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VICTOR IVANOVICH BURENKOV
(to the 80th birthday)

On July 15, 2021 was the 80th birthday of Victor Ivanovich Burenkov,
editor-in-chief of the Eurasian Mathematical Journal (together with V.A.
Sadovnichy and M. Otelbaev), professor of the S.M. Nikol’skii Institute
of Mathematics at the RUDN University (Moscow), chairman of the Dis-
sertation Council at the RUDN University, research fellow (part-time) at
the Steklov Institute of Mathematics (Moscow), honorary academician of
the National Academy of Sciences of the Republic of Kazakhstan, doctor
of physical and mathematical sciences(1983), professor (1986), honorary
professor of the L.N. Gumilyov Eurasian National University (Astana,
Kazakhstan, 2006), honorary doctor of the Russian-Armenian (Slavonic) University (Yerevan, Arme-
nia, 2007), honorary member of staff of the University of Padua (Italy, 2011), honorary distinguished
professor of the Cardiff School of Mathematics (UK,2014), honorary professor of the Aktobe Regional
State University (Kazakhstan, 2015).

V.I. Burenkov graduated from the Moscow Institute of Physics and Technology (1963) and com-
pleted his postgraduate studies there in 1966 under supervision of the famous Russian mathematician
academician S.M. Nikol’skii.He worked at several universities, in particular for more than 10 years
at the Moscow Institute of Electronics, Radio-engineering, and Automation, the RUDN University,
and the Cardiff University. He also worked at the Moscow Institute of Physics and Technology, the
University of Padua, and the L.N. Gumilyov Eurasian National University. Through 2015-2017 he
was head of the Department of Mathematical Analysis and Theory of Functions (RUDN University).
He was one of the organisers and the first director of the S.M. Nikol’skii Institute of Mathematics at
the RUDN University (2016-2017).

He obtained seminal scientific results in several areas of functional analysis and the theory of
partial differential and integral equations. Some of his results and methods are named after him:
Burenkov’s theorem on composition of absolutely continuous functions, Burenkov’s theorem on con-
ditional hypoellipticity, Burenkov’s method of mollifiers with variable step, Burenkov’s method of
extending functions, the Burenkov-Lamberti method of transition operators in the problem of spec-
tral stability of differential operators, the Burenkov-Guliyevs conditions for boundedness of operators
in Morrey-type spaces. On the whole, the results obtained by V.I. Burenkov have laid the ground-
work for new perspective scientific directions in the theory of functions spaces and its applications
to partial differential equations, the spectral theory in particular.

More than 30 postgraduate students from more than 10 countries gained candidate of sciences or
PhD degrees under his supervision. He has published more than 190 scientific papers. His monograph
“Sobolev spaces on domains” became a popular text for both experts in the theory of function spaces
and a wide range of mathematicians interested in applying the theory of Sobolev spaces. In 2011 the
conference “Operators in Morrey-type Spaces and Applications”, dedicated to his 70th birthday was
held at the Ahi Evran University (Kirsehir, Turkey). Proceedings of that conference were published
in the EMJ 3-3 and EMJ 4-1.

V.I. Burenkov is still very active in research. Through 2016-2021 he published 20 papers in leading
mathematical journals.

The Editorial Board of the Eurasian Mathematical Journal congratulates Victor Ivanovich Bu-
renkov on the occasion of his 80th birthday and wishes him good health and new achievements in
science and teaching!
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Abstract. In the present paper we establish new Hardy-Maz'ya-type inequalities with remainders
for all continuously differentiable functions with compact support in the half space R’}. The weight
functions depend on the distance to the boundary or on the distance to the origin. Also new sharp
Avkhadiev-Hardy-type inequalities involving the distance to the boundary or the hyperbolic radius
are proved. We consider Avkhadiev-Hardy-type inequalities in simply and doubly connected plain
domains and in tube-domains.

DOI: https://doi.org/10.32523/2077-9879-2021-12-3-46-56

1 Introduction

The present paper is devoted to Hardy-type inequalities with remainders. There are many inequalities
that can be called inequalities of Hardy type. Hardy inequalities are of fundamental importance in
many branches of mathematical analysis and mathematical physics. We refer to [1] —[27] and the
literature therein for more information about those inequalities.

Hardy inequalities with remainders were first obtained by V.G. Maz’ya [27] in the half-space

RY ={z = (z1,...,2,) € R} 1 2, > 0}.

