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1 Introduction

Approximation theory deals with approximation of functions by simpler functions or more easily
calculated functions. Broadly it is divided into theoretical and constructive approximation. Inspired
by the binomial probability distribution, in 1912 S.N. Bernstein [4] was the first to construct a
sequence of positive linear operators to provide a constructive proof of the prominent Weierstrass
approximation theorem [34| using the probabilistic approach.

In order to obtain more flexibility, Stancu [32] applied another technique for choosing nodes.
He observed that the distance between two successive nodes and between the zero and first node
and similarly between the last and first goes to zero as m — oo. After these observation Stancu
introduced the following positive linear operators

e =3 (a3 (L1

converging to a continuous function f uniformly on [0,1] for each real 7, such that 0 <~ < 4.
A. Lupag [17] introduced the linear positive operators at the International Dortmund Meeting
held in Witten (Germany, March, 1995) as follows:

Lp(fyu) = 1—am“Oo (6), u >0, (1.2)

=0

where (mu), is the rising factorial defined as:

(mu)o =1, (mu)y =mu(mu+1)(mu+2)---(mu+¢—-1), (>0,
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with 0 < a < 1 and f : [0,00) — R. If L,,(u) = u, then one can prove that a = 3. Thus operators
(1.2) become

Lty =2y B (L) iz (1.3

m
=0

The g-analogue of Lupag operators (1.3) is defined in [33] as:

LPA(fru) = 9—lmlqu ez(; ([[Zibltigé)éf <[£§]Qq) . u>0. (1.4)

Where, for any fixed real number ¢ > 0, the g-integer [m],, for m € N (set of natural numbers) is

defined as
(=g
m], = { @0 171
m, q=1,

and ([m],u), is the rising factorial defined as:

([m]qu)o = 1,
(Imlgu)e = ([mlqu)(Im]qu +1)(Im]qu +2) -+ (Imlqu + £ 1), £=0.

Recently, Mursaleen et al. (]|25], [26]) introduced (p, ¢)-calculus in approximation theory and con-
structed a post quantum analogue of Bernstein operators. On the other hand Khan and Lobiyal
defined a (p, q)- analogue of Lupag-Bernstein operators in [12| and showed its application to com-
puter aided geometric design (CAGD) for the construction of Beizer curves and surfaces. For related
literature, one can refer to papers [1|-[3], [5, 8, 9, 11, 13, 14, 18, 19|, [20]-[24], [27]-[31] based on ¢
and (p, q) integers in approximation theory and CAGD.

Motivated by the above mentioned work, in this article, we introduce positive linear Lupag-Stancu
operators based on (p, q)-integers as follows:

LY (fiu) = _ ol qui m]p,qW)e (pé_m[g]p,q‘F'Y) L u>0. (1.5)

m,p,q — |2£ [m]p,q + )

where f:[0,00) > R, 0 < ¢ <p<1with 0 <+ <¢ and for any m € N,

The sequence of (p, q)-Lupag-Stancu operators constructed in (1.5) however does not preserve the
test functions t and t2. Hence one cannot guarantee approximation via these operators. Therefore,
we construct the modified (p, ¢)- Lupag-Stancu operators as follows.

Let 0 <g<p<1with0<~<¢§and meN. For f:]0,00) = R, we define the (p, ¢)-analogue
of Lupag-Stancu operators as:

L0 (fru) = 27 Mbav f: ([m]pﬂ]u)ﬂf <[[£]p»q T ) , u>0. (1.6)

e —0 [{]p,qla* mlpq+ 0

Obviously, when p =1 and v = § = 0 operator (1.6) reduces to operator (1.4).

Before proceeding further, let us mention some basic definitions and notations of (p, ¢)-calculus.
Let p > 0, ¢ > 0. For any nonnegative integers ¢ and m, m > ¢ > 0, the (p,q)-integer,
(p, q)-binomial are defined, as
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( p;:g-77 1f p#q# 1’
o =P+ P 2+ 3@+ g2 = TP ifp=q#1,
[tj]m lfp: 1,
\ J; lfp =q=1.

where [j], denotes the g-integers and m =0,1,2,---.

