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s Subje
t Classi�
ation: 31A25, 35J25, 35A08.Abstra
t. In this paper the 
lass of sto
hasti
 pro
esses Np,q(F ) is introdu
ed andan interpolation theorem for a quasilinear transform is proved. This theorem is ageneralization of the Mar
inkiewi
z interpolation theorem.1 Introdu
tionAssume that (Ω,F, P ) is a 
omplete probability spa
e. A family F = {Fn}n≥1 of
σ-algebras Fn su
h that F1 ⊆ ... ⊆ Fn ⊆ ... ⊆ F is 
alled a �ltration.Let F be a �ltration and a sequen
e {Xn}n≥1 of random variables Xn be su
hthat for any n ≥ 1 Xn is a measurable fun
tion with respe
t to the σ-algebra Fn.Then we say that the set X = (Xn,Fn)n≥1 is a sto
hasti
 pro
ess.We 
onsider the nonde
reasing sequen
e of numbers X(F ) = {Xn(F )}n, where

Xk(F ) = sup
A∈Fk,P (A)>0

1

P (A)

∣∣∣∣
∫

A

XkP (dω)

∣∣∣∣ , k ∈ N.By Np,q(F ), 0 < p <∞, 0 < q ≤ ∞ we denote the set of all sto
hasti
 pro
esses
X, de�ned on F for whi
h

‖X‖Np,q(F ) =

( ∞∑

k=1

k−1− q
pX

q

k

) 1
q

<∞ (1)if 0 < q <∞ and
‖X‖Np,∞(F ) = sup

k
k−

1
pXk <∞ (2)if q = ∞.These 
lasses are similar to the net spa
es, whi
h were introdu
ed in [4℄, [5℄.In this paper we prove a Mar
inkiewi
z-type interpolation theorem for theintrodu
ed spa
es. An interpolation method, essentially related to the propertiesof the Markov stopping times, is introdu
ed.



Interpolation theorem for sto
hasti
 pro
esses 9Let us note that the interpolation properties of a quasilinear transform in thespa
e of martingales are studied in [2℄, [3℄, [6℄, [7℄ and other papers.We write A . B (or A & B) if A ≤ cB (or cA ≥ B) for some positive 
onstant cindependent of appropriate quantities involved in the expressions A and B. Notation
A ≍ B means that A . B and A & B.2 Properties of the spa
es Np,q(F )It is said that a sto
hasti
 pro
ess (Xn,Fn)n≥1, is a martingale if for every n ∈ Nthe following 
onditions hold: 1) E|Xn| <∞; 2) E(Xn+1|Fn) = Xn (a.p.). If insteadof property 2) it is assumed that E(Xn+1|Fn) ≥ Xn (E(Xn+1|Fn) ≤ Xn), then itis said that the pro
ess X = (Xn,Fn)

∞
n=1 is a submartingale (supermartingale).De�nition. We say that a sto
hasti
 pro
ess X belongs to the 
lass W (F ) if thereexists a 
onstant c su
h that for every k ≤ m and for every A ∈ Fk

∣∣∣∣
∫

A

XkP (dω)

∣∣∣∣ ≤ c

∣∣∣∣
∫

A

XmP (dω)

∣∣∣∣ .This inequality implies that Xk(F ) ≤ cXm(F ) for every k ≤ m. The 
lass W (F )
ontains martingales, nonnegative submartingales, nonpositive supermartingales.The property of a pro
ess whi
h is determined by belonging of the pro
ess to the
lass W (F ) we 
all the generalized monotoni
ity.Lemma 1. Let X ∈W (F ). Then1) for 0 < q ≤ q1 ≤ ∞,

‖X‖Np,q1(F ) ≤ cp,q,q1‖X‖Np,q(F ),2) for 0 < p1 < p <∞, 0 < q, q1 ≤ ∞,

‖X‖Np1,q1 (F ) ≤ cp,q,p1,q1‖X‖Np,q(F ),where cp,q,q1, cp,q,p1,q1 > 0 depend only on the indi
ated parameters.Remark. Here and in the sequel 
onstants c, c1 et
. may be di�erent in di�erentformulas.Proof. Let ε > 0. By Minkowski's inequality and by the generalized monotoni
ityof a pro
ess X = (Xn,Fn)n≥1 we get
‖X‖Np,q1(F ) =

( ∞∑

k=1

kεq1−1k−εq1−
q1
p X

q1
k

) 1
q1

.