For instance, in [27], V.G. Maz’ya for all infinitely differentiable functions with compact support in
R? proved the following improved Hardy-type inequality

2 2
/\Vf]d > /|f| dz + 16/%< %‘fltx,%)mdx' (1.1)

Rn

Note that the papers [1], [30], [37], [38] are also devoted to inequalities in the half-space.

Many papers devoted to Hardy-type inequalities with additional non-negative terms were pub-
lished after the release of the work "Hardy’s inequality revisited" by H. Brezis and M. Marcus. In [17],
H. Brezis and M. Marcus for bounded convex domains 2 C R" and functions f € C}(€) obtained
the following inequality

2
Q/]Vf\ dz > 5 * /\f] dz, (1.2)
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where the constant 1/4 is sharp, diam(€2) is the diameter of 2 and §(z) is the distance from a point
x € § to the boundary 052 of €, i.e.

d(z) = dist(x,00) = i%f;2 |z — y|.
ye

In [4], F.G. Avkhadiev established a sharp conformally invariant analogue of (1.2) for a simply
connected domains 0 C R% Q) # R?, when the weight function depends on the hyperbolic radius
R(z,Q). In fact, he proved that

//|Vf\2d:cdy2 // %dmder%//]fP‘%rdxdy, (1.3)

where z = x + iy and g is any univalent conformal mapping of Q onto the upper half-plane R =
{(z,y) e R*: y > 0}.
Notice, that the sharp inequality

é/wﬂ?dmdy > é/ %dxdy

is well known in spectral theory of the Laplace-Beltrami operator for simply and doubly connected
domains 2 C R™ (see |35] for more information).

In the present paper we shall prove new Hardy-Maz’ya-type inequalities in the half-space R’ .
Namely, for all f € C§(R") we have the following inequality

P 1 P 5—9 P
/\Vf! i > 2+ /\f\ +( 8)/ lzf\ iz,
x5 P prt p s 2pr—1 w52y + 2l
R"” R"” R"”

+ + +

where n > 2,p € [2,00) and s € [2 — 1/p,2.5]. Notice, that earlier there were no Hardy-type
inequalities in the case s < n (see [5], [7], [8] and Section 2 bellow for more information).

We prove an L,-version of inequality (1.3) in simply and doubly connected domains for p > 2.
For instance, in [28], [29], [36], L,-inequalities for p > 1 are proved. It is well known that for the
L,-spaces with 0 < p < 1 Hardy inequalities are not valid for arbitrary non-negative measurable
functions. In spite of this Hardy-type inequalities for 0 < p < 1 are also known for non-negative
non-increasing functions (see [18] - [20], [33], [34]).

Suppose that €2 is a hyperbolic domain in the complex plane C, i.e. €2 has more than three
boundary points in the extended complex plane C and the hyperbolic radius R(z,€) = 1/\(Q) is
defined at all points z = = + iy € ), where by A(2) we denote the density of the Poincaré metric
with the Gaussian curvature £ = —4.

The main result is the following assertion.

Theorem 1.1. 1) Suppose that Q is a simply connected hyperbolic domain in C, g is any univalent
conformal mapping of ) onto the upper half-plane

H ={(=&(+ineC:n>0}.

Then for all real valued function f € C3() and p > 2 the following Hardy-Avkhadiev-type inequality

// R(‘Zégz —p //R|f|P dxdy-|—2p 3/ ‘f‘p
0

(= ’ dxdy
(2)
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is valid with the sharp constant 2P /pP, where z = x + 1y.

2) Let Q C C be a doubly connected domain and let g be any univalent conformal mapping of Q
onto the annuli A, = {n € C:q<|n| <1}, ¢ =exp(—27M(Q)). Then for any real valued function
f € Cy(Q) the following Avkhadiev-Hardy-type inequality

|Vf|p > (1l 1w 1)
// dyzﬁé/ R(z,m?dxd“ww(mpp—lé Ul

holds with the sharp constant 2P /pP, where z = x +iy and M(QY) is the geometrical parameter defined
as the supremum of the moduli of doubly connected domains lying in the domain Q0 and separating
its boundary OS).

