ISSN (Print): 2077-9879
ISSN (Online): 2617-2658

Eurasian
Mathematical
Journal

2021, Volume 12, Number 2

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples’ Friendship University of Russia (RUDN University)
the University of Padua

Starting with 2018 co-funded
by the L.N. Gumilyov Eurasian National University
and
the Peoples’ Friendship University of Russia (RUDN University)

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Nur-Sultan, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy
Vice-Editors—in—Chief
K.N. Ospanov, T.V. Tararykova

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (China), O.V. Besov (Russia),
N.K. Bliev (Kazakhstan), N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud
(France), A. Caetano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov
(Russia), A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia),
M.L. Goldman (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany),
A. Hasanoglu (Turkey), M. Huxley (Great Britain), P. Jain (India), T.Sh. Kalmenov (Kazakhstan),
B.E. Kangyzhin (Kazakhstan), K.K. Kenzhibaev (Kazakhstan), S.N. Kharin (Kazakhstan), E. Kissin
(Great Britain), V. Kokilashvili (Georgia), V.I. Korzyuk (Belarus), A. Kufner (Czech Republic),
L.K. Kussainova (Kazakhstan), P.D. Lamberti (Italy), M. Lanza de Cristoforis (Italy), F. Lan-
zara (Italy), V.G. Maz’ya (Sweden), K.T. Mynbayev (Kazakhstan), E.D. Nursultanov (Kazakhstan),
R. Oinarov (Kazakhstan), I.N. Parasidis (Greece), J. Pecari¢ (Croatia), S.A. Plaksa (Ukraine), L.-
E. Persson (Sweden), E.L. Presman (Russia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia),
M. Reissig (Germany), M. Ruzhansky (Great Britain), M.A. Sadybekov (Kazakhstan), S. Sagitov
(Sweden), T.O. Shaposhnikova (Sweden), A.A. Shkalikov (Russia), V.A. Skvortsov (Poland), G. Sin-
namon (Canada), E.S. Smailov (Kazakhstan), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia),
D. Suragan (Kazakhstan), I.A. Taimanov (Russia), J.A. Tussupov (Kazakhstan), U.U. Umirbaev
(Kazakhstan), Z.D. Usmanov (Tajikistan), N. Vasilevski (Mexico), Dachun Yang (China), B.T. Zhu-
magulov (Kazakhstan)

Managing Editor
A M. Temirkhanova

(© The L.N. Gumilyov Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research papers
in all areas of mathematics written by mathematicians, principally from Europe and Asia. However
papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of the EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,
MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal — Matematika, Math-Net.Ru.

The EMJ is included in the list of journals recommended by the Committee for Control of
Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education and
Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted electronically in
DVI, PostScript or PDF format to the EMJ Editorial Office through the provided web interface
(www.enu.kz).

When the paper is accepted, the authors will be asked to send the tex-file of the paper to the
Editorial Office.

The author who submitted an article for publication will be considered as a corresponding author.
Authors may nominate a member of the Editorial Board whom they consider appropriate for the
article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the EMJ.
Manuscripts are accepted for review on the understanding that the same work has not been already
published (except in the form of an abstract), that it is not under consideration for publication
elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors’ names (no degrees).
It should contain the Keywords (no more than 10), the Subject Classification (AMS Mathematics
Subject Classification (2010) with primary (and secondary) subject classification codes), and the
Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.

References. Bibliographical references should be listed alphabetically at the end of the article.
The authors should consult the Mathematical Reviews for the standard abbreviations of journals’
names.

Authors’ data. The authors’ affiliations, addresses and e-mail addresses should be placed after
the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in the
paper being published in a later issue.

Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publication see
http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic thesis or as
an electronic preprint, see http://www.elsevier.com /postingpolicy), that it is not under consideration
for publication elsewhere, that its publication is approved by all authors and tacitly or explicitly by
the responsible authorities where the work was carried out, and that, if accepted, it will not be
published elsewhere in the same form, in English or in any other language, including electronically
without the written consent of the copyright-holder. In particular, translations into English of papers
already published in another language are not accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsification, fraudulent
data, incorrect interpretation of other works, incorrect citations, etc. The EMJ follows the Code
of Conduct of the Committee on Publication Ethics (COPE), and follows the COPE Flowcharts
for Resolving Cases of Suspected Misconduct (http://publicationethics.org/files/u2/NewCode.pdf).
To verify originality, your article may be checked by the originality detection service CrossCheck
http://www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide corrections,
clarifications, retractions and apologies when needed. All authors of a paper should have significantly
contributed to the research.

The reviewers should provide objective judgments and should point out relevant published works
which are not yet cited. Reviewed articles should be treated confidentially. The reviewers will be
chosen in such a way that there is no conflict of interests with respect to the research, the authors
and /or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they will
only accept a paper when reasonably certain. They will preserve anonymity of reviewers and promote
publication of corrections, clarifications, retractions and apologies when needed. The acceptance of
a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure

1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject to
mandatory reviewing.

