ) just by an additive
onstant. It therefore 
an serve as Neumann fun
tion also having the same boundarybehavior.As the normal derivative of the Neumann fun
tions vanishes on ∂T outside the
orner points, the Neumann problem for the Poisson equation in T is un
onditionallysolvable.That N̂1(z, ζ) di�ers only by an additive 
onstant from N1(z, ζ) follows from thefa
ts
zk = zk−3 + 3 + i

√
3 for 3 ≤ k ≤ 5.For those k

ζ − zk
Ωm,n

− 1 =

[
ζ − zk−3

ω2m+1,2n+1

− 1

][
1 +

3 + i
√

3

Ωm,n

]
,

ζ − zk
Ωm,n

− 1 =

[
ζ − zk−3

ω2m+1,2n−1
− 1

][
1 +

3 − i
√

3

Ωm,n

]and
∏

m,n∈Z

∣∣∣∣∣1 +
3 + i

√
3

Ωm,n

∣∣∣∣∣

2

=

∞∏

m,n=1

∣∣∣∣∣∣


1 −

(
3 + i

√
3

Ωm,n

)2



1 −

(
3 − i

√
3

Ωm,n

)2


∣∣∣∣∣∣

2

.This produ
t is 
onvergent and the mentioned 
onstant is just the sixth power ofthis value.A
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