2
’ dxdy

It is a well known fact (see, for example, [14]) that if 2 is a simply connected domain in C, then
R(z,Q) <40(z), z €,
and if €) is a convex domain, then
R(z,Q) <20(z), ze€.
Using these estimates, we get

Corollary 1.1. Suppose that € is a convexr domain in C, g is any univalent conformal mapping of
Q onto the upper half-plane H, = {¢ = {+in € C : n > 0}. Then for all real-valued function
f€CHQ) and p > 2 the following Avkhadiev-Hardy-type inequality

2

‘ dzd

/ v / \f!p 1 / P g'(2)
3(z)>r T 9(2)
Q Q
is valid, where z = x +iy. The constant 1/pP is sharp.
Corollary 1.2. Suppose that () is a simply connected hyperbolic domain in C, g is any univalent
conformal mapping of Q onto the upper half-plane H, = {( = £ +in € C :n > 0}. Then for all
real-valued function f € C3(Q) and p > 2 the following Avkhadiev-Hardy-type inequality

I il f s s [
Q

18 valid, where z = x + 1y.

(2 ‘ dxdy

Note that our main statements are based on the one-dimensional inequalities. These one-
dimensional inequalities are proved in Section 3. Using the one-dimensional inequalities, we will
obtain their multidimensional analogues for continuously differentiable functions with compact sup-
port.

In the second chapter, we present an overview of results related to inequalities of the form (1.1)-
(1.3).

In the last part of the paper we prove conformally invariant inequalities in the half-space and
extend them to simply and doubly connected hyperbolic domains. Inequalities in tube-domains are
also considered (see for more information [9]).

We prove inequalities with the weight functions dependent on the distance to the boundary, on
the distance to the origin or on the hyperbolic radius. Therefore, these types of inequalities also can
be called geometric Hardy type inequalities (see [31], [32]).
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2 Related results

Let Q be a domain in the Euclidean space R™ and let C}(€) denote the space of all continuously
differentiable functions f : 2 — R, which vanish on the boundary 02 of the domain. Our paper
deals with inequalities of the form

VS S !
dx > Q) | ——dx, VfelC;Q 2.1
/ 5(1,)571) L = Cp(S, ) (5( ) f € O( )7 ( )
Q Q

where p € [1,00), s € (—00,00), by ¢,(s,2) is denoted the optimal constant in this inequality and
d(z) is the distance from a point x € Q to the boundary 92 of Q, i.e.

d(z) = dist(x, 082) = inaf;2 |z —y|.
ye

Note that the constant c,(s,2) depends only on s,n,p and Q. It is known (see [5], [7]) that if
s >mn > 2, then for arbitrary open sets Q and any p € [1,00) the sharp inequality

cp(5,9) > (t”)p

is valid. If s = n = 2, then inequality (2.1) holds in domains with the uniformly perfect boundary
00 (see, for instance, [5]). In the case s = n, there are analogues of (2.1) with logarithmic weights
(see 7], [10]). In [8], analogous results with other weight functions have been obtained also in the
case of s < n. Notice, that earlier there were no Hardy inequalities akin to (2.1) when s < n.

Let Q be the half-space R? = {z = (z1,...,2,) € R} : 2, > 0}. In [37], J. Tidblom obtained
an estimate for a remainder term for a special case suggested by the result of V.G. Maz’ya. More
precisely, he proved that if Q = R’} and f € C§°(Q2), then

p— biid (p—l)“/ Iiid
V f|Pdz > “—dzx+ D —_— dx
R[' d ( p )Rn Th ®) p J ah (a2 )+ a2)l?

+ + +

where C§°(€2) is the space of smooth real-valued functions on © with compact support and

ifl<p<2,
if p> 2.

D(p) = {%
A(p-1)°

Many papers are devoted to Hardy-type inequalities in the half-space (see [1], [30], [37] and [38]).
Now suppose that €2 is a hyperbolic domain in the complex plane C, i.e. €2 has more than three
boundary points in the extended complex plane C and the hyperbolic radius R(z,€Q) = 1/\(Q) is
defined at all points z = = + iy € ), where by A(2) we denote the density of the Poincaré metric

with the Gaussian curvature k = —4.

In [4], interesting inequalities for compactly supported functions in arbitrary plane domains of
hyperbolic type are given and also special cases for domains with uniformly perfect boundaries are

studied. The following is a special case of those results: if 2 is a simply or doubly connected hyperbolic
domain in C, f € C5(Q) and p € [1,00), then

// . IVf|” // - |f|” _— 2.9

where the constant 2P /pP is sharp and z = x + 1y.
Note that the smoothness of a function f at the point z = oo is understood as the smoothness of
the function f(1/z) at the point z = 0.
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3 One-dimensional Hardy-type inequalities

In the sequel we will need the following lemma.

Lemma 3.1. Suppose that v € C}[0,7]. Then for allp > 2, s € [2 — %,2.5] and m € [2,p| the

following inequality

pm m % p _ 7 p
/|v ) (6 |d92mm(8_2+1> O 4y, mG=25) [ O

n®""f p m sin® 2pm sin®~2 ¢
0 0

18 valid.