1.2. The Managing Editor of the journal determines whether a paper fits to the scope of the EMJ
and satisfies the rules of writing papers for the EMJ, and directs it for a preliminary review to one
of the Editors-in-chief who checks the scientific content of the manuscript and assigns a specialist for
reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly qualified scientists and specialists of the
L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other universities of
the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at creating
conditions for the most rapid publication of the paper.

1.5. Reviewing is confidential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education and
Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES). The
author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.

1.7. A positive review is not a sufficient basis for publication of the paper.

1.8. If a reviewer overall approves the paper, but has observations, the review is confidentially
sent to the author. A revised version of the paper in which the comments of the reviewer are taken
into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is confidentially sent to the author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The final decision on publication of the paper is made by the Editorial Board and is recorded
in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor
informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial Office for three years from the date of publica-
tion and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review

2.1. In the title of a review there should be indicated the author(s) and the title of a paper.

2.2. A review should include a qualified analysis of the material of a paper, objective assessment
and reasoned recommendations.

2.3. A review should cover the following topics:

- compliance of the paper with the scope of the EMJ;

- compliance of the title of the paper to its content;

- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words and
phrases, bibliography etc.);

- a general description and assessment of the content of the paper (subject, focus, actuality of
the topic, importance and actuality of the obtained results, possible applications);

- content of the paper (the originality of the material, survey of previously published studies on
the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);



- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of biblio-
graphic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and understanding
of the presented scientific results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The final part of the review should contain an overall opinion of a reviewer on the paper
and a clear recommendation on whether the paper can be published in the Eurasian Mathematical
Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of the EMJ is www.emj.enu.kz. One can enter the web-page by typing Eurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in the EMJ (free access).

Subscription
Subscription index of the EMJ 76090 via KAZPOST.
E-mail

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EMJ)

The Nur-Sultan Editorial Office

The L.N. Gumilyov Eurasian National University
Building no. 3

Room 306a

Tel.: +7-7172-709500 extension 33312

13 Kazhymukan St

010008 Nur-Sultan, Kazakhstan

The Moscow Editorial Office

The Peoples’ Friendship University of Russia
(RUDN University)

Room 562

Tel.: +7-495-9550968

3 Ordzonikidze St

117198 Moscow, Russia



VLADIMIR MIKHAILOVICH FILIPPOV
(to the 70th birthday)

Vladimir Mikhailovich Filippov was born on 15 April 1951 in the city
of Uryupinsk, Stalingrad Region of the USSR. In 1973 he graduated with
honors from the Faculty of Physics and Mathematics and Natural Sci-
ences of the Patrice Lumumba University of Peoples’ Friendship in the
specialty "Mathematics". In 1973-1975 he is a postgraduate student of
the University; in 1976-1979 - Chairman of the Young Scientists’ Council,
in 1980-1987 - Head of the Research Department and the Scientific De-
partment; in 1983-1984 - scientific work at the Free University of Brussels
(Belgium); in 1985-2000 - Head of the Mathematical Analysis Department; from 2000 to the present
- Head of the Comparative Educational Policy Department; in 1989-1993 - Dean of the Faculty
of Physics, Mathematics and Natural Sciences; in 1993-1998 - Rector of the Peoples’ Friendship
University of Russia; in 1998-2004 - Minister of General and Professional Education, Minister of
Education of the Russian Federation; in 2004-2005 - Assistant to the Chairman of the Government
of the Russian Federation (in the field of education and culture); from 2005 to May 2020- Rector of
the Peoples’ Friendship University of Russia, since May 2020 - President of the Peoples’ Friendship
University of Russia, since 2013 - Chairman of the Higher Attestation Commission of the Ministry
of Science and Higher Education of the Russian Federation.

In 1980, he defended his PhD thesis in the V.A. Steklov Mathematical Institute of Academy of
Sciences of the USSR on specialty 01.01.01 - mathematical analysis (supervisor - a corresponding
member of the Academy of Sciences of the USSR, Professor L.D. Kudryavtsev), and in 1986 in the
same Institute he defended his doctoral thesis "Quasi-classical solutions of inverse problems of the
calculus of variations in non-Eulerian classes of functionals and function spaces". In 1987, he was
awarded the academic title of a professor.

V.M. Filippov is an academician of the Russian Academy of Education; a foreign member of
the Ukrainian Academy of Pedagogical Sciences; President of the UNESCO International Organiz-
ing Committee for the World Conference on Higher Education (2007-2009); Vice-President of the
Eurasian Association of Universities; a member of the Presidium of the Rectors’ Council of Moscow
and Moscow Region Universities, of the Governing Board of the Institute of Information Technolo-
gies in Education (UNESCO), of the Supervisory Board of the European Higher Education Center
of UNESCO (Bucharest, Romania),

Research interests: variational methods; non-potential operators; inverse problems of the calculus
of variations; function spaces.

In his Ph.D thesis, V.M. Filippov solved a long standing problem of constructing an integral
extremal variational principle for the heat equation. In his further research he developed a gen-
eral theory of constructing extremal variational principles for broad classes of differential equations
with non-potential (in classical understanding) operators. He showed that all previous attempts to
construct variational principles for non-potential operators "failed" because mathematicians and me-
chanics from the time of L. Euler and J. Lagrange were limited in their research by functionals of the
type Euler - Lagrange. Extending the classes of functionals, V.M. Filippov introduced a new scale of
function spaces that generalize the Sobolev spaces, and thus significantly expanded the scope of the
variational methods. In 1984, famous physicist, a Nobel Prize winner I.R. Prigogine presented the
report of V.M. Filippov to the Royal Academy of Sciences of Belgium. Results of V.M. Filippov’s
variational principles for non-potential operators are quite fully represented in some of his and his
colleagues’ monographs.

