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Abstract. In this article we give refinements of the continuous forms of some classical inequalities
i.e. of the inequalities which involve infinitely many functions instead of finitely many. We present
new general results for such inequalities of Holder-type and of Minkowski-type as well as for their
reverses known as Popoviciu- and Bellman-type inequalities. Properties for related functionals are
also established. As particular cases of these results we derive both well-known and new refinements
of the corresponding classical inequalities for integrals and sums.

DOI: https://doi.org/10.32523/2077-9879-2021-12-2-59-73

1 Introduction

Let (X,u) and (Y,v) be two o-finite measure spaces with non-negative measures. The classical
Holder and Minkowski inequalities can be generalized to hold for continuously many functions as we
can see in the following theorem.

Theorem 1.1. Let f(z,y) be positive and measurable functions on (X XY, x v) and let u(z) and
v(y) be weight functions on X and on'Y, respectively.

(i) Then, for p > 1 |
(L ([ s@nuean) vwawm)

< [ ([ remwam) e (L)
(1) Moreover, if [, u(z)du(x) =1, then

/Y exp ( /X log f(z, y)u(x) du(w)> v(y) dv(y)

<exp ([ 1or ([ flamet) ) ) ute)dute) ). (12)

As usual, here and in the sequel, by a weight or a weight function u(z) on X we mean a non-
negative measurable function on X.
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Remark 1. Inequality (1.1) is also known as the integral form of the Minkowski inequality (see
e.g. |7, p. 41], [12]). The case p < 1 is described in details in paper [4] and under some additional
assumptions the sign in inequality (1.1) is reversed. Inequality (1.2) is called a continuous form of
the Holder inequality (see e.g. [1], [6]). The reason why that inequality got its name is based on the
following particular case: Namely, putting

| frly) forxe X
f(:c,y) T { gq(y) for xz € X;,

1 1
where X = X; UXo, XiNXy =0, le u(z) du(x) = + and fx x)dp(z) = %, and hence ]—)—k& =1
Then inequality (1.2) is reduced to the usual integral Holder 1nequahty for two functions

gl < 1f1lp - llgllg: (1.3)

p
where || F|, := (/ |F'(y)|Pv(y) dy(y)> . This notation will be used through the whole of our
Y

paper.
Similarly, putting

1) for x € X3

fleyy) =1 1
M for z € Xy,

&%)

where X = X; UXo, X1 N Xy =10, le u(z) dp(r) = a; and fX2 u(z) du(z) = g, in (1.1) we get the
usual integral Minkowski inequality for two functions:

1+ gllp < [1£llp + llgllp-

A discussion about the reverse versions of these two inequalities is given in the third section.

Recently, in paper [2]| the following result was proved:

1 1
Theorem 1.2. Let p,q > 1 be such that — + — =1, f and g be real functions defined on [u,v] such
p 4q

that |f|P and |g|? be integrable functions on [u,v], —co < u < v < oo and ay,as be non-negative
continuous functions on [u,v] such that oy (t) + as(t) =1 for allt € [u,v]. Then

[ vwsmian < Z[/ N”dy];-{Avai<y>|g<y>|Qdy}é. 1.4

A similar result for n functions «; was also given in [2]. Moreover, in [5] it was proved that the
right-hand side of inequality (1.4) is not greater than

([ 176 |de);-([L”|g<y>|Qdy);

So, together with inequality (1.4) we have a refinement of the Holder inequality for integrals (1.3)
with Y = [u,v] and v(y) dv(y) = dy.

The aim of this paper is to discuss some similar refinements but for continuous forms of some
classical inequalities. More exactly, in Section 2 we derive a new refinement of a continuous form
of the Holder inequality, which as special cases contain the above mentioned results in [2] and [5]
(see Theorem 2.1). Moreover, also another new refinement of another continuous form of the Holder
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inequality is proved and discussed (see Theorem 2.2.) In addition, the sharpness of these results are
studied by investigating some functionals describing the "gaps" in these inequalties (see Theorem
2.3). The corresponding results concerning a continuous form of the Minkowski inequality are given in
Section 3 (see Theorem 3.1 and Theorem 3.2.) Section 4 is used to state and prove the corresponding
results related to classical Popoviciu and Bellman inequalities (see Theorems 4.2 and 4.5).