Proof. Let v(0) := v/sinf. Consider the quantity I(v) defined as

I(v) = \”(G)I”_Q) (Ur(g)_sz)’vé(@)) df.

vo ()22 P vo(f)
0
Obviously,
P 2y / 2 Do/ 2 p—1g; / /
o< 1o / O 2O | AMOPGGR 4RO dmo oo,
(s— 2) P2 vp(6)252 D vo(0)25—3
0

[t gt | 0w

p? vp(0)?2 p? ) ve(8)%3
0

Integrating by part the second integral, we obtain

/'” ‘H/ de+—/|“ ( 233+<4_23)$)9212‘2)d9

4 ( lim mewﬂ — lim wwwM).

O—m— 'UO (9)28—3 0—0+ UO(9>28—3

9 (7 = wory” )
o < [ [iwanar) = [ (it o)™ (L0
- sin® Pt
0 0
0
< (P= N\ sin®to [ (E)]P gt
“\s—1 cosP~10 | sin® Pt
0
and if 6 € (7 — eq,7), then we get
T p T p=1 5 p—1 1 T
s=p P —1\" " sin® 0 [ ()P
) < Wt | < it ¢ WP, o (2 dt
)< /lv()| - /Smp sin® Pt s—1 cosP=10 | sin®* Pt
0 0 0 0

where €, and &, are arbitrarily small numbers.
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Consequently,
0(6) cos 6
li oyp—ol®__ P =
nd vy (0) cos 6
0 = lim |v(0)|P— Ty = 0.
sin

li p
9—1>171r1 ’U( >| 00(6)25_3 0—m—

lv(0 |p 2/( / 25 — 3 5—25
> .
/ d9 v( ey + = do. (3.1)

Therefore,

Applying the inequality
1+p2
< (w) ’
—\ D1 +Dp2
to the quantities
e p—m m 2
a:|v(s)| 7b:pm| <)| s—|17’)n( )l 7p1—]_——andp2
sin® 6 Sin
we have
()20 (0)? / il o frorior
—de - d9 . 3.2
/ v(6)2(=2) sin® ¢ + sin” >
/ 0

Combining (3.1) and (3.2), we get

wr FLOr O (o, 2 [IWOF 4y 5 gy [ O 4
m sin®~ "™ 6 - m sin® 0 sin"~20
0 0

0
O

Corollary 3.1. Let p > 2 and 2 — 113 < s <2.5. Then for all uw € C}[0, 7] the following inequality

[l@P 1 (5_2+1) [lu@F ) 625 [ O

sin® 79 — pr-t P sin® 6 2 sin®*24
0

holds.

The substitution 6§ = / Inr, where 0 < ¢ < r < 1, yields

For any absolutely

Corollary 3.2. Let ¢ € (0,1),0 < ¢ < T§1p>2(md3€[2——25]
continuous function u such that u(q) = u(1),u Z 0 the following mequalzty
. 1 Y o 1
p 2p ]_ p 217— 5 _ 2 p
/ U (T)| 7ﬁsfldf,, > - (S — 94 _> / |U(T‘)| Tsfldr + m ( ~ S) / | (T>| 27”873(17“
p(r)>? PP p p(r)® pr-tln“gq p(r)*~
q q q

2r1
holds, where p(r) = 24 gin TIor.
’ Ing
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4 Inequalities in domains

In this part, using the above one-dimensional inequalities, we obtain inequalities in plane domains.
To proof the main results we need

Proposition 4.1. Let Hy = {( =&{+ineC:n >0}, p>2and2—
u € CY(H,) the following inequality

Vul? o0 (_ ) QP .
// R(C, Q) r 0 = i 8 “p}é RC, Q"™
2p35—2$
prt //ICIZRC,

Proof. Suppose that n = pe®, p = |n| > 0, ¢ € (0,7), u € C}(H,) is a real valued function. By
Corollary 3.1, we have

™ /2 ™
1 /ou\?%\" pdb o 1 u(6)|P
— [ Z= > _ — N e 'l B
/ (/ﬂ <890> ) (2psing)s=» — pr—! <S 2+p) / (2psin9)spd0
0 0

2R f o,

pr! p*(2psinf)> 2

< s < 2.5. Then for all

1
p

18 valid.