Honors: Honorary Legion (France), "Commander" (Belgium), Crown of the King (Belgium); in
Russia - orders "Friendship", "Honor", "For Service to the Fatherland" III and IV degrees; Prize of




the President of the Russian Federation in the field of education; Prize of the Governement of the
Russian Federation in the field of education; Gratitude of the President of the Russian Federation;
"For Merits in the Social and Labor Sphere of the Russian Federation", "For Merits in the Develop-
ment of the Olympic Movement in Russia", "For Strengthening the Combat Commonwealth; and a
number of other medals, prizes and awards.

He is an author of more than 270 scientific and scientific-methodical works, including 32 mono-
graphs, 2 of which were translated and published in the United States by the American Mathematical
Society.

V.M. Filippov meets his 70th birthday in the prime of his life, and the Editorial Board of the
Eurasian Mathematical Journal heartily congratulates him on his jubilee and wishes him good health,
new successes in scientific and pedagogical activity, family well-being and long years of fruitful life.



EURASIAN MATHEMATICAL JOURNAL
ISSN 2077-9879
Volume 12, Number 2 (2021), 90 — 103

OPTIMAL REARRANGEMENT-INVARIANT BANACH FUNCTION RANGE
FOR THE HILBERT TRANSFORM

K.S. Tulenov

Communicated by T. Bekjan

Key words: rearrangement-invariant Banach function space, Hilbert transform, optimal range.
AMS Mathematics Subject Classification: 46E30, 44A15, 47120, 47C15.

Abstract. We describe the optimal rearrangement-invariant Banach function range of the classical
Hilbert transform acting on a rearrangement-invariant Banach function space. We also show the
existence of such optimal range for the Lorentz and Marcinkiewicz spaces.

DOI: https://doi.org/10.32523 /2077-9879-2021-12-2-90-103

1 Introduction

The classical Hilbert transform H (for measurable functions on R) is defined, in the sense of principal

value, by the following formula
1
(Hx)(t) = p.v.—/ 2(s) ds.

T Jpt—38

However, it may be undefined for some measurable functions. Later we will show that the maximal
domain for #H is the Lorentz space Ay, (R) (see Remark 2.1), where ¢y is defined in (2.6) below. Over
the last few years, the characterization of optimal domain and range spaces, has been considered for
many different kinds of operators and function spaces as applications to Sobolev embeddings |7, 9];
classical results in Fourier analysis such as the Hausdorff-Young inequality and Fourier multipliers
[2, 16, 17]; vector measures [19]. For instance, in [18] the optimal domain and range spaces for L,
(among solid Banach spaces), and in [8] the optimal domains in the class of rearrangement-invariant
Banach function spaces were described. Operators with a similar bihaviour to the Hilbert transform
were studied in the papers [4], [10]. The symmetric quasi-Banach optimal range of the classical
Hilbert transform acting on a symmetric quasi-Banach function spaces were studied in [22] (see
also [12] [23], [24]), where authors described the optimal range for its noncommutative counterparts
including the triangular truncation operator with applications to the theory of operator Lipschitz
functions and commutator estimates in ideals of compact operators.

Let E and F be rearrangement-invariant Banach function spaces on R. In this paper, we are
considering the problem of what is the least rearrangement-invariant Banach function space F'(R)
such that H : E(R) — F(R) is bounded for a fixed rearrangement-invariant Banach function space
E(R). We shall be referring to the space F'(R) as the optimal range space for the operator H restricted
to the domain E(R) C A, (R). Similar constructions have been considered in [20] and [6] (see also
[21]) for the optimal range and domain spaces for the Hardy and Hardy type operators. We use
their methods to obtain similar results for the Hilbert transform. This problem reduces to a familiar
problem settled by D. Boyd [5] in 1967. Indeed, in this special case |5, Theorem 2.1] (see also [1]
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for the discrete case) asserts that H : F(R) — F(R) if and only if S : E(R,) — F(R.), where the
operator S, known as the Calderon operator, is defined by the formula

(Sx)(t) = %/0 x(s)ds + /too @ds, € N,y (Ry).

Effectively, the problem reduces to describing the optimal range of the operator S. Addressing pre-
cisely this framework, one of our main results, Theorem 3.1, provides a description of the optimal
range F(R) among the rearrangement-invariant Banach function spaces for a given rearrangement-
invariant Banach function space E(R), thereby complementing [5, Theorem 2.1|. The main results
will be proved in Section 3. We also obtain some results on the existence of optimal rearrangement-
invariant Banach function range of the Hilbert transform on the Lorentz and Marcinkiewicz spaces
in Section 4.

