ISSN (Print): 2077-9879
ISSN (Online): 2617-2658

Eurasian
Mathematical
Journal

2021, Volume 12, Number 3

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples’ Friendship University of Russia (RUDN University)
the University of Padua

Starting with 2018 co-funded
by the L.N. Gumilyov Eurasian National University
and
the Peoples’ Friendship University of Russia (RUDN University)

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Nur-Sultan, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy
Vice-Editors—in—Chief
K.N. Ospanov, T.V. Tararykova

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (China), O.V. Besov (Russia),
N.K. Bliev (Kazakhstan), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud
(France), A. Caetano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov
(Russia), A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia),
M.L. Goldman (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany),
A. Hasanoglu (Turkey), M. Huxley (Great Britain), P. Jain (India), T.Sh. Kalmenov (Kazakhstan),
B.E. Kangyzhin (Kazakhstan), K.K. Kenzhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin
(Great Britain), V. Kokilashvili (Georgia), V.I. Korzyuk (Belarus), A. Kufner (Czech Republic),
L.K. Kussainova (Kazakhstan), P.D. Lamberti (Italy), M. Lanza de Cristoforis (Italy), I. Lan-
zara (Italy), V.G. Maz'ya (Sweden), K.T. Mynbayev (Kazakhstan), E.D. Nursultanov (Kazakhstan),
R. Oinarov (Kazakhstan), I.N. Parasidis (Greece), J. Petari¢ (Croatia), S.A. Plaksa (Ukraine), L.-
E. Persson (Sweden), E.L. Presman (Russia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia),
M. Reissig (Germany), M. Ruzhansky (Great Britain), M.A. Sadybekov (Kazakhstan), S. Sagitov
(Sweden), T.O. Shaposhnikova (Sweden), A.A. Shkalikov (Russia), V.A. Skvortsov (Poland), G. Sin-
namon (Canada), E.S. Smailov (Kazakhstan), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia),
D. Suragan (Kazakhstan), [.A. Taimanov (Russia), J.A. Tussupov (Kazakhstan), U.U. Umirbaev
(Kazakhstan), Z.D. Usmanov (Tajikistan), N. Vasilevski (Mexico), Dachun Yang (China), B.T. Zhu-
magulov (Kazakhstan)

Managing Editor
A.M. Temirkhanova

(© The L.N. Gumilyov Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research papers
in all areas of mathematics written by mathematicians, principally from Europe and Asia. However
papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of the EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,
MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal — Matematika, Math-Net.Ru.

The EMJ is included in the list of journals recommended by the Committee for Control of
Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education and
Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted electronically in
DVI, PostScript or PDF format to the EMJ Editorial Office through the provided web interface
(www.enu.kz).

When the paper is accepted, the authors will be asked to send the tex-file of the paper to the
Editorial Office.

The author who submitted an article for publication will be considered as a corresponding author.
Authors may nominate a member of the Editorial Board whom they consider appropriate for the
article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the EMJ.
Manuscripts are accepted for review on the understanding that the same work has not been already
published (except in the form of an abstract), that it is not under consideration for publication
elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors’ names (no degrees).
It should contain the Keywords (no more than 10), the Subject Classification (AMS Mathematics
Subject Classification (2010) with primary (and secondary) subject classification codes), and the
Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.

References. Bibliographical references should be listed alphabetically at the end of the article.
The authors should consult the Mathematical Reviews for the standard abbreviations of journals’
names.

Authors’ data. The authors’ affiliations, addresses and e-mail addresses should be placed after
the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in the
paper being published in a later issue.

Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice

For information on Ethics in publishing and FEthical guidelines for journal publication see
http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic thesis or as
an electronic preprint, see http://www.elsevier.com/postingpolicy), that it is not under consideration
for publication elsewhere, that its publication is approved by all authors and tacitly or explicitly by
the responsible authorities where the work was carried out, and that, if accepted, it will not be
published elsewhere in the same form, in English or in any other language, including electronically
without the written consent of the copyright-holder. In particular, translations into English of papers
already published in another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent
data, incorrect interpretation of other works, incorrect citations, etc. The EMJ follows the Code
of Conduct of the Committee on Publication Ethics (COPE), and follows the COPE Flowcharts
for Resolving Cases of Suspected Misconduct (http://publicationethics.org/files/u2/NewCode.pdf).
To verify originality, your article may be checked by the originality detection service CrossCheck
http:/ /www.elsevier.com /editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be
chosen in such a way that there is no conflict of interests with respect to the research, the authors
and/or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will
only accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clarifications, retractions and apologies when needed. The acceptance of
a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure

1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject to
mandatory reviewing.