.




∞∑

k=1

kεq1−1

( ∞∑

r=k

r−q(ε+
1
p)−1

) q1
q

X
q1
k




1
q1

.



10 T. Aubakirov, E. Nursultanov
.




∞∑

k=1

kεq1−1

( ∞∑

r=k

r−q(ε+
1
p
)−1X

q

r

) q1
q




1
q1

.

.




∞∑

r=1

r−q(ε+
1
p
)−1X

q

r

(
r∑

k=1

kεq1−1

) q
q1




1
q

.

.

( ∞∑

r=1

r−
q
p
−1X

q

r

) 1
q

= ‖X‖Np,q(F ).To prove the se
ond statement it is enough to show that ‖X‖Np1,q1 (F ) ≤ ‖X‖Np,∞(F )and apply the �rst statement. Sin
e p1 < p, we have
‖X‖Np1,q1 (F ) =

( ∞∑

k=1

k
− q1

p1
−1
X
q1
k

) 1
q1

≤

≤
( ∞∑

k=1

k
q1
p
− q1

p1
−1

) 1
q1

= ‖X‖Np,∞(F ).

�Lemma 2. Let 0 < p <∞, a > 1. If X ∈W (F ), then for 0 < q <∞

‖X‖Np,q(F ) ≍
( ∞∑

k=0

(
a−

k
pXak

)q
) 1

q

, (3)and for q = ∞
‖X‖Np,∞(F ) ≍ sup

k∈N

a−
k
pXak .Here by Xak we mean X[ak], where [ak] is the integer part of the number

ak. Moreover, expressions Xα and ∑β
k=α bk will be understood as X [α],

∑[β]
k=[α] bkrespe
tively.Proof. Using the generalized monotoni
ity of pro
ess X, we have

‖X‖Np,q(F ) =

( ∞∑

k=1

k−
q
p
−1Xk

q

)1
q

=




∞∑

k=0

ak+1−1∑

l=ak

l−
q
p
−1Xl

q




1
q

&

&




∞∑

k=0

a−
kq
p Xak

q
ak+1−1∑

l=ak

1

l




1
q

&

( ∞∑

k=0

(
a−

k
pXak

)q
) 1

q

.One 
an prove the reverse estimate in a similar way.We will need the following Hardy-type inequalities. �



Interpolation theorem for sto
hasti
 pro
esses 11Lemma 3. Let s ≥ 1, ν > 0, α > 0, β > 0, γ > 0, then for a nonnegative sequen
e
a = {ak}k the following inequalities hold:




∞∑

k=1

k−αs−1




(γk)ν∑

l=1

lβ−1al



s


1/s

≤ γαCα,β,s,ν

( ∞∑

k=1

k(β−α
ν
)s−1ask

)1/s

,




∞∑

k=1

kαs−1




∞∑

l=(γk)ν

lβ−1al



s


1/s

≤ γ−αCα,β,s,ν

( ∞∑

k=1

k(β+ α
ν
)s−1ask

)1/s

,

( ∞∑

k=0

(
2−αk

γk∑

m=0

2βmam

)s)1/s

≤ Cα,β,s,γ

( ∞∑

k=0

(
2(β−α

ν
)kak

)s
)1/s

,

( ∞∑

k=0

(
2αk

∞∑

m=γk

2βmam

)s)1/s

≤ Cα,β,s,γ

( ∞∑

k=0

(
2(β+ α

ν
)kak

)s
)1/s

.3 Interpolation theoremLet T = {Tn}∞n=1 be a transform that transforms a sto
hasti
 pro
ess X, whi
his de�ned on the system F = {F}∞n=1, to the sto
hasti
 pro
ess T(X) =
{Tn(X),Φn}∞n=1, whi
h is de�ned on the system R = {R}∞n=1. It is said that thetransform T is quasilinear if there exists a 
onstant C > 0 su
h that for any n ∈ Nthe following inequality is almost probably true