2 Preliminaries

2.1 Rearrangement-invariant Banach function spaces

Let (I,m) denote the measure space I := Ry = (0,+00) (resp. I := R = (—o00,+00)) equipped
with the Lebesgue measure m. Let L(I) be the space of all measurable real-valued functions on
I equipped with the Lebesgue measure m, i.e. functions which coincide almost everywhere are
considered identical. Let L(I)™ be the cone of m-measurable functions on R whose values lie in
[0, 00]. The characteristic function or indicator of a m-measurable subset A of R will be denoted by

XA-

Definition 1. [3, Definition I. 1.1, p. 2| A mapping p : L(I)T — [0, 00] is called a Banach function
norm if, for all x,y,x,, (n =1,2,3,...), in L(I)", for all m-measurable subsets A of R, the following
properties hold:

(i) pis a norm
(i) 0 <y <zae = p(y) <p(z)
(i) 0 <z, T ae = p(z,) T p(z)
(iv) p(A) < o0 = p(xa) < o0

(v) p(A) < 00 = [, xdm < cap()

for some constant ca, 0 < ca < 00, depending on A and p but independent of .

Let p be a function norm. The set E = E(p) of all functions x in L(I) for which p(|z]) < oo is
called a Banach function space. For any x € F, define

2]l = p(lz]).
Define Lo(I) to be the subset of L(I) which consists of all functions z such that
m({t :z(t)] > s})

is finite for some s > 0. Two functions x and y are called equimeasurable, if

m({t: |z(t)] > s}) = m({t : [y()] > s}).
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For x € Lo(I), we denote by u(x) the decreasing rearrangement of the function |z|. That is,
u(t,z) =inf{s > 0: m({|z| > s}) <t}, t>0.

We say that y is submajorized by x in the sense of Hardy—Littlewood—Pdlya (written y << x) if

t ¢
/ (s, y)ds < / w(s,x)ds, t>0.
0 0

Definition 2. |3, Definition 4.1, p. 59] A Banach function space E is called rearrangement-invariant
if, whenever x belongs to E and y is equimeasurable with z, then y also belongs to E and ||y||g =
/|-

Throughout this paper we use RIBF space instead of rearrangement-invariant Banach function
space. It is well known that L,(I), (1 < p < oo) and the Lorentz spaces L, ,(I), (1 < p,q < o0)
are basic examples of RIBF spaces. For the general theory of RIBF spaces, we refer the reader to
3, 11, 12].

The dilation operator on Lg([) is defined by

o(t) = o (f) L s>0.

S

It is obvious that the dilation operator oy is continuous on Ly(I) (see [11, Chapter I1.3, p. 96]).
Let E be a RIBF space on I. The upper and lower Boyd indices of E(I) are numbers ﬁ pand B
defined by

- log ||os||p— & . logllogl|p-E
g = lim —————"= = lim ————~
t—0+ logt —E t—00 logt

Moreover, they satisty 0 < §, < Br < 1 (see [3, Definition II1.5.12 and Proposition I11.5.13, p.
149]).

2.2 Kothe dual of RIBF spaces

Next we define the Kéthe dual (or associate) space of RIBF spaces. Given a RIBF space E on I,
equipped with the Lebesgue measure m the Kéthe dual space E* on [ is defined by

B(I)* :{yeLo /|x Pldt < o, ver(f)}

E* is a Banach space with the norm

. :—sup{ [ lstoolde: s € B0, lilegy <1} 1)

If E(I) is a RIBF space, then (E*(1), || - |gx (1)) is also a RIBF space (cf. [3, Section 2.4]). For
more details we refer to [3, 12]).

2.3 LiNLy and Ly + L, spaces

Two examples below are of particular interest. Consider the separated topological vector space Lo ()
consisting of all measurable functions = such that m({t : |x(¢)| > s}) is finite for some s > 0 with
the topology of convergence in measure. Then the spaces Ly([) and L. (I) are algebraically and
topologically imbedded in the topological vector space Lo(I), and so these spaces form a Banach
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couple (see [11, Chapter I| for more details). The space (L1 N Lo )(I) = L1(I) N Loo(I) consists of all
bounded summable functions x on I with norm
]l (z1mzo0yry = max{l|zl| ., |2l w s @ € (L1 N Loo)(D)-
The space (L1 + Loo) () = L1 ()4 Lo () consists of functions which are sums of bounded measurable
and summable functions « € Ly(I) equipped with the norm given by
2l 2oy = nf{llzallzya + llalliwm = @ = 21 + 22,
T € Ll(I), T9 € Loo<[)}
For more details we refer the reader to [3|, [11]. We recall that that every RIBF space on I (with
respect to Lebesgue measure) satisfies

(Li N Lo)(I) € E(I) € (L + Loo)(I)

equipped with the norm given by with continuous embeddings (see for instance [11, Theorem II. 4.1.
p. 91]).

2.4 Lorentz and Marcinkiewicz spaces

Definition 3. [11, Definition II. 1.1, p. 49| A function ¢ : [0, 00) — [0, 00) is said to be quasiconcave
if

t) is positive and increasing for ¢t > 0;

(iii) “Dgt is decreasing for ¢ > 0.