1.2. The Managing Editor of the journal determines whether a paper fits to the scope of the EMJ
and satisfies the rules of writing papers for the EMJ, and directs it for a preliminary review to one
of the Editors-in-chief who checks the scientific content of the manuscript and assigns a specialist for
reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly qualified scientists and specialists of the
L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other universities of
the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at creating
conditions for the most rapid publication of the paper.

1.5. Reviewing is confidential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education and
Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES). The
author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.

1.7. A positive review is not a sufficient basis for publication of the paper.

1.8. If a reviewer overall approves the paper, but has observations, the review is confidentially
sent to the author. A revised version of the paper in which the comments of the reviewer are taken
into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is confidentially sent to the author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The final decision on publication of the paper is made by the Editorial Board and is recorded
in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor
informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial Office for three years from the date of publica-
tion and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review

2.1. In the title of a review there should be indicated the author(s) and the title of a paper.

2.2. A review should include a qualified analysis of the material of a paper, objective assessment
and reasoned recommendations.

2.3. A review should cover the following topics:

- compliance of the paper with the scope of the EMJ;

- compliance of the title of the paper to its content;

- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words and
phrases, bibliography etc.);

- a general description and assessment of the content of the paper (subject, focus, actuality of
the topic, importance and actuality of the obtained results, possible applications);

- content of the paper (the originality of the material, survey of previously published studies on
the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);



- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of biblio-
graphic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and understanding
of the presented scientific results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The final part of the review should contain an overall opinion of a reviewer on the paper
and a clear recommendation on whether the paper can be published in the Eurasian Mathematical
Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of the EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in the EMJ (free access).

Subscription
Subscription index of the EMJ 76090 via KAZPOST.
E-mail

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EMJ)

The Nur-Sultan Editorial Office

The L.N. Gumilyov Eurasian National University
Building no. 3

Room 306a

Tel.: +7-7172-709500 extension 33312

13 Kazhymukan St

010008 Nur-Sultan, Kazakhstan

The Moscow Editorial Office

The Peoples’ Friendship University of Russia
(RUDN University)

Room 562

Tel.: +7-495-9550968

3 Ordzonikidze St

117198 Moscow, Russia



VICTOR IVANOVICH BURENKOV
(to the 80th birthday)

On July 15, 2021 was the 80th birthday of Victor Ivanovich Burenkov,
editor-in-chief of the Eurasian Mathematical Journal (together with V.A.
Sadovnichy and M. Otelbaev), professor of the S.M. Nikol’skii Institute
of Mathematics at the RUDN University (Moscow), chairman of the Dis-
sertation Council at the RUDN University, research fellow (part-time) at
the Steklov Institute of Mathematics (Moscow), honorary academician of
the National Academy of Sciences of the Republic of Kazakhstan, doctor
of physical and mathematical sciences(1983), professor (1986), honorary
professor of the L.N. Gumilyov Eurasian National University (Astana,
Kazakhstan, 2006), honorary doctor of the Russian-Armenian (Slavonic) University (Yerevan, Arme-
nia, 2007), honorary member of staff of the University of Padua (Italy, 2011), honorary distinguished
professor of the Cardiff School of Mathematics (UK,2014), honorary professor of the Aktobe Regional
State University (Kazakhstan, 2015).

V.I. Burenkov graduated from the Moscow Institute of Physics and Technology (1963) and com-
pleted his postgraduate studies there in 1966 under supervision of the famous Russian mathematician
academician S.M. Nikol’skii.He worked at several universities, in particular for more than 10 years
at the Moscow Institute of Electronics, Radio-engineering, and Automation, the RUDN University,
and the Cardiff University. He also worked at the Moscow Institute of Physics and Technology, the
University of Padua, and the L.N. Gumilyov Eurasian National University. Through 2015-2017 he
was head of the Department of Mathematical Analysis and Theory of Functions (RUDN University).
He was one of the organisers and the first director of the S.M. Nikol’skii Institute of Mathematics at
the RUDN University (2016-2017).

He obtained seminal scientific results in several areas of functional analysis and the theory of
partial differential and integral equations. Some of his results and methods are named after him:
Burenkov’s theorem on composition of absolutely continuous functions, Burenkov’s theorem on con-
ditional hypoellipticity, Burenkov’s method of mollifiers with variable step, Burenkov’s method of
extending functions, the Burenkov-Lamberti method of transition operators in the problem of spec-
tral stability of differential operators, the Burenkov-Guliyevs conditions for boundedness of operators
in Morrey-type spaces. On the whole, the results obtained by V.I. Burenkov have laid the ground-
work for new perspective scientific directions in the theory of functions spaces and its applications
to partial differential equations, the spectral theory in particular.

More than 30 postgraduate students from more than 10 countries gained candidate of sciences or
PhD degrees under his supervision. He has published more than 190 scientific papers. His monograph
“Sobolev spaces on domains” became a popular text for both experts in the theory of function spaces
and a wide range of mathematicians interested in applying the theory of Sobolev spaces. In 2011 the
conference “Operators in Morrey-type Spaces and Applications”, dedicated to his 70th birthday was
held at the Ahi Evran University (Kirsehir, Turkey). Proceedings of that conference were published
in the EMJ 3-3 and EMJ 4-1.

