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1 Introduction

The theory of inverse problems for differential systems goes back to works [3, 4] and has been further
developed in [1, 8-10, 23-25] for ordinary differential equations (ODE). Thus, the set of ODE with
a given integral curve was constructed in [3|. The cited paper is fundamental in the formation and
development of the theory of inverse problems in the dynamics of systems described by ODE. The
various statements of the inverse problems and their solving in the class of ODE are discussed in [1,
4, 8-10, 23-25|.

In solving of inverse problems of construction of a set of differential equations corresponding to a
given integral manifold, the following methods are used: the Erugin method and the quasi-inversion
method. First, the Erugin method of introduction of an auxiliary function provides necessary and
sufficient conditions ensuring for a given set to be an integral manifold [3, 4]. Secondly, the quasi-
inversion method allows to write out the general solution of the functional-algebraic equation, to
which the problem of construction of a set of the differential equations for a given integral manifold
is reduced |9, 10].

Methods for solving inverse problems of differential systems are generalized to a wide class of
partial differential equations in |2, 14, 15].

However, the increasing requirements to the accuracy of description and workability of material
systems lead to the situation when numerous observed phenomena cannot be explained on the basis
of the analysis of deterministic processes. This circumstance requires, in particular, the attraction
of probability laws for the modeling of the behaviour of real systems.

Thus, the problem of generalization of the methods used for the solution of inverse problems
for ordinary differential equations to the class of stochastic differential equations seems to be quite
actual [7, 13].

The problem of the simultaneous construction of a set of stochastic differential equations with a
given integral manifold and a set of comparison functions is investigated in [21]. And the problem of
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constructing a force field along a given integral manifold in the presence of random perturbing forces
is solved in [22].

Stochastic differential equations of the Ité-type describe various models of mechanical systems
taking into account the action of external random forces, for example: the motion of artificial satellites
under the action of gravity and aerodynamic forces [12], the fluctuation drift of a heavy gyroscope
in the gimbal suspension [16], and many others. In [5, 6, 17-20], the inverse problems of dynamics
are studied under the additional assumptions of presence of random perturbations. In particular,
the following problems are solved by the method of quasi-inversion:

(a) the main inverse problem of dynamics, in which it is necessary to construct the set of Ito-type
second-order stochastic differential equations with a given integral manifold [5, 6];

(b) the problem of reconstruction of the equations of motion, in which it is necessary to con-
struct the set of control parameters contained in a given system of Ito-type second-order stochastic
differential equations according to a given integral manifold [17, 18, 20], and

(c) the problem of closure of the equations of motion, in which it is necessary to construct the
set of closing Ito-type second-order stochastic differential equations for a given system of equations
and a given integral manifold [19].

This paper is adjacent to [19]. In [19], the problem of construction the set of closing stochastic
differential Ito-type equations according to the given system of equations and the given integral
manifold is considered under the assumption that a given integral manifold depends on all variables.
In the present paper, in contrast to [19], we suppose that a given integral manifold depends only on
a part of variables.

For solving of inverse problems, we will use the method of quasi-inversion which is based on the
following statement.

Lemma 1 [9, p. 12-13]. The set of all solutions of the linear system

Hv =g, H=(hu), v=_(vr) 9= (g0), (1.1)
p=1,m, k=1 n, m <n, where the matrix H has rank m, is defined by the expression
v=sv" +0", (1.2)
here s is an arbitrary scalar value,

v = [HC} = [hl N hmcm—l-l .. ~Cn—1] =

€1 €n
hll hn—l
= hpa .. hpn
Cm+11 -+ Cmtin
Ch—-11 .-+ Cp—1n

is the vector product of vectors h, = (h,) and arbitrary vectors ¢, = (c,1), p =m+1,n — 1; e, are
the unit vectors of the space R", v”

T

= (v}), where
0

e 1 e 0
hll R hk,l R hn,1
-
= hor oo Bk oo B |
Cm411 -+ Cmtin -+ Cmiln
Ch-11 -+ Cn—1k --- Cn—_in
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v =H"g, H" = H'(HHT)™', HT is the transpose of H.