Observe that every nonnegative concave function on [0, 00) that vanishes only at origin is quasi-
concave. The reverse, however, is not always true. But, we may replace, if necessary, a quasiconcave

function ¢ by its least concave majorant ¢ such that
1. ~
5% Se<e

(see [3, Proposition 5.10, p. 71]).
Let € denote the set of all increasing concave functions ¢ such that ¢(+0) = 0. For a function ¢
in , the Lorentz space A,([) is defined by setting

A(T) = {x € Lo(I) - / (s, 2)do(s) < oo}
Ry
equipped with the norm
lellniyi= [ s 0)dots) 22)
Ry

Let ¢ € €. Define the Marcinkiewicz space My (1) as follows:

My(I) = {x € Lo(I) s sup s /tu(s,x)ds < oo} (2.3)

with the norm .
1
x ‘= sup —— s,x)ds < 00. 2.4
el = sup —os [ ns.o) 2.4)

These spaces are examples of RIBF spaces. For more details on the Lorentz and Marcinkiewicz
spaces, we refer the reader to [3, Chapter I1.5] and [11, Chapter I1.5].
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2.5 Calderon operator and Hilbert transform

Let E(R;) be a RIBF space. For a function € E(R,), the operator S is defined as follows:

s = 1 [ alops+ [ a2

5
It is obvious that S is a linear operator. Next, it is easy to see that if 0 < ¢ < ¢/, then

(2.5)

/

t
min (1, f) < min (1, f) < — . min (1, i) , (s >0).
t t t t’

So, if = is nonnegative, it follows from the first of these inequalities that (Sz)(t) is a decreasing
function of ¢. The operator S is often applied to the decreasing rearrangement p(x) of a function
x defined on some other measure space. Since Spu(x) is itself decreasing, it is easy to see that
p(Sp(z)) = Sp(z). Throughout this paper, we shall use the symbol A < B to indicate that there
exists a universal positive constant cqs, independent of all important parameters, such that A4 <
CapsB. A = B means that A < B and A 2> B.

The next proposition, which gives the exact domain of the operator S, was proved in [23|. For
the convenience, we recall its proof here.

Proposition 2.1. Let S be the operator defined by the above formula (2.5). If

tlog(%) 0<t<1
. : ) 2.
#olt) { 2log(et), 1<t < o0, (26)

then the Lorentz space Ay (Ry) is the mazimal among the RIBF spaces E(R.) such that
S:ERy) — (L1 + Leo)(Ry).
Proof. Let E(R,) be a RIBF space such that S: E(R;) — (L1 + Loo)(Ry). If

1S(2) (L) ®s) = 2] agy R (2.7)
then, for any z € E(Ry), we have

12| Apy®s) S Cabs IS (214 Loo)®y) S Cabs ||l BRY)-

This shows that E(Ry) C Ay, (R.). Therefore, it is sufficient to show (2.7). Indeed, if z € A, (R4 ),
then by using Fubini’s theorem and (2.6), we obtain

1 1 t 1 [e'e)
2.5 1 S, T
ISu sy = [ Suttaar D [3 [ s asar+ [ 7D g
0 0 0 0 Jt S
1

_ /01 u(s,z) (1 — log(s))ds + /100 pls,0)—ds

1 1. (22
g/ u(s,x)(l—log(S))ds+2/ s, 2)~ds "= |2]|a gy @y)-
0 1

On the other hand, we have
22 [* o 1
fellnsyen 2 [ ntsio) (1= dog(e)ds +2 [ n(s.a)3ds
0 1

< 2/0 (s, z) (1 —log(s))ds + 2 /100 (s, x)éds

=" 2|8 ()| (L1 4 Loo) (B2)
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Let « € Ay, (I). Since for each t > 0, the kernel k(s) = < - min {1, f} is a decreasing function of
s, it follows from [3, Theorem I1.2.2, p. 44] that

(2.5) }/ }ds
Hlln -
"t) s

< /R |2(s)| min {1, Z}% (2.8)

ds (25)

S/R u(s,x)min{l Z}? (Sp()) ().

For more information about these operators, we refer to |3, Chapter III] and [11, Chapter II|.
If z € Ay (R), then the classical Hilbert transform H is defined by the principal-value integral

(Hzx)(t) = p.v. l/ z(s) ds, x € Ny (R). (2.9)

t—s

Remark 2.1. Let z = 7X(0,0) be such that z is a non-negative decreasing function on R . Then, it
is easy to see that

29 1

=) 2 2| [ 2

t 00
:l/ x(s)ds:l(/ m(S)ds—k/ x(s)ds)
T Jr, t+s T \Jg t+s ; t+s
x

([ )
_%. (%/Otm(s)dpr/tm@ds) = (Sx)() t>0.

If (Hx)(—t) exists for any ¢t > 0, then it follows that Su(z) exists, and it means = belongs to the
domain of S, i.e. z € A, (Ry) (see (2.5)). On the other hand, if z € A, (Ry), then by [3, Theorem
[11.4.8, p. 138|, we have

p(Hz) S Sp(x),

which shows the existence of Hz.

3 Optimal range for the Hilbert transform

In this section, we describe the optimal RIBF range space for the classical Hilbert transform. So,
we shall say optimal RIBF range instead of optimal rearrangement-invariant Banach function range
space. Let E and F' be RIBF spaces on R, and let £* and F* be their Kéthe duals on R,
respectively.