|Tn(X) − Tn(Y )| ≤ C|Tn(X − Y )|. (4)A random variable τ, whi
h takes values in the set (1, 2, ...,∞), is 
alled theMarkov time of the �ltration G = {Gn}n≥1 if {ω : τ(ω) = n} ∈ Gn for any n ∈ N.The Markov time τ , for whi
h τ(ω) <∞ (a.p.), is 
alled the stopping time.LetX = (Xn,Gn)n≥1 be a sto
hasti
 pro
ess, τ be Markov time. ByXτ we denotethe stopped pro
ess Xτ = (Xn∧τ ,Gn), where Xn∧τ =
n−1∑
m=1

Xmχτ=m(ω) +Xnχτ≥n(ω)and χA(ω) is the 
hara
teristi
 fun
tion of the set A.It is known that if a pro
ess X = (Xn,Gn)n≥1 is a martingale (submartingale),then the pro
ess Xτ = (Xn∧τ ,Gn)n≥1 is also a martingale (submartingale) [2℄.Denote X∗
n(ω) = max

1≤k≤n
|Xk(ω)| and X∗ = (X∗

n,Gn)n≥1.The transforms Xτ and X∗ of the sto
hasti
 pro
ess X are examples ofquasilinear transforms.Theorem. Let 0 < p0 < p1 < ∞, 0 < q0 < q1 < ∞, 0 < θ < 1, 1 ≤ s ≤ ∞,
1
q

= 1−θ
q0

+ θ
q1
, 1
p

= 1−θ
p0

+ θ
p1
, X ∈W (F ) and T = {Tn}∞n=1 be a quasilinear transform.If for any k ∈ N the following 
onditions hold

‖T (Xk)‖Nq1,∞(R) ≤M1‖Xk‖Np1,1(F ), (5)
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‖T (X −Xk)‖Nq0,∞(R) ≤ M0‖X −Xk‖Np0,1(F ), (6)then

‖T (X)‖Nq,s(R) ≤ CM1−θ
0 Mθ

1‖X‖Np,s(F ), (7)where C > 0 depends only on p0, p1, q0, q1, θ.Proof. Let γ > 0, ν > 0. Using quasilinearity of the transform T and Minkowski'sinequality, we have
‖T (X)‖Nq,s(R) =

( ∞∑

k=1

k−1− s
qTk(X)

s

)1
s

.

.



( ∞∑

k=1

k−1− s
qTk(X(γk)ν )

s

) 1
s

+

( ∞∑

k=1

k−1− s
qTk(X −X(γk)ν )

s

) 1
s


 . (8)Denote λk = (γk)ν for any k ∈ N. Using the de�nition of fun
tional (2) and
onditions (5) and (6), we have

Tk(Xλk) ≤ k
1

q1M1‖Xλk‖Np1,1(F ), Tk(X −Xλk) ≤ k
1

q0M0‖X −Xλk‖Np0,1(F ). (9)By de�nitions of pro
esses Xk and X −Xk, taking into a

ount the generalizedmonotoni
ity of the sequen
es {Xk} and {X∞ −Xk}, we have
‖Xλk‖Np1,1(F ) =

λk−1∑

l=1

l
−1− 1

p1X l +Xλk

∞∑

l=λk

l
−1− 1

p1 .

.

(
λk∑

l=1

l
−1− 1

p1Xl + λ
1

p0
− 1

p1
k

∞∑

l=λk

l
−1− 1

p1Xl

)
,

‖X −Xλk‖Np0,1(F ) =

∞∑

l=λk

l
−1− 1

p0 (Xl −Xλk
) .

∞∑

l=λk

l
−1− 1

p0Xl. (10)Substituting estimates (9) and (10) in the �rst summand of the right-hand sideof (8) and using Minkowski's inequality we have
( ∞∑

k=1

k−1− s
qTk(Xλk)

s

) 1
s

.