The formula for (p, ¢)-binomial expansion is as follows:

m
(m—0)(m—£—1) £(£-1) m
m . m—L10, m—~L, L
(au +bv))l = g D 2 q 2 [ ), } a™ bt
(=0 P

where (p, ¢)-binomial coefficients are defined by

K } - Ty

The goals of this paper are to construct a new class of Lupag operators based on the post quan-
tum analogue and also to estimate the rate of convergence of these new operators to the unit operator.

The rest of the paper is organized as follows. In Section 2, we calculate moments and central
moments for the operators which are required for our main results. In Section 3, we prove a Korovkin
type approximation theorem and estimate the rate of convergence of operator (1.6) to the unit
operator. Finally in Section 4, we prove a weighted approximation theorem for operator (1.6).

2 Some auxiliary results

Lemma 2.1. Let 0 <g<p<1,0< v <06 and m € N. We have

(4) L£30,,(Lu) =1,

m7p7q

.. 0 . _ _[mlp,
(ZZ) »C’Y (ta U) - [m]pZi(su + [m]lzq""a’

m7p7q
S (42,0 [mlp, (2v+)[mly, [ml3, 2 72
(#01) L35q(5 %) = ey T U+ Gl gtot U+ G, 157 0%t Gy gror

Proof. We have
(i)

Lfy,& (17 U) _ 2—[m}p7qu Z ([m]pyqu)é -1

e = a2
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o0

_ Opg+
E’Yﬁ t: — 9 [m]p,qu ([m]nqu)f[ P,
ripall5) 2 T2 im0

=0
00

_ o—[mlp.qu (Imlpguw)e  [lpg
2 Z [€p.q!2¢ [mlpg +6

=0
9~ [mlp,qu ([m]p,qu)f Y
i 2 il t

=0
00

_ o—[mlp.qu (Im]p,qu)([mlpgu + D1 [{pg
-2 Z [Cp.qll — 1]pq!2° é [m]pq +0

=1
2—[m]p,qu - ([m]pvqu)f gl

[E]pvq!% [m]pﬂz +0

(=0

[m]yq —[m]p,qu—1 - ([m]p,qu + 1) v
= — 07 27 Mg : +
[m]p,q +9 ; [E]p,q!% [m]pvq +9
[m]p.q v

[mlpq +90 [M]p,g + 6

(iii)
7,6 (42, _ o—[mlpu - ([m]pqw)e ([fpg +7)°
L) = 2 ) S (il + o7

= Qf[m]z?,qu Z ([m]P’quh [g]i,q + 72 + 26’7
[E]p’q!% ([m]p,q + 5)2

=0
00

_ o—[mlpqu ([mlpqu)e m?),q
2OV Y G2 (e £ 37

/=0
o 2
9—[mlp,qu ([m]p,qu>€ 8l
i 2tz (il 507

o0

—[m]p.qu ([m]p,gu)e 20y
Y T (1 07

=0
= [1 —+ IQ —+ [3.
After calculating I, I and I3, we get
95 2.
‘C;yn,p,q(t ,'LL)
_ [m]p.q u (2v+4q) [m]nqu i [m]y.q qu® + o ‘
([mlpg +0)?(2 = p)lmlea 0 ([mly g +0)* —  ([m]5, +6)? ([mlp.q +0)?

Corollary 2.1. Using Lemma 2.1, we get the following formulas for moments.
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L0 (t—wu;u) =0

m?p?q

2

¥} 2.\ 1 [mlp, [m]3 2
Lo (t—u)%u) = ((z_p)—ume,qwn +27+q) Tl toZ Yt T 1o 4 + (COAPEL

2[m]p, 2 2y 9 _
a ([m}p,qpfé)“ + mlpgto) & +u® = op(u).