2 Refinements of some continuous forms of the Holder inequality

The following theorem gives a continuous generalization of the result from [2] and [5].

Theorem 2.1. Let f(z,y) be positive and measurable functions on (X XY, x v) and let u(z) and
v(y) be weight functions on X such that/ w(z) du(x) = 1. Moreover, let (Z, dz) be a measure space

X
and a(z,y) be a non-negative integrable function on Z x'Y such that

/ alz,y)dz =1, foryeY. (2.1)
z

Then the following refinement of continuous form (1.2) of the Hélder inequality holds:

[ e ([ 1os steputo)auto) ) ot )
< [ |ewo [ 1ox ([ ottt aviy) ) uto) duto)|
<exp | [ 1ox ([ famotivt) ) ute) dute)| (22)

Proof. By using condition (2.1) and the Fubini theorem we get

/Y exp ( /X log f(z,y)u(x) du(x)) v(y) dv(y)
— /Y[/Za(z,y)exp (/Xlogf(x,y)u(x)du(:v)> dZ} v(y) dv(y)
= [ [ ([ or s ) o )]

Now, by applying the continuous form of the Hélder inequality to the term in the square brackets
and again the same inequality to the whole term we obtain that

/Z [ /Y exp ( /X log f (2, y)u(x) du(x)) a(zy)o(y) du(y)} dz
< /Z exp [ / log < / f(x,y)a(z,y)v(y)du(y)) u(x)du(x)} i
< oxp /log (/ (/fx y)alz y)v ()du(y)) dz) u(x)d,u(x)}
~ exp / log ( / ( / f@y)a dz) oy )du(y)) u(x)d,u(:t)}

~ 0| [ 10g ([ s@met) du(y)) )i
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where the Fubini theorem and (2.1) are used in the last two equalities. ]

Next we point out some consequences of the above-mentioned theorem and compare it with
already known results.

Corollary 2.1. a) Let the assumptions of Theorem 2.1 hold and let p(x) be a measurable function
on X. Then

[ e ([ ptorton e ) auto) ) ot )

< [ oo [ ([ atcnsemr e am) ) o

< o | [ ou ([ s i) v duto)|. (23)

1 1
b) Let p,q > 1 be such that —+ — = 1. If f(y),9(y),a(z,y) are non-negative functions such that
P q

fg € Li(Y), f,a?(z,.)f € L,(Y), g,a"(y,.)g € L (Y), /a(z,y) dz =1 for ally € Y, then the
z
following refinement of the Holder inequality holds:

1fgll < /Ilal/p Ol - Nl (2, )g(llg dz < N fllpllglle. (2.4)

1 1
c) Let p,q > 1 be such that — + = = 1. If f,g,«a are non-negative functions on Y such that
p q

fg € Li(Y), f,a'Pf € L,(Y), g,a"9g € L,(Y) and a(y) < 1 for ally € Y, then we find that also
the following refinement of Hélder inequality holds:

1 1 1 1
1fglle < llar fllp - lazglly + 11 =)z fllp - [[(1L = a)aglly < [[flpllglle- (2.5)
Proof. a) This is a simple consequence of Theorem 2.1 applied with f(x,y)?® in place of f(x,y).

b) By putting in the a) part of this corollary: X = X; U X5, X; N Xy = (), such that
1 1

u(e)du(e) =, [ ule)dula) = - and
p q

X1 X2
| fly) forxeX
f(.??, y) T { g(y) for x € X;

_Jp forzeX
p(x).—{q for x € X,

we get inequality (2.4).