. M1

( ∞∑

k=1

k
−1− s

q
+ s

q1

(
λk∑

l=1

l
−1− 1

p1Xl + λ
1

p0
− 1

p1
k

∞∑

l=λk

l
−1− 1

p0Xl

)s) 1
s

.

. M1



( ∞∑

k=1

1

k

(
k
− 1

q
+ 1

q1

λk∑

l=1

l
−1− 1

p1Xl

)s) 1
s

+ (11)
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+

( ∞∑

k=1

1

k

(
k
− 1

q
+ 1

q1 λ
1

p0
− 1

p1
k

∞∑

l=λk

l
−1− 1

p0Xl

)s) 1
s


 . (12)Let us estimate the �rst summand in the right-hand side of (12):

( ∞∑

k=1

1

k

(
k
− 1

q
+ 1

q1

λk∑

l=1

l
−1− 1

p1Xl

)s) 1
s

=




∞∑

k=1

k
( 1

q1
− 1

q
)−1




(γk)ν∑

l=1

l
1

p′
1
−1
(
Xl

l

)

s


1
s

.By applying Lemma 3 and using equalities
1

q
=

1 − θ

q0
+
θ

q1
,

1

p
=

1 − θ

p0
+

θ

p1and
ν =

(
1
q0
− 1

q1

)

(
1
p0

− 1
p1

) ,we obtain
( ∞∑

k=1

1

k

(
k
− 1

q
+ 1

q1

λk∑

l=1

l
−1− 1

p1X l

)s) 1
s

. γ
1
q
− 1

q1 ‖X‖Np,s(F ). (13)By using Lemma 3 we estimate the se
ond summand of the right-hand side of (12):
( ∞∑

k=1

1

k

(
k
− 1

q
+ 1

q1 λ
1

p0
− 1

p1
k

∞∑

l=λk

l
−1− 1

p1X l

)s) 1
s

=

= γ
1
q0

− 1
q1




∞∑

k=1

k
( 1

q0
− 1

q
)s−1




∞∑

l=(γk)ν

l
1

p′
0
−1Xl

l



s


1
s

.

. γ
1
q
− 1

q1 ‖X‖Np,s(F ). (14)Substituting estimates (13) and (14) in (12), we get
( ∞∑

k=1

k−1− s
qTk(Xλk)

s

)1
s

. M1γ
1
q
− 1

q1 ‖X‖Np,s(F ). (15)Applying the se
ond estimates of (9) and (10) to the se
ond summand of the righthand side of (8), we have
( ∞∑

k=1

k−1− s
qTk(X −Xλk)

s

) 1
s

.
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. M0

( ∞∑

k=1

k
( 1

q0
− 1

q
)s−1

( ∞∑

l=λk

l
1

p′0
−1X l

l

)s) 1
s

. M0γ
1
q
− 1

q0 ‖X‖Np,s(F ). (16)Choosing γ = M
q0q1

q1−q0
0 M

q0q1
q0−q1
1 and substituting (15) and (16) in (8), we obtain (7).

�The 
lassi
al interpolation Mar
inkievi
z - Calderon theorem follows from thistheorem. Let f be a measurable fun
tion on (Ω, µ) and
m(σ, f) = µ {x : |f(x)| > σ}its distribution fun
tion. The fun
tion
f ∗(t) = inf{σ : m(σ, f) ≤ t}is 
alled the nonin
reasing rearrangement of the fun
tion f .Let 0 < p < ∞ and 0 < q ≤ ∞. The Lorentz spa
e Lpq(Ω, µ) is de�ned as theset of all measurable fun
tions f su
h that

‖f‖Lp,q =

(∫ ∞

0

(t1/pf ∗(t))q
dt

t

)1/q

<∞for 0 < q <∞ and
‖f‖Lp,∞ = sup

t
t1/pf ∗(t) <∞for q = ∞.Corollary (Mar
inkievi
z�Calderon theorem). Let 1 ≤ s ≤ ∞, 0 < p0 < p1 <

∞, 0 < q0 < q < q1 ≤ ∞, θ ∈ (0, 1), 1/p = (1−θ)/p0 +θ/p1, 1/q = (1−θ)/q0 +θ/q1.If T is a quasilinear map and
T : Lpi,1(D, ν) → Lqi,∞(Ω, µ) with the normMi, i = 0, 1,then