3 Main results

Theorem 3.1. Let f € Cp[0,00) and ¢, € (0,1), pm € (G, 1] be such that ¢, — 1, py, — 1 as
m — oo. Then for each u € [0,00) we have

Hm £ (fiu) = f(u).

n—o0

Proof. By Korovkin’s theorem it is enough to show that

lim £ (t"™u)=u™, m=0,1,2.

m—oo HbPm,dm
By Lemma 2.1, it is clear that

lim £7° (Liu)=1

m
M—00 sPmdm

lim £)7° (Liu) =u

m
M—00 sPmqm

and

; 7,8 2. — 1 [m]pq
WlLlE}lgo ﬁmvpnn‘bn (t ’u) - WILL)II})O ([m]p,q + 5)2(2 _ p)([m}p,unrl) u
2 ml> 2
i ( 7+q)[m]p2,qu [2 Ipg 2qu2 4 v 2| = .
([m]p.q +9) ([ml3 +9) ([mlpq +9)
O
Next, in order to prove the convergence of E%fm( f;u), we give the following definitions of the
K-functional and modulus of smoothness. Let Cg[0,00) be the space of all real-valued continuous
and bounded functions f defined on the interval [0, 00). The norm || - || on the space Cg[0,00) is
given by
IS = sup [ f(z)].
0<u<oco

The K-functional is defined as
KQ(fv 5) = lan{H f — S8 ” +6 ” S” ||}a
seW

where o > 0 and W? = {s € Cg[0,00) : s, 5" € Cp[0,00)}.
Then as in ([6], p. 177, Theorem 2.4), there exists an absolute constant C' > 0 such that

Ks(f,0) < Cws(f, Vo). (3.1)
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The second order modulus of smoothness of f € Cp[0,00) is as follows

wo(f,v/o) = sup sup | f(u+2h) —2f(u+h)+ f(u)].

0<h</o u€l0,00)

The usual modulus of continuity of f € Cg[0,00) is defined by

w(f,o) = sup  sup | flu+h)—f(u)].

0<h<é wuel0,00)

Theorem 3.2. Let f € Cg[0,00), p,q € (0,1) be such that 0 < g < p < 1. Then for every u € [0,00)
we have

| Lopa(fru) = F(u) | Cwa(f; om(w),

where C' > 0 is an absolute constant and o,,(u) is defined in Corollary 2.1

Proof. Let s € W?. Then from Taylor’s expansion, we get
t
s(t) = s(u) + s (u)(t —u) + / (t —u)s"(u)du, te[0,D], D>0.

Now by Corollary 2.1, we have

3talsi) = st + £, ([0 0w

s sl < 238, (| [ 1= 11970 dusa
< L, (=) 11,

— m,p,q

)

hence we get

|£mpq( ) S(U)|

" [m]pg

= I <((2 p) [l gt D) +27”)([m]p,q+c5)2u

n [m]ﬁq q 2, 72 B 2[mpq u?
(Iml3 4 +0)? ([mlpg +0)* ([mlpg +9)

+ 27 u+ uz)
([mp,q + 0)

By (1.6), we have
v, ) —[m]p.qu = ([mlpqu)e Upq +
36 (r10 < 27 S (e (bt [ g

Thus, we have

g (Frw)l T o ((F = )su) = (f = 8)(w) | +1L£05, o (s:w) — s(u)].
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After substituting all values, we get

) | ., 1 [m]p,q
Sl =S < 1S = (e 2+ 0) (g

P7(1+5>
[m]i,q » v? - 2[m]yq .
T e, + 0™ T Tl 107 (mlpg +0)

2y 2
N >

By taking the infimum in the right hand side over all s € W?, we get
La(fiw) = f)] < CK (f,00(u)) -

m,p,q

By using the property (3.1) of the K-functional, we have
|£mpq( ) ) f(u)| < CW? (f,O'm(U))
O