V.I. Burenkov is still very active in research. Through 2016-2021 he published 20 papers in leading
mathematical journals.

The Editorial Board of the Eurasian Mathematical Journal congratulates Victor Ivanovich Bu-
renkov on the occasion of his 80th birthday and wishes him good health and new achievements in
science and teaching!
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Abstract. In this work we establish a Stokes-type integral equality for scalarly essentially in-
tegrable forms on an orientable smooth manifold with values in the locally convex linear space
(B(G),0(B(G),N)), where G is a complex Banach space and N is a suitable linear subspace of the
norm dual of B(G). This result widely extends the Newton-Leibnitz-type equality stated in one of
our previous articles. To obtain our equality we generalize the main result of those articles, and
employ the Stokes theorem for smooth locally convex vector-valued forms established there. Two
facts are remarkable. First, the forms integrated involved in the equality are functions of a possibly
unbounded scalar-type spectral operator in GG. Secondly, these forms need not be smooth nor even
continuously differentiable.

DOI: https://doi.org/10.32523/2077-9879-2021-12-3-78-89

1 Introduction

In this work we establish in Theorem 3.3 a Stokes-type integral equality for scalarly essentially
integrable (B(G),o(B(G),NN))-valued forms on an orientable smooth manifold, where G is a com-
plex Banach space. This result widely extends the Newton-Leibnitz-type equality established in [3,
Corollary 2.33]. To obtain the equality we employ the Extension Theorem 3.2 a generalization of
[3, Theorem 2.25| along with the Stokes theorem for smooth locally convex vector-valued forms [4,
Theorem 2.54]. Two facts are remarkable. First, these forms are functions of a possibly unbounded
scalar-type spectral operator in GG. Secondly these forms need not be smooth nor even continuously
differentiable.

2 Notation

In the present work we employ the notation of 3] and of [4], with the following two remarks. First,
what in [3] is called “Radon measure” and meant measure in the sense of Bourbaki |1, Chapter 111,
§1, n°3, Definition 2|, here accordingly will be called simply “measure”. Secondly, if Z is a K-locally
convex vector space with K € {R, C}, then Z’ = £(Z,K) denotes the topological dual of Z.

If G is a C-Banach space, then let CIO(G) denote the set of all closed operators in G. If X is
a locally compact space and p is a measure on X, then a map f : X — C is scalarly essentially
p-integrable or simply essentially p-integrable if and only if SR o zgf"‘ ofandJo zgR o f are essentially
p-integrable, where R, J € L(Cg, R) are the real and imaginary parts, respectively.
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We recall from [3, pages 39 - 40| that if (Z, 7) is a Hausdorff locally convex space over K € {R, C},
then by definition f : X — (Z,7) is scalarly essentially (u, Z)-integrable, or f : X — Z is scalarly
essentially (u, Z)-integrable with respect to the topology 7, if and only if P o f is essentially u-
integrable for every V € (Z,7) and the weak integral of f belongs to Z, namely there exists a
necessarily unique element s € Z such that P(s) = [( o f) du for every P € (Z, 7). In such a case
we shall define [ fdu = s.

Let N € Z*, define PN : RN 5 R¥"L g5 2 [ [I,N -1 NZif N>1 2+ 0if N=1. Let M
be a nonzero dimensional manifold with boundary and let (U, ¢) be a boundary chart of M, define
¢OM = (pldimM] o 25?;]“;”] 0 ¢ 01 o) Where f, = f [Ransel) for any map f. Let U be a collection
of charts of M, and let Uy be the subcollection of all those elements in ¢/ that are boundary charts,
define U? = {(UNOM, ¢°M) | (U, ¢) € Up}. Tf U is an atlas of M, then U is an atlas of 9M, moreover
if M is oriented and U is oriented, then U9 is oriented and (U N M, ¢?M) is y-oriented if and only
if (U, ¢) € U is y-oriented, with v € {1, —1}.

We fix the following data. G is a C-Banach space; R is a possibly unbounded scalar-type spectral
operator on G let o(R) be its spectrum and let E be its resolution of identity; an E—appropriate set
N |3, Definition 2.11|; a scalar-type spectral operator T' € B(G) and let o(T) denote its spectrum;
locally compact spaces X,Y and measures p and v on X and Y respectively; a finite dimensional
smooth manifold M, with or without boundary, such that N = dim M # 0.

