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VICTOR IVANOVICH BURENKOV
(to the 80th birthday)

On July 15, 2021 was the 80th birthday of Victor Ivanovich Burenkov,
editor-in-chief of the Eurasian Mathematical Journal (together with V.A.
Sadovnichy and M. Otelbaev), professor of the S.M. Nikol’skii Institute
of Mathematics at the RUDN University (Moscow), chairman of the Dis-
sertation Council at the RUDN University, research fellow (part-time) at
the Steklov Institute of Mathematics (Moscow), honorary academician of
the National Academy of Sciences of the Republic of Kazakhstan, doctor
of physical and mathematical sciences(1983), professor (1986), honorary
professor of the L.N. Gumilyov Eurasian National University (Astana,
Kazakhstan, 2006), honorary doctor of the Russian-Armenian (Slavonic) University (Yerevan, Arme-
nia, 2007), honorary member of staff of the University of Padua (Italy, 2011), honorary distinguished
professor of the Cardiff School of Mathematics (UK,2014), honorary professor of the Aktobe Regional
State University (Kazakhstan, 2015).

V.I. Burenkov graduated from the Moscow Institute of Physics and Technology (1963) and com-
pleted his postgraduate studies there in 1966 under supervision of the famous Russian mathematician
academician S.M. Nikol’skii.He worked at several universities, in particular for more than 10 years
at the Moscow Institute of Electronics, Radio-engineering, and Automation, the RUDN University,
and the Cardiff University. He also worked at the Moscow Institute of Physics and Technology, the
University of Padua, and the L.N. Gumilyov Eurasian National University. Through 2015-2017 he
was head of the Department of Mathematical Analysis and Theory of Functions (RUDN University).
He was one of the organisers and the first director of the S.M. Nikol’skii Institute of Mathematics at
the RUDN University (2016-2017).

He obtained seminal scientific results in several areas of functional analysis and the theory of
partial differential and integral equations. Some of his results and methods are named after him:
Burenkov’s theorem on composition of absolutely continuous functions, Burenkov’s theorem on con-
ditional hypoellipticity, Burenkov’s method of mollifiers with variable step, Burenkov’s method of
extending functions, the Burenkov-Lamberti method of transition operators in the problem of spec-
tral stability of differential operators, the Burenkov-Guliyevs conditions for boundedness of operators
in Morrey-type spaces. On the whole, the results obtained by V.I. Burenkov have laid the ground-
work for new perspective scientific directions in the theory of functions spaces and its applications
to partial differential equations, the spectral theory in particular.

More than 30 postgraduate students from more than 10 countries gained candidate of sciences or
PhD degrees under his supervision. He has published more than 190 scientific papers. His monograph
“Sobolev spaces on domains” became a popular text for both experts in the theory of function spaces
and a wide range of mathematicians interested in applying the theory of Sobolev spaces. In 2011 the
conference “Operators in Morrey-type Spaces and Applications”, dedicated to his 70th birthday was
held at the Ahi Evran University (Kirsehir, Turkey). Proceedings of that conference were published
in the EMJ 3-3 and EMJ 4-1.

V.I. Burenkov is still very active in research. Through 2016-2021 he published 20 papers in leading
mathematical journals.

The Editorial Board of the Eurasian Mathematical Journal congratulates Victor Ivanovich Bu-
renkov on the occasion of his 80th birthday and wishes him good health and new achievements in
science and teaching!
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Abstract. Let B(X) be the algebra of all bounded linear operators on a Banach space X with
dim X > 2. In this paper, we describe surjective maps ¢ : B(X) — B(X') preserving the coincidence
points of operators, i.e., C(A, B) = C(¢(A), p(B)), for every A, B € B(X), where C(A, B) denotes
the set of all coincidence points of two operators A and B.
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1 Introduction

For many years mathematicians have been studying mappings that preserve certain properties. These
mappings are generally defined on Banach algebras and are linear or additive and preserve certain
properties of operators. In this regard, some researchers omit the assumptions of linearity or addi-
tivity and instead consider any preserving conditions of the property of two operators (for example,
see [2-8]). In the sequel, we describe the two investigations that are close to our work. Authors in
[2] characterize bijections on matrix spaces (operator algebras) preserving full rank (invertibility) of
difference of matrix (operator) pairs. Let B(X) be the algebra of all bounded linear operators on a
Banach space X. Let ¢ be a surjective linear map on B(X) with ¢(I) = I. Semrl in [9] shows that
if ¢ preserves injective operators, then ¢ is an automorphism of B(X).

Let A, B € B(X). As it will be stated in Definition 1, C'(A, B) is the set of all coincidence points
of A and B. Tt is clear that

C(A, B) = ker(A — B). (1.1)

Our main result is as follows:
Main Theorem. Let X be a Banach algebra with dim X > 2 and let ¢ : B(X) — B(X) be a
surjective map which satisfies

C(A, B) = C(¢(A),6(B)), (1.2)

for every A, B € B(X). Then ¢(A) = UA+ S for every A € B(X), where U = ¢(I) — ¢(0) and
S = ¢(0).