Integrating the last inequality with respect to p, we get
2
// L (o))" > 2 241 //
— — 8 JE—
p? \ Oy (2psinf)s—p — pp—1 (2p smé’
Ht
2p 3 (5 —2s)
déd
ppl // 2p81n(952§77
Using that R(pe'?, H,) = 2n = 2psin ¢ and
2 2 2
00\ L 00\ G L (u)”
dp p* \Op p* \ Oy

(D),

we obtain

/| e orein

2P73(5 — 2s) //
+ ——————=d&dn.
pr! Ht |CPR C Q)S 2
]

Theorem 4.1. Let R} = {z = (1,...,2,) €ER": 2, > 0}, p > 2 and 2—§ < 5 <2.5. Then for all
[ € Cy(R?Y) the following inequality

IV fIP 1 1 i (5 —2s) / LS

dr > —— — 24 - d d
P e A m T o ) et e
R? R? R?

18 valid.
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Proof. To obtain Theorem 4.1, we apply Proposition 4.1 to the function u defined by u(x,_1,z,) :=
f(xy,...,1,) and integrate with respect to (x1,..., 7, ») € R"2 ]

Proposition 4.2. Let A, = {( =C:q < |¢| <1}, p> 2 and 2 —
u € Cj(4A,) the following inequality

// Iw\”2 pdfdn_pp// dgdn+<4M ) ;Z 1/ 'Q‘"ngdn

is valid, where n = & + in.

< s < 2.5. Then for all

1
S

Proof. Suppose that n = & +in = re?? and u € C}(4,), where A, = {¢ = C : ¢ < [¢| < 1}. By
Corollary 3.2 we get the following estimate

1 1
T(r)|P P p 2 gp—1
ATy IO R /|u
p(r)*? pr ) p(r)? 21nq P!
q

Integrating the last inequality with respect to 6 € [0, 27|, we obtain

P p—3 P
rdrd& // [uf? rdrd@ + ( T ) 2 / [ ——rdrdf.
p(r P p(r)?

Ing) pr1t r2
Since R(¢, Ay) = —p([Q)], M(4,) = (2m)*In(1/q) and |Ou/0r| < |Vu|, we immediately obtain

I i ] i sty 25

where ( = £ + in. O]

q

Proof of Theorem 1.1. Let F : Q — Q¢ C C be a conformal mapping of a domain (2 in the z-plane
onto a domain )¢ in the (-plane. It is known (see, for example, [14]) that

Aa(2)|dz| = Ao (2)|dC],  AG(2)dwdy = Xj, (2)dEdn,

where z =2 +iy € Qand ( = F(2) =& +in € Q.
Using the equalities |F’(2)|?*dzdy = dédn and

ou¢ (’3u( )
¢ T oz

[t [ b
[t [l

where u € Cj(Q) and U :=uo F~1 € C3 ().

VU =2 F'(z) = (Vu)F'(2),

it is easy to prove that

and
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Consequently, the two integrals

// |Vu] dxdy and // dmdy

are conformal invariant. That is to prove Theorem 1.1 in the case of simply connected domains we
can assume that 2 is the half-space and in the case of doubly connected domains we can assume
that ) is an annuli. The applications of Proposition 4.1 and 4.2 yield Theorem 1.1. Note that the
sharpness of the constant 27 /pP follows from [4]. O

Now we apply Theorem 1.1 to the function u defined by u(x,_1, z,) := f(z1,...,z,) and integrate
with respect to (xq,...,7, ») € R"2. We obtain

Theorem 4.2. 1) Suppose that Q) is a simply connected hyperbolic domain in C, g is any univalent
conformal mapping of Q onto the upper half-plane H, = {( = &+in € C:n > 0} and Q. = R"2x Q.
Then for all real-valued function f € CH() and p > 2 the following Avkhadiev-Hardy-type inequality

v 2 /17 2" 3/ p
R(z,Q)>» b pp R(z,02)? Rz Rt /]

Z

18 valid, where z = x,_1 +1x,.

2) Let Qy C C be a doubly connected domain and let g be any univalent conformal mapping of o
onto the annuli A, ={n € C:q < |n| <1}, ¢ = exp(—27rM(Qy)) and Q =R"2 x Qy. Then for any
real-valued function f € C3(Q) the following Avkhadiev-Hardy-type inequality

PP V[P LfIP L p » 19(2)
» | Rz ap ™ 2/3(2,9)2dx+ 16M(QQ)2§/ /]
Q Q Q

9(2)

holds, where z = x,,_1 +ix, and M(Qy) is the geometrical parameter defined as the supremum of the
moduli of doubly connected domains lying in the domain o and separating its boundary 0.
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