3 Main results

Theorem 3.1. Let {0, }nen be an E—sequence, let maps X > x +— f, € Bor(o(R)) and Y 5 y —
u, € Bor(o(R)) be such that fo € £2(0(R)), p— lLa.e.(X) and uy € £5(0(R)), v —l.a.e(Y). Let
X 52— fi(R) € (B(G),o(B(G),N)) and Y > y — uy(R) € (B(G),0(B(G),N)) be scalarly
essentially (1, B(G))—integrable and (v, B(G))—integrable respectively, let g,h € Bor(c(R)). If for
alln € N,

9(Ro, TGUW)/ fo(Bo, | Go,) dp(x) € h(Ro, TGUW)/ uy(Ro, | Go,) dv(y), (3.1)

then

B [ LB dne) 10 =nm) [ wmdv) e (3.2)

In (3.1) the weak-integrals are with respect to the measures p and v and with respect to the
o(B(G,,), Ny, )-topology, while in (3.2)

0= Dom< /fz ) d p(x ) N Dom <h(R)/ uy(R)dV(y)),

and the weak-integrals are with respect to the measures i and v and with respect to the o(B(G),N)-
topology.

Proof. (3.1) is meaningful by [3, Theorem 2.22|. By [3, (1.18)], for all z € ©
/fm ) d p( )z-hmEan /fx ) d p(z

by [2, Theorem 18.2.11(g)| and |3, (2.25)]

~ting(R) [ £.(F)dpla) B2

neN
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by|3, (2.31)] and [3, Lemma 1.7] applied to g(R)

—tin (R, | Go,) [ folRa, 1 Ga)dn(o) Elcy)z

neN

by hypothesis (3.1)

neN

=limh(R,, | Gy,) / Uuy(Ry, | Go,)dv(y) E(o,)z

by the above, replacing g by h, f by u and u by v,

—h(R)/uy(R)du(y)z. (3.3)
0

Theorem 3.2 (0(B(G),N)—Extension Theorem). Let X > z — f, € Bor(o(R)) be such that
fo € £2(0(R)), p—lLae(X) and X 3 z — f.(R) € (B(G),0(B(G),N)) be scalarly essentially
(n, B(G))—integrable. Moreover, let Y > y — u, € Bor(c(R)) be such that u, € £¥(c(R)), v —
lLa.e(Y) and Y 5 y — u,(R) € (B(GQ),0(B(G),N)) be scalarly essentially (v, B(G))—integrable.
Finally, let g,h € Bor(o(R)) and assume that !

h(R)/ uy(R) dv(y) € B(G). (3.4)
If {0y} nen is an E—sequence and for all n € N
9P, 1Go) [ SulRo, 1 Go)dne) € (Re, 1 G [, 1 G vl (35)
then
o) [ FR) dn(e) = h(R) [ uy(R)dvo), (36)

In (3.5) the weak-integral are with respect to the measures p and v and with respect to the
0(B(G,,), Ny, )-topology, while in (3.6) the weak-integral is with respect to the measures u and v
and with respect to the o(B(G), N)-topology.

Notice that g(R) and h(R) are possibly unbounded operators in G.
Proof. (3.4) and (3.2) imply

oB) [ FAR) dn(o) S 1(R) [ uy(R)dv) (3.7

Let us set B
(Vn € N)(d, = |g/([0,n])). (3.8)
We claim that
Unen 0n = o(R)
n>m= 0,2 on (3.9)
(Vn € N)(g(9,,) is bounded.)

For instance, but not necessarily, when h € £¥(o(R)), since in such a case |2, Theorem 18.2.11] implies that
h(R) € B(G).
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Since |g| € Bor(c(R)) we have ¢, € B(C) for all n € N, so {0, }nen is an E—sequence, hence by |[3,
(1.18)]
}1121\1I E(6,) = 1; (3.10)

with respect to the strong operator topology on B(G). Indeed, the first equality follows by the
equality

—1 —1 ~1
L 6. = [ l9l([0,n)) = |g] (U[O,n]> = |g|/(R") = Dom(g) = o(R),
neN neN neN
—1
the second by the fact that |g| preserves the inclusion, the third by the inclusion |g|(d,) C [0,n].
Hence our claim follows. By the third statement of (3.9), d,, € B(C) and [3, Lemma 1.7(3)| we obtain
(Vn € N)(E(d,)G € Dom(g(R))). (3.11)

By [3, (2.25)] and (3.11) for all n € N

[ £AR) dn(@)EG.)G € E(3,)G € Dom(g(R).
Therefore,
(¥n € N)(Vo € G) (E(cSn)v € Dom (g(R) / f.(R)d H@))) |
Hence, by (3.10)
D = Dom (g(R) / f.(R)d ,u(:r;)) is dense in G. (3.12)

Now, [ f:(R)du(z) € B(G) and g(R) is closed by |2, Theorem 18.2.11], so by |3, Lemma 1.15] we
find that

g(R)/ fz(R) d p(z) is closed. (3.13)
Next, (3.4) and (3.7) imply
o(F) [ £(R)duls) € BD.G). (3.19)
Now, (3.13), (3.14) and |3, Lemma 1.16] imply that D is closed in G, therefore by (3.12)
D = G;
therefore the statement follows by (3.7). O