2 Statement of the general problem of constructing
of closing stochastic differential equations and its solving

We assume that the set
Alt): My,v,t)=0, Xe€R™, (2.1)

A= ANy,v,t) € C’Qvt and the system of the first-order 1t6 stochastic differential equations of the
form
y = gl(ya <, 0, W, t)7

. : 2.2
Z292<y7zavaw7t)+01(y727v7w7t)§7 ( )
are given. It is necessary to construct a system of closing equations of the form

U= 93(y7 Z, U, w, t)a

. . (2.3)

w = g4(y7 2,0, w, t) + U?(ya <, 0, w, t)g

such that set (2.1) is an integral manifold of system of equations (2.2), (2.3). Here y € R", z € R,
veE R we RP I +1ls+p+p2 =n, 01 is a (ls X k) matrix, o is a (pe X k) matrix. The system of
random processes with independent increments {&; (¢, w), ..., & (t,w)}, as in [11], can be represented
as the sum of the processes: £ = & + [ ¢(x)P°(t,dx), where & = (&,...,&F)T is a vector process
with independent increments, & = (&, ..., &))" is the vector Wiener process; P° is the Poisson
process; P°(t,dz) is the number of jumps of the process P° in the interval [0, ] into the set dz; c(z)
is a vector function mapping the space of R™ 3 x into the space of values of R* of the process £(t)
for any t.

We say that a function g(x,t) belongs to the class K, g € K, if ¢ is continuous in ¢, t € [0, o0},

satisfies the Lipschitz condition with respect to z in the entire space z = (y7, 27, v7,w?)? € R", i.e.,

lg(z,t) — g(z, 0)|| < M|z —
and satisfies the condition of a linear growth
lg(z, )]l < M(1 + |[z]])

with a certain constant M.

It is assumed that the given vector functions g;, ¢gs, the given matrix oy, and as well as the
unknown vector functions gz, g4, the unknown matrix o, belong to the class K, which guarantees
the existence and uniqueness (up to the stochastic equivalence) of the solution z(t) of system of
equations (2.2), (2.3) with the initial condition z(ty) = o in any neighborhood of set (2.1).

In addition, we assume for solving this problem that g, € C}2 L%, g5 € Cy 1200

Previously, we sequentially calculate A, then A according to the rule of stochastic differentiation
It6 [11, p. 204] of a complex function in the case of the process with independent increments

N O ON g PN AL P
ot Tyt T o ~ e " ooy T aton

A=

PN L PN L PN 0N
gty Y agay T o) Y T oy
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PN PN PPN\ 0N
* (at@v Y oy T c%av) et (24)
Let us write in more detail the expressions Qy and %v :
oy ov
o "o o T e T e T e Ty o oy oy
O\ 391 : O\ 8g1 O\ 891 : O\ y y Y
+ay 82 (gQ + 0-15) + 8:1/ a/U g3 + 8y aw (94 + 0-25) + ay (Slz + SQZ + 532)’

8)\_,_8)\[% % dgs . 8g3,+8g3,]_@% O\ g3

' oot oyl T T o T aw T v ot av oyt

72 —_ ZJ9 o Zd9 Z2(8v Sy Sv
+8U Oz (92 + 0-15) + ay v g3+ ay ow (94 + 0—25) + 8v< 1w + 2w + Sw)v
where
0 t
5t = [l 2+ 0160, v,0.0) = gz 00,0) = LU0 1,0y
St = [l = oveo),vo0.0) = gu(y. 20,0, 0]t o)
]_ 62g1 v 1 8293
Sy = 39295 ° e STy = 39090 O9V0s ;
a ) ) ) 7t
Sow = /[93(% z,v,w + o3¢(x),t) — g1(y, 2,0, w,t) — 93(y ng v )O'QC(.T)]VP(t, r)dz;
Spo = [l 2000 = 026(2).0) = gy 210, 0]t )
1 3291 .
Here 29205 ° D, as in [11], stands for a vector whose elements are traces of the products

of matrices of the second derivatives of the corresponding elements gi,(y,v, w,t) of the vector of
g1(y,v,w,t) in the components of z for a matrix of D, where D = o107 .
Let us introduce the following notations:

RS S ( PN PN 0PN )

o2 T atoy? T aton’ T \aray Y ayay T oo

G Y

+<82)\+.T82)\ +0T€92/\>. OXdg1 | 0N dgs

atov Y Bvay T Bvdw oy ot v ot

OX0g1  0Adgs OADg1  OADgs .\ (X091 | ONOgs,
Jdy Oy  Ov Oy o Oy 0z  0Ov 0z 92 Oy dv  Ov Jv 93
ON g v 4 gvy L Pgw v v _ (9299 9A0gs
+ay(slz+522+s3z> + 81) (Slw+52w+53w)7 g = (ay 8’LU + av aw)g47 (25)

O\ 891 O\ agg O\ 891 o\ 893
_ (92091, 0X0gs _ (92991 OA0gs 2.
(ay 8z ' B az>"1’ / <8y8w+8v 8w)02 (2:6)

Then the equation of perturbed motion (2.4) we can rewrite using notation (2.5) and (2.6) in the
form

A=G+g+ (F+ fE. (2.7)
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Further, we will introduce the functions of Erugin [3]: m-dimensional vector function A and
(m x k)—matrix B having the property A(0,0,y, z,v,w,t) = 0, B(0,0,y, z,v,w,t) = 0, such that

the following relation holds

A=A\ Ny, z,v,w,t) + BNy, 2,0, w,t)é, (2.8)
where ¢ is the same process with independent increments entering equation (2.7).
On the basis of equations (2.7) and (2.8) we come to the relations
g = A— G7
f=B-F
or
O\ 0 OX0
(L2 T8Iy = A G,
oy ow  0v dw (2.9)
(8)\ dg1 O\ 893) B_F '
- — )0y = —_
oy ow | Ovow’ ’
from which we need to determine the control’s vector functions g3, g4 and the matrix os.
Let the vector function gs be any function ¢ = ¢(y,z,v,w,t) in the class C;'%'. Then we
rewrite (2.9) in the form
OX0 A
9A0g1 | 0A0p @u=A—G,
Oy Ow  0vdw (2.10)
ONJg1  OX Oy B_F :
——— 4+ ——|oy,=B—F.
dy ow  dwow) ?

According to formula (1.2) of Lemma 1 from relations (2.10), we define the unknown vector
function g4 and columns oy; of the matrix oy in the form

ONBg1  OX Dy ONOg1  ONOp\ T
= i LRt AL 2R} (A- 2.11
94 = 51 Kay D +8v8w) C} +(8y Duw +8v8w> (4-G), (2.11)
o ONDg1  OX Oy ONOgi  OXNOp\ T ‘
% = 52 [(ay dw Do 8w) C] * <8y ow — Jv dw By, (2.12)

where B; - i-th column of the matrix B,i = 1, k.

Consequently, we have the following statement.
Theorem. The system of Ito-type first-order stochastic differential equations (2.2) - (2.3) has
the given integral manifold (2.1) if and only if the coefficients of the closing stochastic differential
equations g4 have form (2.11) for an arbitrary vector-function gs = ¢(y, z,v,w,t) of class C} !\ 2",
and the columns oy; of the diffusion matrix o, satisfy condition (2.12).

Conclusion

The posed inverse problem of closure of stochastic differential first order Itd6 equations by given
properties of the motion is solved by the quasi-inversion method. The necessary and sufficient
conditions for the solvability of this problem are obtained in the terms of coefficients of the closing
equations. It is assumed that random perturbations are perturbations from the class of processes
with independent increments.
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