Theorem 3.3. Let 0 < o <1 and E be any bounded subset of the interval [0,00). If f € Cp[0,00)
is locally Lip(a), i.e., the condition

lf(v) = f(w)] <Ev—u|®, wveE and wue€](0,00) (3.2)
holds, then, for each u € [0,00), we have

1238, 0(F0) = F@)] < L{on(w)? +2(d(w, B)*}, ue 0,00)

where L is a constant depending on o and f and d(u; E) is the distance between u and E defined by
d(u, E) =inf{|t — u|;t € E} and 0,,(u) is defined in Corollary 2.1

Proof. Let E be the closure of F in [0,00). Then, there exists a point t, € E such that d(u, E) =
|u — to|. Using the triangle inequality, we have

Lf(6) = f)] < |f(t) = f(to)l + |f(to) = f(u)].
By using (3.2) we get,

Iﬁln‘qu(f'U) —f(U)I

< L{ﬁmpq |t—t0|°‘;u) (|u—t0|°‘,u) + |u— to|*}
< L {Empq It — u| ) + 2fu — to|*} .
By choosing p = E and ¢ = , we get 14 é = 1. Then by using Holder’s inequality we get
1£35,0(F30) = fw)] < {crquut ul"; ) (L35, (1% W) + 2(d(u, B))° }
< L{, (= w%w) +2(d(u, B)° }
< L {am(u)% +2(d(u, E))a} .
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Now, let

wa(f; U) = sup M

, u€[0,00) and « € (0, 1], (3.3)
t#u,t€(0,00) |t - u|a

given by Lenze [16]. Then we get the following result.
Theorem 3.4. Let f € Cpl0,00) and a € (0,1]. Then, for all u € [0,00), we have

N1

138,400 = f@)] < Galfi0) (omlw))
where o, (u) is defined in Corollary 2.1.
Proof. We know that
From equation (3.3), we have
) . ~ . ,0 o,
|‘C:n,p,q(f7 ’LL) - f(u)| < Woz(fa u)/;;/n,p,qﬂt - U| ,U).

From Holder’s inequality with p = % and g = ﬁ, we have

R

1230 (fiu) = f(w)] < @alf;u) (L]0, (1t — ul*u))?,

which proves the desired result. O

4 Weighted approximation by L’ngp’q

In this section we shall discuss weighted approximation theorems for the operators E?ﬁ‘fpyq on the

interval [0, 00). Let p(u) =1+ u® be a weight function; B,[0, c0) be the weighted space defined by
B,[0,00) = {f : [0,00) = R|f(u)] < Ksp(u),u > 0},
where Ky is a constant which depends only on f. B,[0,00) is a normed linear space equipped with

the norm )
U

| fll,= sup :

P u€[0,00) p(u)

Also, we define the following subspaces of B,[0, c0) as

C,[0,00) ={f € B,[0,00): [ is continuous on [0,00)},

G000 = {1 e Goo0) s tim 2 e

where Ky is a constant depending on f and
f(u)
p(u)

U,[0,00) = {f € C,[0,00) :

is uniformly continuous on [0,00)}.

Obviously,
C3[0,00) C U,[0,00) C C,[0,00) C B,[0,00).
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Theorem 4.1 (cf. [15]). Let (A,,) be a sequence of linear positive operators from C,[0,00) to
B,[0,00) satisfying

lim H Amkz_kz ||p: 0, 7::0,1,2,

m—00

where k; = 2%, = 0,1,2 are the test functions.
Then for any function f € C%[0, 00)

T | Anf £ ll,=0.