¢) Inequality (2.5) follows from inequality (2.4) by taking:

! for z € Z
Z = [0,2], Zy = [Oa 1]7 Zy = [LQ]? O[(Z7y) = { 1<ig)oé(y) for z € Z;
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Our next remark shows in particular that Corollary 2.1 may be regarded as a genuine generaliza-
tion of the results in [2] and [5].

Remark 2. a) The chain of inequalities from part c) of the above corollary for Y = [a, ],
v(y)dv(y) = dy can be found in |5], while the first inequality was proved in [2|. Moreover, if Y = [a, 0],
v(y)dv(y) = dy, and «(t) = b — t the chain of inequalities from part ¢) was proved in [2].

b) By using the same idea as in part b) we can derive a refinement of the Holder inequality with
n functions involved (n = 2,3,...).

Another nice inequality of Holder type can be found in [1, VI.11.35]:

exp { /X log a() u(z) du(x)} + exp { /X log b(z) u(x) du(:r)]

<exp | [ 1ow alo) + (o) ulo) (o) (26)

(provided that all integrals exist and a(.) and b(.) are non-negative).
Next we will give a refinement also of this inequality.

Theorem 2.2. Let (X,u), (Y,v) and (Z, dz) be o-finite measure spaces. Let a and b be positive
measurable functions on X, u(z) be a weight on X, v(y) be a weight on Y and a(z,y) be a non-

negative function on Z XY such that / a(z,y)dz =1 for ally € Y. If Y has partition Y =Y UYs,
z

such that/ v(y)dv(y) = 1, 1 = 1,2, and the integrals A(z) = / a(z,y)v(y) dv(y) and B(z) =
Y, Y1

Iy, a(z,y)v(;) dv(y) exist, then

exp [ /X log a(x)u(x) du(x)] +oxp [ /X log b(z)u(z) du(x)]

< /Z {exp/xlog <A(z)a(m) + B(z)b(x))u(x) du(m)} dz
< exp {/X log <a(x) + b(a:))u(x) d,u(:c)} : (2.7)
Proof. By putting in inequality (2.1)

_ Joalz) foryeY;
fley) = { b(x) foryeYs

after a straightforward calculation we get inequality (2.7). O]

Remark 3. Let us take
Z=10,2], Zy=][0,1], Zy=1[1,2],

and let Y has partition Y = Y; UY5 such that / v(y)dv(y) =1,1=1,2.

Y;
Denote

A forzeZ,,yev;

(,y) = 1—A forzeZ,yeYs

A5Y) =3 B for € Z,, ye ¥y

1—B forzeZy,yecYs,,
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where A, B € [0, 1].
The condition on a(z,y) is fulfilled.
Hence the middle term in (2.7) takes the form

exp [ /X log (Aa(x) + Bb(x) u(x) du@)}

+exp [ /X tog (1~ A)alx) + (1~ BY(x) )u(x) du(x)] ,
where A, B € [0,1].

Next we will point out a technique which can give important complementary information on some
of the refinements we have presented so far, but first we introduce some abbreviations and notations:

L) = e ([ tow e ppute) dute) ) ot vt
Malo) = [ e [ 1ox ([ atzanse et ant)) o) aute)| az

Ruo) = e | [ 1o ( [ st o) dute)|.

Ho(v) = RH(U)—LH(U),
Hi(v) = Mpg(v)— Ly(v).

As we can see, the functional Hj is the difference between the right-hand side and the left-hand
side of the continuous Hoélder inequality (1.2) while H; is the difference between the middle term in
the refinement (2.2) and the left-hand side of (1.2). In the following theorem some superadditivity
properties of the functionals Hy, Hy, Ry and My are given.

Theorem 2.3. Let the assumptions of Theorem 2.1 hold and let v(y) and w(y) be weight functions
onY. Then Ly is linear and the functionals Hy, Hi, Ry and My satisfy

Hi(v+w) > H;(v)+ H;(w), i=0,1,
My(v+w) > Mpy(v)+ Mg(w),

Proof. By putting in (2.6)

alz) = /Y a(z ) f(z, 2)o(y) duly), bz) = /Y oz, ) (2, 2)w(y) do(y)

we get that
exp | [10g ([ atein(e 2t vty ) ato)aute)
+ o | [ tog ([ a2t i) ate) dute)]
< x| [ tou [ ot @) + o) dviy) ule)duto)].