Definition 1. Let V' be an open neighbourhood of o(R), | € R U {400} such that | = [,I[-V C V,
and F': V — C be analytic. Moreover, let W be a set and g : W — R such that g(W) C] —[,1[. Let
F,: VoA F(tA) € C with ¢t €] — [,1[. We define the following operator valued map originating
by the Borel functional calculus of the operator R

(Fy: W 3z Fyp(R) € ClO(G):

Corollary 3.1. Let V be an open neighbourhood of o(T), | € R* U {+o0} such that ] —1,I[-V CV,
and ' : V. — C be analytic. Moreover, let n,p € Z*, W be an open set of R", and g € CP(W,R)
such that g(W) C] — 1, 1[. Thus, (}Tﬂ’g € C*(W, B(Q@)), and for every i € [1,n| NZ we have

oCct )
‘g _ 99 g1,

de;  Oe; a9
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Proof. | — 1[5 t — F,(T) € B(G) is smooth by [3, Theorem 1.21], therefore, the first sentence of
the statement follows since a composition of CP-maps is a CP-map, while the equality follows by the
Chain Rule and by [3, Theorem 1.21]. O

Definition 2. Let k € Z,, w € Alt*(M) and (U, ¢ : U — W) be a chart of M. Define
w?: M(k,N,<) — AW),
s () (W)@, ... 07 ) 097"

Moreover, let V' be an open neighbourhood of ¢(R) such that R-V C V| F : V — C be analytic and
let § € B(C) be such that?

Range(CRiIG5) C B(Gs),
- f“ € £.(W.(B(Gs), 0(B(Gs). N5)), M.

Fw

(3.15)

Define
£0 Mk, N, <) > T £] | = Cﬁirga 0

and then define [w, ¢, 0, F] € Alt*(U, M; (B(G5),0(B(Gs), Ns)), \) such that

k
[w7 ¢7 57 F} = Z ff;:];,I & /\ de‘i
s=1

I€M(k,N,<)

Remark 1. Let k € Z,, w € Alt"(M) and (U,¢ : U — W) be a chart of M. Let ¢ € B(C) be
bounded, thus, R, | G, € B(G,) by [3, Lemma 1.7]. Moreover, Cﬁ”[f" € AW, (B(G,),| - II))
Wi

by Corollary 3.1, so, fUFI € AU, (B(Gy),| - |I)) and [w, ¢, 0, F| is smooth with respect to the

o

norm topology, namely [w, ¢, o, F] € Alt*(U, M; (B(G5s), | - ||)). Finally, as a result, C?‘;L,G is norm

Wi
continuous and compactly supported, therefore, C’Ijj" LG" is Lebesgue integrable with respect to the
Wi

norm topology and its integral belongs to B(G,).

Remark 2. Let ¢ € B(C). The norm topology on B(Gy) is stronger than the topology o(B(Gs), Ns)
since the latter is the weakest topology on B(Gs) among those for which N is a set of continuous
functionals, and since N5 C B(Gs)". Thus, we can and shall identify A(U, (B(Gs), || - ||)) as a A(U)-
submodule of A(U, (B(Gs),o(B(Gs),N5))) and Alt"(U, M; (B(G5),| - ||)) as a A(U)-submodule of
ALt"(U, M; (B(Gs),0(B(G5), Ny))).-

Remark 3. Let 6 € B(C), then any map defined on X and with values in B(Gj), that is scalarly
essentially p-integrable with respect to the norm topology, it is also scalarly essentially p-integrable
with respect to the o(B(Gs), N5)-topology since N5 C B(Gs)'.

Definition 3. Let k € Z,, w € Alt*(M) and {(U,, #a)}acp be an atlas of M. Let V be an open
neighbourhood of o(R) such that R-V C V| F : V — C be analytic and § € B(C) be such that
(3.15) holds for ¢ = ¢, and for every o € D. Define [w,d, F] € Alt*(M; (B(Gys),0(B(Gs),N3)), )
such that for all « € D

(10,)* ([w, 6, F]) = [w, ¢, 6, F].

2For instance, when § is bounded, see Remark 1.
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Definition 4. Let k € Z%, w € Alt* '(M) and i € [1,k] N Z. Define 9;(w) € A(M) and n;(w) €
Alt* (M) such that for any given atlas U of M we have for every (U, ¢) € U

(W) (0u(w) = ) ()@, ... ... 0¢)]

(W) () = () (@)@, 0. 0) /\dﬂfs,

where Z stands for z missing.