First, we need the following lemma.

Lemma 3.1. Let S be the operator defined in (2.5). Then S is a self-adjoint operator in the following
sense:

| s0ues = [ a)(su)s)as B.)

Ry

for all nonnegative functions x,y € Ay (R4).
Furthermore, if S : E(R;) — F(Ry), then S : F*(R;) — E*(Ry) and we have

S]] px®)—Ex @) < IS E®R)—FE®RL)- (3.2)
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Proof. Equality (3.1) follows immediately from (6.31) in [11, Chapter I1.7, p. 138|. Let us prove
(3.2). Since S : E(R;) — F(R,) and S is a positive operator, it follows from [15, Proposition 1.3.5,
p. 27| that S is bounded from E(R;) to F(R,). Then by the definition of the Kéthe duality (see
(2.1)) and (3.1), we have

(2.1)
1Syl px®,) = sup{ z(s)(Sy)(s)ds : = € E(Ry), ||z||lpr,) < 1}
R4
(3.1
LD sup{ [ (Sz)(s)y(s)ds: x € ER;), ||z|pm,) < 1}
R
< sup{ S|l ra Iyl @ € BERL), leln,) < 1)
< sup{||S|| eeoy—reo eyl r @) : v € E(RL), ||2]pr,) < 1}

< [Slle@y»ranlYllree,)-
Since ||S||gr,)—Fm,) is finite, this concludes the proof. O

Definition 4. Let £ be a RIBF space on R such that E(R) C A, (R), where ¢y defined in (2.6).
Let us define the set

F(Ry) = {o € (In + La)(R) : [l2] ) < 00},

where

] ! / (¢, )t y)dt
T||F(R) ‘= sup HL, T )ult, y)at,
B e @ 1S e @ Je.

and the operator S is defined as in Proposition 2.1.

It was proved in [20, Theorem 3.2] that (F'(R;), | - ||r®,)) is a RIBF space. Moreover, it was
shown that the space (F(Ry),| - |[r@,)) is the optimal range for the operator S. The following
theorem describes the optimal range for the Hilbert transform H defined on R among the RIBF
spaces.

Theorem 3.1. Let E be a RIBF space on R such that E(R) C Ay, (R), where o defined in (2.6).
Then, the space F(R) defined in Definition 4 is the optimal RIBF range among the RIBF spaces for
the Hilbert transform H defined on E(R).

Proof. Let E(R) C A,y (R). an argument similar to the one in [20, Theorem 3.2] shows that (F'(R), ||-
|Fry) is a RIBF space. Let us show that the Hilbert transform is bounded from E(R) into F(R).
Now, let z € E(R), then by [3, Theorem I11.4.8, p. 138] and by (3.1) in Lemma 3.1, we have

1
| Hz| Fw) = sup / w(s, Hx)u(s, y)ds
B et @ 1)o@ Je,

1
S Cabs sup S:“’(':C)<S):u(87 y)dS
w(y)E(L1NLoo)(R) HSN(y>”EX(R+) Ry

6. ! / 1(s, 2)(Sp(y))(s)ds

= Cqgbs sup
nw)e(inLo)®s) 1Sl Ex &y

< Cab8||ﬂ($)“E(R+) = CabSH"E“E(R)

Hence, H : E(R) — F(R) is bounded. Now, suppose that G(R) is another RIBF space such that
H: E( ) = G(R) is bounded. Let us show that F/(R) C G(R). If x € E(R, ), then by [3, Proposition
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III. 4.10, p. 140| there is a function y € E(R) equimeasurable with = such that Su(z) < 2u(Hy).
Thus

[Su(@)|lrey) < 2[HY | Fey = 20HYllFe)
< cavs ||yl ) = cavsl|]| BRA),

which shows that

is bounded. Therefore, Lemma 3.1 implies that S is self-adjoint and S : F*(R.) — E*(R;) is
bounded. So, for any y € Lo(R, ) such that u(y) € F*(R,), we have

1SpW)lex@®y) < ISllex®o—ex@ollyllex®y < 15 e@)—a@oll¥llex®,)-

Hence, for any x € G(R), we obtain

1
HJUHF(RJr) = sup - -
pw)e(LinLo) &) [Vllex ®y)

/IR+ p(s, x)p(s,y)ds

1
< |IS|le®y)—ar sup
B2 entoy@n 1S e,

[ st omts. s
R
= [Sle@s)»cmo ol Fes)-

Therefore, we have that F'(R) C G(R) as claimed. So, the space F(R) is the optimal RIBF space for
the Hilbert transform A on E(R). This completes the proof. O

Similarly to |20, Proposition 3.9|, we obtain the following result for the Hilbert transform.

Proposition 3.1. Let E be a RIBF space on Ry (respectively R) such that E(R;) C Ay (Ry)
(respectively E(R) C A,y (R)), where ¢y defined in (2.6). Let S be the operator defined in (2.5).
Then, the following are equivalent:

(i) there exists an optimal RIBF range F(R) for the Hilbert transform H on E(R);
(i) S: E(Ry) = (L1 + L) (Ry) is a bounded operator;
(iii) Sx1) € E*(Ry).