Now by integrating over Z we obtain that Mgy(v + w) > My (v) + Mg(w). The superadditivity
of Ry can be proved in the similar manner. In the consideration for H; we use the fact that
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Ly(v+w) = Ly(v) 4+ Ly(w) and the just obtained properties for My and Ry. Particularly, for Hy
we have

Hi(v+w) — Hi(v) — Hi(w)
— (M (v +w) = My (v) = My(w)) = (Lu(v + w) = L(v) = Lyg(w)) > 0.
The proof is similar for H. O
Corollary 2.2. The functionals Hy, Hy, Ry and My are non-decreasing.
Proof. This is a corollary of the positivity and superadditivity of the considered functionals. For
example, let us prove this fact for the functional Hy. If v > w, then v — w > 0 and from Theorem
2.1 we get that Hy(v — w) > 0. Hence, by using Theorem 2.3 we obtain that

Hy(v) = Ho(w + (v —w)) > Ho(w) + Ho(v — w) > Ho(w).

The proof is similar for the other functionals and therefore omitted. m

3 A refinement of the continuous form of the Minkowski inequality
Our first main result in this section reads:

Theorem 3.1. Let f(z,y) be a positive and measurable function on (X X Y, u x v) , let u(x) and
v(y) be weight functions on X and Y, respectively. Moreover, let a(z,y) be a non-negative function
such that

/a(z,y)dz:l, foryey.
z

/Y(/Xf(:c,y)u(a:)du(x)>pv(y)d,/(y)
/ [ ([ et du(y)>1/pu(x) dm)rdz
[/X (/Yfp(wiv@)dv(y))l/pu(x)du(x)]p

Proof. By using the condition on the function «a(z,y) and the Fubini theorem we get

[ ([ st ) vt o)
= [ [ etz ([ st due)) dz] vty vt
= [ [ etz ([ s@mu due)) vt ) a:

If p > 1, then

IN

IN
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Moreover, by using the continuous Minkowski inequality on the term in the square brackets and,
then, on the integrals over Z and X we obtain that

/Z{/Y a(z,y) </X flz, y)u(z) du(x))pv(y) du(y)} dz

p

/[/ (/Ya(z,y)fp(x,y)v(y)du(y))l/pu(w)du(a;)] dz

IN

< | / ([ eGonramman) dzr/pu@)du(x)r
_ ( ([ aGcnraa:) v(y)du<y>)l/pu<x>du<x>r
_ ( P ) /pu<x>du<x>r,
where we also used the Fubin theorem and the condition on the fuction a(z.) .

Example. By using the same substitutions as those described in Remark 1 for Minkowski inequality
we get a refinement of usual Minkowski inequality with two functions involved. In particular, we
have that

I+l < [ [( / oa(z,y)!f(y)\pdy);+( / W,y),g(y)\pdy);] 0z

- / (law () Ol + e (2,09 ) 2
< flls + gl

which corresponds to the part b) of Corollary 2.1.
Moreover, as in part ¢) of Corollary 2.1 for a,, 0 < ay) < 1 on Y we get that

1 1 1 1
If+ally < llarfllp +llarglly, + (1 = a)z fll, + [[(1 = a)rgll,
< £lle + ligllp-

These inequalities seem to be also new for this special case.
It is clear that in the same way we can derive the corresponding refinements of Minkowski in-
equality with n functions involved (n = 2,3,...).

Let us use the following abbreviations:

Lu=tul) = [ ([ e aw) o) avi),

My =Muo) = [ [ / ( / a(z,wff?(x,y)v(y)du<y>)1/pu<x>du<x>] 2,

Rar = Rus(v) = [ / ( / fp<x,y>v<y>dv<y>)l/pu<x>dﬂmr
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Using the above abbreviations the refinement of the Minkowski inequality in Theorem 3.1 has
the following form
Ly < My < Ry

In our next theorem some properties of the functionals Ry;, My, My := Ry — Ly and My =
My; — Ly are given.