2 Proofs

First we recall some notation. Denote by X™* the dual space of X'. For every nonzero x € X and
f € X7, the symbol x ® f stands for the rank one linear operator on X defined by the equality
(x® fly = f(y)x for any y € X. A rank one operator x ® f is idempotent (respectively nilpotent)
if and only if f(x) = 1 (respectively f(x) = 0). It is clear that the null space of  ® f is ker f and
the image of © ® f is < x >, the linear space spanned by x.
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Recall that x € X is a fixed point of an operator T' € B(X), if T = z. Denote by F(T') the
set of all fixed points of 7. It is easy to check that F(z ® f) =< x > if and only if f(z) = 1 and
F(x ® f) = 0if and only if f(x) # 1. Moreover, it is clear that F(T) = C(T,I).

Definition 1. [1] Let 7" and S be self-mappings of a set X. If y = T'x = Sz, for some x € X, then
x is called a coincidence point of 7" and S and y is called a point of coincidence of T" and S.

Denote by C(T,S) the set of all coincidence points of 7" and S.
In order to prove the main theorem, we need to some auxiliary lemmas. In the rest of the paper
a map ¢ : B(X) — B(X) satisfies condition (1.2).

Lemma 2.1. For every nonzero vector x € X and nonzero functional f € X* there exists a nonzero
vector y such that ¢(z @ f) =y f+ ¢(0).

Proof. We have by (1.2)
Clr® f,0) = Clo(z @ f), $(0))

and then
ker f =kerx ® f =ker(é(x ® f) — ¢(0)).

Since ker f is a hyper space of X', we can conclude that ¢(x ® f) — ¢(0) is a rank one operator with
null space ker f. Thus, there exists a nonzero vector y such that ¢(z ® f) — ¢(0) =y ® f. H

Lemma 2.2. ¢(P)P = ¢(I)P for every idempotent operator P.

Proof. We know that an idempotent operator P is equal to the identity operator over its image. So,
F(P) =ImP and then by (1.1)

ImP =ker(P—1)=C(P,I)=C(¢(P), (1)) = ker(p(P) — ¢(I).
which implies (¢(P) — ¢(I))P = 0. O
Lemma 2.3. ¢(A) = UA+S for every rank one operator A, where U = ¢(I) — ¢(0) and S = ¢(0).

Proof. Assume that A = x ® f for some z € X and f € A*. We divide the proof into three steps.
Step 1. Assume that f(x) = 1. Then x ® f is idempotent and so by Lemmas 2.1 and 2.2

PR flz®f=y®f+¢0)ref=0¢)z®f,

which implies
(y+0(0)z)® f=o(l)z® f
and so
y = (¢(I) — ¢(0))z.

This, together with Lemma 2.1 shows that ¢(z ® f) = Uz ® f + S.
Step 2. Assume that f(z) = 0. There exists a linear functional ¢ such that g(z) = 1. By Lemma
2.1 and Step 1

Clz® f,r®@g)=C(d(z® f),¢(r®yg))
—Cly®@f+SUz2g+95)=Cye f,Ur®yg).

Hence,
ker(f —g) =ker(y® f — Uz @ g).
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This shows that the kernel of operator y® f —Ux ® ¢ is a hyper space and so it is a rank one operator.
Also the last relation shows that the kernel of operator y ® f — Ux ® g is equal to ker(f — g). Thus,
there exists a nonzero vector z such that

yof-Ureg=z2(f-y9),
which by the equalities f(z) =0 and g(z) = 1 yields Uz = z and then
yf-Ureg=Uze(f—9g)

Hence y = Uz and we obtain by Lemma 2.1 that ¢(z ® f) =Uz® f + S.

Step 3. Assume that f(z) = 1 and a is a nonzero scalar. Let h be a linear functional such that
h(x) = 0. By Lemma 2.1 there is a vector y such that ¢(ax ® f) = y ® f + S. This together with
Step 2 implies

Claz ® f,z ®@h) = C(p(ax @ f),p(x @ h))

=Clyxf+SUz@h+95)=Cly® f,Ur® h).

Hence,
ker(af —h) =ker(y® f — Uz @ h).

This implies that there exists a nonzero vector z such that
yRf—Ur®@h=z2® (af —h),

which yields y = az and then y = aUz. Finally, we obtain ¢(ax ® f) = U(ax ® f) + S.
O

Proof of Main Theorem. Let A € B(X) and € X be a arbitrary nonzero vector. Assume that
Ax =y = 0. Hence,
x € ker A = ker(¢p(A) — ¢(0))

and then
p(A)r = ¢(0)r = (UA+ S)x. (Vo € ker A) (2.1)

Now, let Az =y # 0 and f be a linear functional such that f(z) = 1. Thus,
reCAy®f)

and so by Lemma 2.3
v € C(6(A), Uy [ +9),

which implies that
P(A)r = Uy f+ S =(UA+ Sz (Vre X —kerA).
This together with (2.1) implies that
¢p(A)r = (UA+ Sz (Vz e X).

Therefore, p(A) = UA+ S. O
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