Theorem 4.2. Let (¢,,) and (pm) be two sequences such that 0 < ¢, < pm < 1 for all m which
converge to 1. Then for each function f € C3[0,00), we get

Tim | £33, = ,=0.
Proof. By Theorem 4.1, it is enough to show that

lim || £ ki—ki|, = 0, i=0,1,2. (4.1)

oo mPm,gm

By Lemma 2.1 (i) and (ii), it is clear that

I Lo (Lw) =1, = 0

m,Pm,qdm

| cr (tiu) —ull,

mvpqum
[mlpg
. (piets —1)w L
wel0,00) 1+ u? [m]pq+6

and by Lemma 2.1 (iii), we have

1LY g (5 0) = |,
m 2
—  sup (([m1p,q+6>2gﬁ;ﬁ)“’"m“” N (Q@quq)mg’q) ut (g s — 1)
u€[0,00) 1+ u?
P
([mlp,g +9)?
< ( [m]pq (27 + gm)[mlpq [m]i,q G — 1)
= \([mlpg +0)2(2 = pp) e tD ([l +6)2 0 ([m]2, +0)2™"
R
([mlp,g +0)?

The last inequality means that (4.1) holds for ¢ = 2. By Theorem 4.1, the proof is completed. H

Theorem 4.3. Let g,, € (0,1), pm € (g, 1] such that ¢, — 1, pn — 1 as m — oo. Let f € C}[0,00),
and wqi1(f;0) be its modulus of continuity defined on finite interval [0,d+ 1] C [0,00),d > 0. Then,
for m > 1 we have

1L (f3 1) = F ) lctoa < 6My(1 + d*)om (1) + 2wasi (f5 v/ om(w),

where My is a constant which depends on f, o, (u) is defined in Corollary 2.1.
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Proof. From ([10], p. 378), for u € [0,d] and t < d + 1, we have

0 = ol < 00ty(1-+ ) P + (145 s (110

Applying E;Yfp , to both sides, we have

V56 —ul:u
|£mpq( ) f(u)’ < 6Mf(1+d2)£’y§ ((t—u)Z;u)_|_ (1 ‘Cmpq(|t |7

m,p,q

>>wd+1(f;0')-

o
Applying Cauchy-Schwartz inequality, for u € [0, d| we get

< 6Mf( —|—d2)£’“s ((t —u)*u)

m,p,q

ani(:0) (14 2 i (¢ = 0i0)

N

+

)

Lo (1) = f(w)] < 6Mp(1 + d*)om(u) + wasa (f30) (1 + —Um(U)).

Thus, from Corollary 2.1, for u € [0, d], we get

o
By choosing 0 = \/0,,(u), we get the required result. O

Now, we prove a theorem on approximation of all functions in C7 [0, 00). Results of such type are
given in [7] for locally integrable functions.

Theorem 4.4. Let 0 < ¢, < pmp < 1 such that ¢, — 1, py — 1 as m — oco. Then for each function
f€C30,00), and a > 1

| L (f30) = f(u) |

lim sup = 0.
m—00 uE[O,oo) (]_ -+ U2)
Proof. Let for any fixed ug > 0,
| Lo (i) = f(u) |
sup 5
u€[0,00) (1 +u )
Lo su) — f(u L£e ;u) — f(u
o b 50 = 1) | £ 0,0 = ()|
usug (1+wu?) uuy (1+wu?)
| Lo L+ %50) |
< £ u mM,Pm,dm
< L (1) = £ ot + 11 11 sup =mn
| f(u) |
+ sup ———=—. 4.2
2 s ) 42
Since, | f(u) |< My(1 4 u?) we have,
| f(u) | My My
sup ——=— < su <
wu (LF0)7 = oy (L)t = (T u2)e?
Let € > 0, and let us choose ug such that
Mf €
R A 4.3
(1 + UOQ)a_l 3 ( )
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and in view of Lemma 2.1 we get

| L0 (1+t%u) |

— ; m,Pm,dm
H f HP - nll_{noo (1—|—u2)°‘
1+ u?
= I Fll 7=
(14 u?)
1l . Il e
(I +u2)o=t = (T +up?)>t = 3
By using Theorem 4.3, the first term of inequality (4.2) becomes
€
H ‘C'Tyrfpm,qm(f) - f ”C[O,u0]< g
Hence we get the required proof by combining (4.3)-(4.4)
L0 su) — f(u
“up | Lo fi0) = F) |

u€[0,00) (1 + uZ)a
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