Theorem 3.2. Let the assumptions in Theorem 3.1 hold and let v(y) and w(y) be weight functions
on Y. Then Ly s linear and the functionals My, My, Ry and My, satisfy

M;(v+w) > M;(v)+ M;(w), i=0,1,
My (v + w) MM( )+MM(w)

>

Proof. Let us first recall the following well known reversed form of integral Minkowski inequality for
two functions and exponent p > 1 (see [10, p.114]):

[/X (ap(;p) + bp(l‘)>;U(x) du(x)}

> { /X o(2)u(z) du(x)]p+ [ /X b(x)u(z) d,u(x)r, (3.1)

where a(z) > 0,b(z) > 0 and du(z) is non-negative.
By using (3.1) with

(/fpary du()) and  b(a (/fp:vy ())1

p

we get that 1 ,
[ /X ( /Y F7(,y)o(y) duly) + /Y (@, y)u(y) du(y)) () du(x)]
> [ ([ e dv<y>)’1’u<x> du(w)r
+ [ ( [ e dv<y>) ' o) du(x)] ,,

The proof of the other four inequalities can be done in a similar manner so we omit the details. [
Corollary 3.1. The functionals My, My, Ry; and My, are non-decreasing.

Proof. This is a consequence of Theorem 3.1 and Theorem 3.2. For instance for the proof about M,
we apply inequality (3.1) with

0= ([ e zy)()dv<>)Pandb = ([ #ma zy)()dvm)l
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4 Refinements of the continuous forms of the Popoviciu and the Bellman
inequalities

When discrete Holder type inequalities for non-positive weights were researched a reversed type of
the inequality was discovered. It is known as the Popoviciu inequality and has the following form:

1
n n n E
WoC1C2 — Z wifigi 2 (woczf - Z wz‘fip) (wocg - Z wng) )
i=1 i=1 i=1
o101 .
where wg, ¢1,c9 >0, p,g > 1 with —+—- =1, w;, f;,9; > 0,7 =1,2,...,n, are real numbers such that
p q

wocy — szf > 0, wocs — szgz>0

More about this type of 1nequaht1es can be found in [10, p.125]. Very recently, we proved a
continuous version of the Popoviciu inequality (see [9]). The continuous form of the Popoviciu
inequality was given as the following result.

Theorem 4.1. Let u(x) and v(y) be weight functions on the measure spaces (X, pu) and (Y,v),
respectively, [ u(z)du(z) = 1. Let f(x,y) be a positive measurable function on X XY, vo >0, and
assume that fo( ) is a function on X such that

vofo(x) > fY y) dv(y), for all x € X. Then the following refinement of the continuous form

of Popoviciu’s mequalzty holds:
exp ([ 108 (sfle)u(e) (o)
b's

= [ ([ rou st ppute) dut >) o(y) dv(y)
> e | [ 106 (vohae) — [ ot ants)) ) auto). (1)

1
Example. Let u(z) =v(y) = 1,00 =1, X = X;UXy, XiNXy =1 With/ du(x) = —,/ du(x) =
X1 p X2

L where 1+§ — 1 fol) = &, f(e,y) = f7(y) for each = € X, and fo(x) = &, f(z,y) = ¢*(y)

for each x € X,. Then we rediscover the unweighted Popoviciu inequality for integrals involving two
functions:

Q=

c1es = £l > (& = 17117 (ch = llg"lla)7 (4.2)

Our first main result in this Section is the following generalization of Theorem 4.1.
Theorem 4.2. Let the assumptions of Theorem 4.1 hold. Moreover, let a(z,y) be a non-negative
integrable function on Z XY such that / a(z,y)dz = 1 for y € Y, where (Z, dz) is a o—finite

z
measure space. Then the following refinement of the continuous form of the Popoviciu inequality
(4.1) holds:

exp ([ 108 (st ) = [ (oo ([ toutremate)ae) ) ot avi
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> exp ( /X log <v0 fo(x)>u(x) dx)
[ e [0 ( [ st matzan i) e ad] a