The above two definitions are well-set by the usual gluing lemma for smooth forms, since the
extension of the gluing lemma via charts at scalarly essentially integrable locally convex vector-
valued maps [4, Remark 1.2|, and since the extension of the gluing lemma via charts at smooth
locally convex vector-valued maps [4, Notation|, where the compatibility in both the definitions is
ensured by the following simple fact

(gh) (@) @70, ) g, = (ih ) (@)@, 077),
where U, 3 = U, NUs and ¢, 5 = (¢4 OZU B)u

Theorem 3.3 (Stokes equality for o(B(G), N)-integrable forms functions of an unbounded
operator). Let M be oriented with boundary and w € Altf’l(M). Let V' be an open neighbourhood
of 0(R) such that R-V CV and F : V — C is analytic. Assume that there ezists a finite family
{(Un, ) }acp of oriented charts of M such that {Us}acp is a covering of supp(w) and

1. F e L£X(a(R)) for every t € R, and for all a € D such that ¢, is a boundary chart, the map
o 015 onry ¢ 00U NOM) = (B(G). 0(B(G). N,
is scalarly essentially (A, w.nom, B(G))-integrable,

2. (%;f)t € £X(0(R)) for every t € R, and for all « € D and i € [1, N|NZ, the map

ir oo Pa(Us) = (B(G),0(B(G),N)),

ax Wi

is scalarly essentially (N, ., B(G))-integrable, where

Wi = (L) (@)OF 0L OR) 0 0
Thus,

R/Z D 0w) - (e o(R), ) = [ @) (.o (), F)),

where the integrals belong to B(G) and are with respect to the o(B(G),N) topology. In the case
OM = () the integral in the right-hand side has to be understood equal to 0.

Remark 4. Let U = {(Uy, $a) }aep and U? be as in Notation. Thus U2 is a family of oriented charts
of OM such that {Qa}aep, with Q, = U, NOM for every o € D, is a collection of open sets of 9M
and a covering of supp(w) N M compact set of M. Next, set D' = D U {1}, U; = Cpsupp(w),
Q = Conr(supp(w) NOM) and let {1, }aept be a smooth partition of unity of M subordinate to
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{Ua}aept and {kq}aept be a smooth partition of unity of OM subordinate to {Q4}acpi- Thus, by
(3.31) and (3.30) applied to § = o(R) the statement of Theorem 3.3 reads as follows

N
/ D Yo f 0 621 (1ha) D> (—1 i %w?a A (Ua)

aeD i=1

P * ba(Ua N N-1
/Z Y ZUaﬁaM 1) (¢ M) 1) ( ) ( }If,w%“ ¢} ZdMEUa)ﬂaM) (1%1\7 1 0 Z]EBAI(U OBM)) ) d)\d,gM(UamaM),
a€D

where i¥y_, : R¥"1 — R is such that if N > 1, then Prf oify_, = Prf" ifk € [I,N — 1]NZ,
and Pr¥" oiﬁx,l = Ogv-1 the constant map on RN~! equal to 0; while i¥, : 0 — 0. Notice that
(iﬁz,l o zﬁggz%mam)h is a diffeomorphism of ¢2M (U, N M) onto ¢,(U, N OM) thus the right-hand
side of the above equality is well-set by hypothesis (1) and the theorem on change of variable in
multiple integrals.

Remark 5. The strategy employed to obtain Theorem 3.3 is as follows: Given an FE-sequence of
bounded sets {0, }nen we apply for every n € N the Stokes theorem for locally convex vector-valued
forms [4, Theorem 2.54] to the (B(G.,, ), 0(B(G,, ), N5, ))-valued form [w, 0, F| which is smooth as a
result of Remark 1. Then develop the terms of these equalities by employing the families of oriented
charts & and U2, and the families of smooth maps {1, }aep and {kq}acp. Finally, we apply the
Extension Theorem 3.2 to the sequence of the resulting equalities.

Remark 6. Theorem 3.3 establishes a Stokes-type equality for (B(G), o(B(G), N))-valued integrable
forms: (1) that arise from the Borelian functional calculus of the possibly unbounded operator R;
(2) that might be not smooth nor even continuously differentiable. To this regard we notice that the
rigidity of analytic functions prevents any reasonable attempt to use the strong operator derivability
on Dom(R) in [3, Theorem 1.23(2)| in order to prove regularity of these forms.

Proof of Theorem 3.3. We maintain the data and notation introduced in Remark 4, in addition we
let (U, ¢) be an oriented chart of M and h € A(M) and k € A(OM) be such that
3 h) C U
supp(h) € U, (3.16)
supp(k) C U N oM.