Moreover, if any of these conditions holds, then the optimal RIBF range for the Hilbert transform on
E(R) is given by
FR):={z € (L1 + Ly)(R) :

1
2]l Fr) = sup / p(s, x)p(s,y)ds < oo}
7 sz 1500w Jr,

Proof. (i) = (ii) Let F(R) be the optimal RIBF range for the Hilbert transform. Then H : E(R) —
F(R) is a bounded operator. Since the embedding F(R) < (L; + L )(R) is continuous, it follows
that H : E(R) — (L1 + Loo)(R) is bounded. On the other hand, [3, Proposition III. 4.10, p. 140]
shows that to each z € F(R,), there corresponds a function y € E(R) equimeasurable with x such
that Su(x) < 2u(Hy). Then

[Su(@) |1+ Loy @) < 20HY (214 Loo) @) = 21 HYI (214 Loo)(®)
< cabsllylle®) = cavsll | E®y)
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which shows that
St ERy) = (L1 + Leo) (R
is bounded.

(73) = (4i7) Since S : E(Ry) — (L L)(R;) is bounded and self-adjoint, by Lemma 3.1 we
also have that S : (L1 N Ly )(R ) — E*(R,) is bounded. Now, since x4 € (L1 N Loo)(R4) for
every t > 0, it follows that Sx . € E*(R4).

(1i1) = (i1) Let x € E(Ry). Slnc w(Sz) < Su(x) by (2.8), it follows from the Holder inequality
[3, Theorem 1.2.4, p.9| that

1
1S (L1 4 Loo)(®y) :/ p(s, Sx)ds
0

:/ (s, )Sx(0,1)(s)ds
Ry
< [zl e 19X 1o e,

Hence, since Sx(o,1) € E*(Ry), it follows that S : F(Ry) = (L1 4+ Loo)(R4) is bounded.
(17) = (i) As H satisfies the hypothesis of Theorem 3.1, we obtain that F'(R) is the optimal RIBF
range for the Hilbert transform H on E(R). O

Remark 3.2. Since Sx(g,1) does not belong to L;(R,) and L (R,), one direct application of Propo-
sition 3.1 shows that there are no optimal RIBF ranges F'(R) and G(R) which are Banach such that
H: L1(R) — F(R) and H : Loo(R) — G(R), respectively.

4 Existence of optimal RIBF range for the Lorentz and Marcinkiewicz
spaces

In this section, we will show the existence of the optimal range of the operator S and Hilbert transform
for the Lorentz and Marcinkiewicz spaces.
Similar result to the following was obtained in |21, Lemma 2.1] for the Hardy operator.

Lemma 4.1. Let ¢ be an increasing concave function such that p(0+) = 0. Let E be a symmetric
space on Ry and let S be the operator defined in (2.5). The following conditions are equivalent:

) [15x0nlleE) S @), £ >0;

(i) S:AL(Ry) = E(R,) is bounded.
Proof. Since the fundamental function of A,(Ry) is equal to ¢(t) (see [3, Chapter I1.5, pp. 65-73]),
(i1) = (¢) part is clear. Let us now prove that (i) implies (i7). If x € Ay (R), where ¢, defined in

(2.6) is a positive function on R, and = equal to zero on the negative semiaxis, then by the definition
of Hilbert transform (2.9), we have

H(w)(—1) :p.v.l/ﬂ{x(_s)ds:p.v.%/ﬂ{ (5) s,

T +t+s

Hence, if t > 0, then
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Taking decreasing rearrangement p, we obtain
w(t, Sz) < p(t,Hx), t>0. (4.1)

Let A be a Lebesgue measurable subset of R, and let = ya. By [3, Theorem III. 4.8, p. 138|, we
have

p(t, Hxa) S Sxomeay(t), t > 0.

Combining (4.1) and preceding inequality, we obtain
M(tv SXA) S SX(O,m(A))(t)a t > 0. (42)
Note that for a measurable set A with measure m(A), by (4.2), we have

1Sxalle®y) S 1SXx©0m@anlle®y) S Ixalla®)-

For a given © € A,(R4), denote A, = {s: 2" < |z(s)| < 2"}, for n € Z. Using (5.4) in [11, Chapter
IL5, p. 111

lellane, = / o(da (1)),
R4

where d,(t) = m({s : |x(t)| > s}) is the distribution function of =, we have

1Szl e,y = 11 Sexa)lze) S D2 Ixa,la @)

nez nez
S Y2 e(de(27) S s
nez
This concludes the proof. n

The following theorem yields a necessary and sufficient condition for the existence of optimal
RIBF range of the Hilbert transform H for a given Lorentz space A,(R).

Theorem 4.1. Let ¢ be an increasing concave function on [0,00) such that ¢(0+) = 0. Then
(i) S :AL(Ry) = (L1 + Loo)(Ry) if and only if ¢ satisfies
p(t) Z polt), t >0, (4.3)
where g defined in (2.6).