> x| [ 1og (wii) [ S av)) ute)de] o0 (43)

Proof. Let us denote

Cr(vg) = exp (/X log (vofo(x)>u(x) d,u(x)) ,

Kutvno) = o | [ tog (i) ~ [ St o) uw)duto)|.
Using these abbreviations continuous Popoviciu inequality (4.1) has the form:
Ch(vo) — Ly (v) > Ky (vg,v).
In paper [9] the authors investigated the functionals
Py (vg,v) := Cyg(vg) — Lg(v) — K (vg,v),

Py(vg,v) := Cy(vg)) — Ru(v) — Kg(vo,v),

where Ly and Ry are defined above in Theorem 2.3, and proved that, under the assumptions of
Theorem 4.1, the above defined functionals have the following properties:

PI(U(]uU) Z PQ(’UOa,U> Z 07

Py (vo + wo, v +w) < Pi(vo,v) + Pr(wo, w), (4.4)

PQ(U()‘FU)(),U‘F’LU) < PQ('UO,’U)"‘PZ(/LUO,'LU). (45)
Let us define the functional P3 by:

P3 = Pg(Uo,U) = CH(’U()) — KH<Uo,U) — MH(U)
Since the refinement of Hélder inequality (1.2) holds we have that
—Ly(v) 2 =My (v) = —Rp(v)

and, hence,

CH(’U()) — KH<U0, U) — LH<U) CH("U()) — KH(U(), U) — MH(U)

CH(UO) - KH(UO; U) - RH(U)a

AV,

so we can conclude that:
Pl(UO,U) Z P3(U07v> Z PQ(U07U> Z 0.

Particularly, from the above inequalities we get that
Cr(vo) — Lu(v) = Cu(vo) — My (v) = Kg(vo,v),

so (4.3) is proved. O
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In the next remark we will point out the fact that in this case our result is new even for the case
with only two functions involved.

Remark 4. The continuous version in the case of two functions f and g can be written shortly like

(hCQ-Hf9H122<ACz-/Q|h1;(zw)f()HpHa3(z,Jg(Jquz

1 1
= (= [flI5)7 - (5 — [lgllg)s
and we can see that this is a refinement of inequality (4.2).
Moreover, as in the part ¢) of Corollary 2.1 for a, 0 < a(y) < 1 on Y we get that

C1C2 — Hfg“
1 1 1 1
> e~ (llas fll - ladglly + (10 = @)3 £l 11 = @)gll,)

> (- 192) " (s oly)

1 1
where 0 < a(y) <1l,y€Y,—-+-=1,p,¢> 1.
p q

=

Theorem 4.3. If vy, wy are positive real numbers and v, w weights such that the integrals in Cy, Ky
and Py exist, then Cy is a linear function, and

KH(’U() + Wo, U + U)) 2 KH(U(),’U) + KH(wo,’LU),
Pg('l}o + Wo, U + U)) S P3('U0,U> -+ Pg(’wo,UJ).

Proof. The statement about C'y is obvious so let us prove the inequality for the functional Ky. By
using (2.6) with

ala) == (@) = [ laa)ets) vty

and

bo) = waffa) = [ Pl dviy)
the inequality for Ky follows from it. The inequality for Ps follows easily from the already proved
properties of C'y, My and Ky so we omit the details. n

In the rest of this section we discuss a refinement of the continuous Bellman inequality:.