Let {0, }nen be an E-sequence of bounded sets and n € N, let 6 € {o,,0(R)}, let R de-
note Rs | Gs and let P € N. By Remark 1 and Remark 2 we have that [w,o,,F] €
AN (M, (B(G,,),0(B(Gy,)),Ny,)) so by [4, Theorem 2.42], (3.16), since the unique element of a
smooth partition of the unity subordinated to the open covering {U} of U equals 1 when evaluated
on U, and finally by |4, Proposition 1.45], we have

[ et on. ) = [ o, F)

(3.17)
— o [ 00 W 067" (L0, ).
Next,
(W 0 6~ Ay, 0 F] = (67 (1) b [, 0, F)
— (67 () [, 0, F] (3.18)
= (67w, 6,0, P,
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where the second equality follows by [4, Theorem 2.42|, the third one by Definition 3 applied to any
atlas containing (U, ¢). Now, by definition

N —
[w, ¢,0, F] = Z( >®(dx(f/\...dxf/\...dx(ﬁ,); (3.19)
i=1

thus,
JacE,
e L@ (dey " AL odey MDA de ™)

> (-1
! (3.20)
-2

d(0™") ([w, ¢, 00, F

w?

1 Ron Idgv) ldyw) Idg )
z Ra'na Cii‘ ¢®(d AN d[L'Z /\de ),
’L Z

where the second equality follows by Corollary 3.1. Next, R°" is norm continuous, thus by the end
of Remark 1 we have that

8 ¢ on o — * awl on
@ ooy R vy = R [ 007 ()G v € B(Ga), (321

the integrals being with respect to the norm topology on B(G,, ), hence, also with respect to the

n

(B(G,,),0(B(G,,),Ns,)) topology by Remark 3. Now, (3.17), (3.18), (3.20) and (3.21) yield

N

s i &ui on
[ oo B = R [t 007y () 30— G vy
= (3.22)

dF
:R(’"/hz )i (w) - [n i<w)70mﬁ]’

the integrals are with respect to the (B(G,, ),c(B(G,,),N,,)) topology, where the second equality
follows by the following equality obtained by direct calculation

dF Y Ow? s
/hz ) .0 ) = [t o6y B v 629

an’ Wi
1=1 €

Now, by (3.22) applied to (U, ¢) = (Uy, ¢o) and h = 1, for every a € D and since |4, Corollary2.53|
we obtain

[l = e [ S0 o) ). )

(3.24)
al 8&)‘75 -
= R [ S 0 6 (00 oD G
acD =1 ’ i

where all the three integrals are with respect tothe (B(G,,),0(B(G,,),Ny,)) topology. Now, if
OM = () the statement follows by the above equality, [4, Theorem 2.54] and by our Extension
Theorem 3.2. Thus, in what follows assume in addition that OM # () and that (U, ¢) is a boundary
chart, therefore (U, ¢?M) is a chart of M such that Ypom = 7. Next, since the unique element of
a smooth partition of the unity subordinated to the open covering {U N dM}, with respect to the
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topological space M, of UNOM equals 1 when evaluated on U NOM, we have by [4, Theorem 2.42],
(3.16), [4, Theorem 1.45] and ~ygom = 7y

[0 (bt 8.7 = [ k) Lo 5 F)
0 [ (8on = (™) )8) (5 & (67)) (18”16, 1

Z%/ ((@honr © (7)) &) Wi ((6”Y) ™) * (1whons) (1) * [, 6, F]
=0 [ (a6 R (™)) one) 6. F
2%/ ((0honr 0 (67) ™) E) W ((67) ™) (gnr) () [w, 6, F].
(3.25)
Next, by (3.19) and since (2{9,)*(dz%) = 0, we obtain
(wrron)* (107w, 8, F] = (1fnons) * [w, 6,6, F]
N-1
= ( ?’i% ° ¢ 0 1non) ® N\ (1Wron)"
8 ;_11 OM
= ( ?,wjg 0 pouron) ® [\ dal
s=1
and by letting Z = ¢?M(U N OM), we get
(@) ) (eonn)* (1)) [w, 0, F] = (G e © 6 0 1imgnr © (67¥) 7! /\ da . (3.26)

Next,
BV (2) = o(UNOM) C oHY

by the definition of boundary chart of M. Define Py = i¥y_, o PV thus by letting Pr(R") be the
set of projectors of RY, we have

P Pr(RY
v € Pr(R™Y), (3.27)
OHYN = P[N](RN);
moreover, by the definition of ™ we have
(V2 € 2) (P (60 Wngns © (6™))(@)) = v (1)) (3.28)

Now, (¢ 015 gp © (0?M)1)(x) € OHY since ¢ is a boundary chart of M, therefore, by (3.28) and

(3.27) we obtain
_ U N—1
¢ 0 1gmnanr 0 (07) 7 = ZiEng‘?M) (HRN 1otz g

Therefore, by (3.26)

(6™ ™) (beone) (@) [, 0, F) = (0 018y (v 00 )y) @ /\dff“z
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hence, by (3.25) we obtain