(i) If o(t) 2 wo(t), t > 0, then the optimal range of the Hilbert transform on A,(R) coincides with

G(R) = {z € (Li + Loo)(R) : ) << Su(y), 3y € A, (R)}, (4.4)

endowed with the norm
1zl = nf{llylla,@ : plz) << Suy)}-
Proof. First, let us prove (i). Let S : A,(Ry) = (L1 + Loo)(R4). Since S maps positive function

to a positive function, i.e. S is a positive operator (see [3, Chapter III, p. 134]), it follows from
[15, Proposition 1.3.5, p. 27| that S is bounded from A,(R;) into (L; + L )(R;). We know that
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X 0.0)llau®e) = ©(t), t >0 (see (5.21) in [3, Chapter IL.6, p. 73|). Therefore, by using (2.7) in the
proof of Proposition 2.1, we obtain

eo(t) = IX)llap, @) = 1SX 00 (L1t Loo)®s) S X0 IAn®s) = ©(F), T>0.

On the other hand, let ¢ satisfies

e(t) Z @o(t), t> 0.

We will show S : A,(Ry) — (L1 + Le)(Ry). Indeed, again using (2.7) in the proof of Proposition
2.1, we have

o(t) 2 wo(t) = X0 lap @) = 1SX 014 L)@y >0

Then applying Lemma 4.1 [(¢) = (i7)] when F(Ry) = (L1 + Lo )(R,), we obtain the desired result.
Next, we prove the second part of the theorem. If

©(t) 2 o(t), t >0,

then by the first part of the theorem, we have S : A,(R;) — (L; + L) (R4). Hence, it follows from
Proposition 3.1 [(i7) = ()] that the optimal range for the operator S on A,(R;) exists. Let us show
that the optimal range coincides with G(R,) defined in (4.4). For this, first we have to show that
G(R,) is a RIBF space. However, it was proved in [20, Theorem 3.5| that the space G(R, ) defined
as above is a minimal RIBF space such that S : A,(R;) — G(R;) is bounded. Therefore, by |3,
Theorem III. 4.8, p. 138], X : A,(R) — G(R) is bounded. It follows from the definition of optimal
range F'(R) (see Definition 4) that F(R) C G(R). For the converse inclusion, pick any RIBF space
Y (R) such that # : A,(R) — Y (R) is bounded. Then by [3, Proposition III. 4.10, p. 140], we obtain
that S : A,(Ry) = Y(R;) is bounded. If z € G(R,), then for every decreasing y € A,(Ry) with
p(z) << Sy, by [3, Theorem I1.4.6] we have

zlly @) < 1SYlvrs) < 1Slap@—-veollylla, @,

which implies via taking infimum over all such y’s that

lly @) < [1S1as@o-venlzlaw,),
i.e. G(R) C Y(R). This proves the minimality condition, and hence F'(R) coincides with G(R). O

Corollary 4.1. Given an increasing concave function ¢ such that ¢(0+) = 0 and satisfying condition
(4.3), we have
As(R}) = G(R,),

where the space G(Ry) is defined in (4.4), if and only if the upper and lower Boyd indices satisfy
0<p LS 5/» < 1.
—Agp

Proof. It is easy to see that, under condition (4.3), we always have A, (Ry) C G(Ry). Indeed, if
z € A,(R,), then taking y = p(x) € A, (R4 ) and by [20, Lemma 2.4 (ii)] we get that p(z) = y << Sy.
So, A,(Ry) = G(R,) holds if and only if G(Ry) C A,(R4), which is by Theorem 4.1 equivalent to
the boundedness S : A,(R;) — A, (Ry). However, the latter condition is known to be equivalent

to the condition 0 < 8, < 3, <1 (see, e.g. [3, Theorem II1.5.18, p. 154]). This completes the
proof. O]

The next theorem gives a necessary and sufficient condition for the existence of optimal RIBF
range of the operator S for a given Marcinkiewicz space M, (R ).
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Theorem 4.2. Let ¢ be an increasing concave function on [0,00) such that p(0+) = 0. Then

(i) §: My(Ry) = (L1 + L) (Ry) if and only if ¢ satisfies

/1 @dt + /Oo wdt < 00; (4.5)

t 141

(ii) If ¢ satisfies (4.5), then the optimal range of the Hilbert transform on My(R) coincides with
GR) :=A{z € (L1 + Loo)(R) : p(x) << Suly), Jy € My (R)}, (4.6)
endowed with the norm

[zl = nf{llylla,@ : w(x) << Spy))}-

Proof. First, let us prove (i). It is easy to see by a calculation that

(Sxon)(s) = 1—j1Ls + X(0,1)(s) log (%), s> 0. (4.7)
By formula (4.7) condition (4.5) is equivalent to Sx 1) € Ay,(Ry). Since MX(R,) = A, (R,) (see
[11, Chapter I1.5]), it follows from Proposition 3.1 [(i7i) = (i1)] that Sx (1) € Ap(R4) is equivalent
to the boundedness of the operator S from M,(R}) to (L; + Lo )(Ry). Next, let us prove (ii). If ¢
satisfies (4.5), then by the first part of this theorem S : M,(R;) — (L1 4+ L) (R4) is bounded. But,
by Proposition 3.1 [(ii) = ()] this is equivalent to the existence of the optimal range of the Hilbert
transform on M, (R;). The other part is proved similarly to the proof of Theorem 4.1 (ii). O
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