The original (discrete) form of the Bellman inequality for two sequences reads: if p >
1, ¢, ¢, wo, Wy, a;, b, = 1,2,...,n are positive numbers and woc] — > w;a? > 0 and woch —
o wib? > 0, then

1 1
(wgc’f—Zwiaf) + <wgc’2’—Zwib§”> < (wo ¢+ )P Zwl (a; + b;) )
i—1 i=1

There exist also integral and functional forms of these inequalities (see [10, p.126]). A continuous
version of the Bellman inequality was proved in [9] and it was given as the following theorem:
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Theorem 4.4. Let fo(z),vo,u(x),v(y), X,Y, u, v be defined as in Theorem 4.1. Then, for p > 1,

< [ st~ [ e <>] <x>du<x>)p
<u] / fo<x>u<x>du<x>]p— L[ s )| v ) (16)

whenever fo(x) > [, f( dv(y), for all x € X.

In the same paper [10] the following functionals were considered:

Bi(vg,v) = Cuyl(vo) — La(v) — Kpr(vg,v)
By (vg,v) = Cu(vg) — Rar(v) — Kar(vg,v)

where we used the notations:

Cutw) = | [ fuoyuts) dute)|
Kulvo,0) = ( / [f - [ 7w <>] <x>du<x>)p

and the abbreviations L/ (v) and Rj/(v) are defined in Section 3. The following properties of those
functionals were proved in [9]:
Bl(U07v> Z B2(/007U) 2 07

Bl(UO + Wo, U + w) S B1<Uo, U) + Bl(wo,w),
Bs(vg 4+ wo, v + w) < Bay(vg, v) + Bo(wo, w).

We are now ready to present the following refinement of inequality (4.6):

Theorem 4.5. Let the assumptions of Theorem 4.4 hold. Let a(z,y) be a non-negative integrable
function on Z XY such that | «o(z,y)dz =1 for y € Yand where (Z, dz) is a o—finite measure

z
space. Then the following refinement of the continuous Bellman inequality holds for p > 1:

| [ arute) dn } - [ ([ @) v
> | [ et duto)]

-/ [ /( / oz 9) 17 (. y)o(y) du(y >)1/pu<x>du<x>rdz
> ( / [f - [ £ <>] u<x>du<x>)p. (47)

Proof. Let us define the functional B by
B3 = Bs(vg,v) := Cpr(vg) — Mp(v) — Kpr(vo,v).
Adding Cy/(vo) — Kpr(vg, v) to the each term in the refinement of Minkowski inequality

—Ly(v) 2 =My (v) 2 =Ry (v)
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we find that
Bi(vo,v) > Bs(vo,v) > Ba(vo,v) > 0.

Particularly, from the above inequalities we obtain that
Cu(vo) — Lar(v) > Crr(vg) — Mas(v) > Ky (v, v),
i.e. that (4.7) holds. O

In our next remark we point out the fact that our results is new also in the classical case with
only two functions involved.

Remark 5. In the case of two functions f and g we get the following "continuous" refinement of
the unweighted Bellman inequality:

(Q+QV—Hf+N£Z@rﬁw”jéDMH%JﬂNb+Wﬁ@wMOMFdZ
> [ = 1717 + (& = lglipy?]”

Besides the continuous form, it is instructive to see how that inequality looks like in an integral

form
In particular when instead of integral over Z we have only two summands this inequality reads:

(c1+ )P = |If + gl
> (et e = (v flly + lavgly) + (101 = )7 fll, + 1101 = a)?gl,)”
> [ = 17127 + (5 — gl
where 0 < a(y) < 1.

Theorem 4.6. If vy, wy are positive numbers and v, w weights such that the integrals in Cy, Kyf
and Bs exist, then Cy is a linear function, and

K (vo + wo, v +w) > Kar(vo, v) + Kar(wo, w)
Bs(vg 4+ wo, v + w) < Bs(vg, v) + Bs(wo, w).

Proof. The proof of the linearity of C'y; is obvious, so let us prove the stated inequality for the
functional K;. By inserting

O O et (ﬂl

) o= [wffe) ~ [ Py @y

into (3.1) we get that

() + V(@) = o+ w) (o) = [ P p)lot) + w) o)
and the inequality for K, follows from (3.1). The stated inequality concerning Bs follows from the
above-mentioned properties of C'y; and K); and the superadditivity of M,,. O
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