X —1\% Y N-1
[ a8 P =0 [ (o (6B (G 0y © (B 01" 7):) dhy (320

where the integrals are with respect to the (B(Gs),o(B(Gs),Ns)) topology. Now, by (3.29) applied
to (U, ¢) = (Ua, ¢o) and k = k, for every o € D and since [4, Corollary 2.53] we obtain by letting
Zo = M (U, N OM)

5 o(Ua N-1
J @8 F) = [ 50 (s 0 (62 ha) (g 0oy © (501 0457 )) .

aeD
(3.30)
Next, by (3.23) applied to (U, ¢) = (Uy, ¢a) and h = 1), for every o € D and since [4, Corollary 2.53]
we obtain

dF
/Z 1)'70i(w) - [mi(w). 6. 7]
/Z%a 1, © 9a')" (V) Z ij qsad)\%(Ua). (3.31)

aeD i=1

Now, by [4, Theorem 2.54] applied to the form [w, 0, F], by (3.24) and by (3.30) applied to 6 = o,
we obtain

e
/Z Yo (101 0 6 )* (a) D (—1 " e ga QAo (Ua)
acD i=1 €i ax
—1\x on a(Ua
/Z%ﬁa ZU o © (O2M) ) ka) ( ﬁw;@a Oziagua%am (HRN 1 OZZ ) ) dAz,-

aeD

Now, we can employ our Extension Theorem 3.2 to the above sequence of equalities to obtain

N
Y DIRRTRIINR) WL ST

aeD i=1

) OM\—1\* po(Ua N 1
= / Z Vo (ZUJZIﬁaM ° (%M) 1) (ko) ( gw}‘i“ o Z%EUa%aM) (%N 10 @EdM(U maM)) ) dAgaM (U, naM) 5
a€D

and the statement follows by (3.31) and (3.30) applied to § = o(R). O

Corollary 3.2. Let M be oriented with boundary and w € Altf’l(M). Let V' be an open neighbour-
hood of o(R) such that R -V CV and F : V — C be analytic. Assume that there exists a finite
collection U = {(Uy, ¢a) }aep of oriented charts of M such that {U,}aep 1S a covering of the support
of w and

1. F, € L£X(0(R)) for every t € R, and for all & € D such that ¢, is a boundary chart, the map
R $a(Ua)
bo CF,W;@G © Yo (UandM)

i Ay (Uanan)-measurable for every p € N; and

/ I HE o F w0 asa(Ua) Ao (Uanam) < OO

a(UaNoM)
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—~

2. (45, € £%(o(R)) for every t € R, and for all « € D and i € [1, NN Z, the map

lbOCdF <ba

i8S Ag (Ua)-measurable for every p € N'; and

* dF
I 11% o <—> g (Ua) < OO
/ ) .,

Then the statement of Theorem 3.3 holds true. Moreover, if in addition N is an E-appropriate set
with the isometric duality property and C = sup,cpc) |[E(0) |, then we obtain the following estimates

H/Cﬁf,w;;a O@ijﬁgjﬁw) d>‘¢a(UaﬂﬁM)H < 40/ |12 o F WieopfaUa) AN (Uard)

¢ (UaNOM)
B e Ao,
CdF bo alUa
H/ ax Wi ( )

* dF
§40/ ||-||foO<—> dAp (V)
d\ o

Remark 7. By letting Bor(C) be the set of complex valued Borelian maps on C, we have

and

F b ba(Ua) ¢a(Ua N é?M) — BOI‘(C)

Wy Z¢Q(UamE)M)

T = F <f>a (i’a(Ua) )(z)’
¢’a(Uar101W>

and

(i—f) ...t 6a(Us) = Bor(C)

dF .
T (d)\> ?"‘(:p)7

where we recall that L, : A — L(t\) for any L € Bor(C) and any ¢t € R. Therefore, the integrals in
hypotheses (1) and (2) are well-set.

Proof. By [3, (1.42)], hypotheses, and [2, Theorem 18.2.11(c)| we obtain that

-1 llj,w?’va ° ZiagUa?waM € F1(Pa(Ua NOM), Ay, waron)),

and
110 CE e € F1(0a(Ua), At

Then the hypotheses of Theorem 3.3 are satisfied by [3, footnote 1, page 39| and by |3, Theorem 2.2]
and the first part of the statement follows. The estimates in the statement follow by the estimate in
[3, Theorem 2.2] and by [2, Theorem 18.2.11(c)]. O

Corollary 3.3. The statement of Corollary 3.2 holds if G is a complex Hilbert space and N is
replaced by Noa(Q).

Proof. Follows by the end of |3, Remark 2.12] and by Corollary 3.2. ]
Corollary 3.4. The statement of Corollary 3.2 holds if G is reflexive and N is replaced by Ny (G).

Proof. By employing |3, Corollary 2.6| instead of [3, Theorem 2.2| the proof runs exactly as the one
in Corollary 3.2. O]
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