T : Lp,s(D, ν) → Lq,s(Ω, µ) and ‖T‖ ≤M1−θ
0 Mθ

1 .Proof. Let f ≥ 0, f ∈ Lp,s(Ω, µ) and f ∗(t) be the nonin
reasing rearrangementof f . Let us de�ne sets Ωn = {w ∈ Ω : f(w) ≤ f ∗(1/n)} , n ∈ N. The sequen
e
X = (Xn,Fn)n≥1 is a sto
hasti
 pro
ess of 
lass W (F ), where Xn(w) =
min {f(w), f ∗(1/n)}, Fn is the minimal σ− algebra 
ontaining set Ω and systemof all measurable subsets Ωn. By the property of monotoni
ity of f ∗ we have
‖f‖Lp,s(Ω,µ) ≍

( ∞∑

k=1

(
k−

1
pf ∗(1/k)

)s 1

k

)1/s

=

( ∞∑

k=1

(
k−

1
pXk

)s 1

k

)1/s

= ‖X‖Np,s(F ).Let Xn, X−Xn be the stopping time, the starting time respe
tively, of the pro
ess
X 
orresponding to the time n. Then we also have

‖Xn‖Lp,s(Ω,µ) ≍ ‖Xn‖Np,s(F ), (17)
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‖f −Xn‖Lp,s(Ω,µ) ≍ ‖X −Xn‖Np,s(F ). (18)For a quasilinear operator T we will de�ne a transform T whi
h transforms asequen
e X = {Xk}∞k=1 to the sequen
e TX = {TXk}∞k=1 . De�ne the systemof sets Φ = {Φk}∞k=1 ,Φk = {Ωm}km=1. Then for the stopped sequen
e Xn =(

Xmin(k,n), Fk
)
k≥1

, we have
‖TXn‖Nq0,∞(F ) = sup

k
k

1
q0 sup

A∈Φk

1

P (A)

∣∣∣∣
∫

A

TXmin(k,n)(y)dP (y)

∣∣∣∣ ≤

≤ sup
k≤r≤n

sup
k∈N

k
1

q0 sup
P (A)≥ 1

k

1

P (A)

∣∣∣∣
∫

A

TXr(y)dP (y)

∣∣∣∣ .

. sup
1≤r≤n

‖TXr‖Lq0,∞
≤ sup

1≤r≤n
M0 ‖Xr‖Lp0,1

. M0 ‖Xn‖Lp0,1
.A

ording to (17) we have

‖TXn‖Nq0,∞(Φ) . M0 ‖X‖Np1,1(F )and
‖T (X −Xn)‖Nq1,∞

= sup
k≥n

k
1
q1 sup

A∈Φk

1

P (A)

∣∣∣∣
∫

P (A)

T (Xk −Xn) (y)dP (y)

∣∣∣∣ ≤

≤ sup
r≥n

sup
k∈N

k
1

q1 sup
P (A)≥ 1

k

1

P (A)

∣∣∣∣
∫

P (A)

T (Xr −Xn) dP

∣∣∣∣ .

. sup
r≥n

‖T (Xr −Xn)‖Lq1,∞
≤M1 sup

r≥n
‖Xr −Xn‖Lp,1

= M1 ‖f −Xn‖Lp,1
.Thus, taking into a

ount (18), we get

‖T (X −Xn)‖Nq1,∞(Φ) . M1 ‖X −Xn‖Np1,1(F ) ,then, by the Theorem, we have
‖TX‖Nq,s(Φ) . M1−θ

0 Mθ
1 ‖X‖Np,s(F ) ,whi
h is equivalent to

‖Tf‖Lq,s
. M1−θ

0 Mθ
1 ‖f‖Lp,s

.In the 
ase when f 
hanges sign, we 
onsider the representation f = f+ − f−, where
f+ = max(f(x), 0) ≥ 0, f− = f+ − f ≥ 0. Using the quasilinearity of the operator Twe obtain the statement of the 
orollary. �
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