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1 Introduction

Let X be a separable Banach space. We denote by B(X) the set of all bounded linear operators
on X. A complex number A is called an extended eigenvalue of ' € B(X) if there exists a non-
zero operator A € B(X) such that AAT = T'A (see [2]). We know that when A\ = 1, the equation
AAT = T A can be used to obtain information about the operator T based on the properties of the
operator A. For A € B(X) a (closed, linear) subspace of X is a nontrivial invariant subspace (n.i.s.)
for A if it is neither X nor {0} and is invariant under A. This space is hyperinvariant for A if it is
invariant for every operator in {A}', the commutant of A. More generally, a subspace is defined to
be invariant for a set of operators if it is invariant for each member of that set. For more information
on the extended eigenvalue, commutant and invariant subspaces one can see [1, 2, 3, 4, 5, 6, 7|. In
this paper we will characterize an extended eigenvalue of a special operator on a Banach space of
formal power series.

Let {B(n)}5°, be a sequence of positive numbers with 5(0) =1 and 1 < p < co. We consider the
space of sequences f = { f (n)} such that

I1£115 = Z| n)[PB(n

We shall use the formal notation f(z) = Y~ f (n)z" independently of whether or not the series
converges for any complex values z. Such series are called formal power series. Throughout this
paper, we consider the space ?(/3) to be defined as

P =14 f(z Z " 1Nl < oo}
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For more details about (?(3) one can see [8, 9]. Let {d,};%, be a sequence of positive numbers with
6o = 1. Given arbitrary two functions f(z) = > ", f(n)z" and g(z) = >~ 7, §(n)z" belonging to the
space (P(3), we define the following generalized Cauchy product series

oo 0

g(m)z"*", (1.1)

(f®g)(z

n=0 m=0

In this paper first we show that ¢P(f3) is a unital commutative Banach algebra with respect to ®.
Then under certain conditions, we describe the extended eigenvalues and extended eigenvectors of the
multiplication operator Mg , on 7(/3). Finally we describe the commutants of My . and consequently
the collection of all hyperinvariant subspaces of Mg .

2 Main results

Let X be a separable Banach space. An operator T' € B(X) is called a well splitting operator in
X if for every x € X there exists a bounded linear operator B, such that T"x = B,y, for every
n € NU {0} and for some complete system {y, },>o of the space X.

Let 1 < p < 0o and let ¢ be the conjugate exponent to p. We define

3 5.80)  \f
Co = n>%z(5k 5B ()3 —k)) | (2.)

Throughout this section we assume that 1 < p < co and C, < oco.

Here first we compute the norm of TV for each N € N U {0}, and then we show that T is a
well splitting operator on (7(3) where T  is a weighted shift operator defined on 7(3) as T(f) =
P 57(;:1 (n)z"t!. Also we determine the extended eigenvalues and extended eigenvectors of T

Theorem 2.1. The weighted shift operator T defined on (°(B) as T(f) = > ", 63:1]?(71)2”“ is
bounded and

B(n+ N)dnin
B(n)on ’

1TV ||= sup N e Nu{0}.

Proof. Suppose that f(z) =>""", f(n)z" is an arbitrary element of ¢7(3). Then

o0 5n R
=3 R fwY
n=0
Take C' = sup,,> W Since Cy < 0o, then C' < oco. It follows that
- 5n N
IVl = 2 (=Y )P Bn+ Ny
n=0

n N
= > s =Ny < oo
n=0 n
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Hence HTNH < C. To obtain the reverse inequality, put f,(z) = 2". Then ||f.|ls = B(n) and
TN (f,) = "*N 2"t Therefore we have

s = T (fa)lls < ITVI ulls = 1T [18(r).
This implies that C' < ||TV|| and so |TV| = C. O

Let °(8) be the set of all formal power series. For each f € (7(3), let D; : £7(3) — °(3) defined
by D¢(g) = f ® g be its corresponding ®-multiplication linear operator. When f(z) = z, we take

D, = Mg,. It is easy to see that Mg .(f) = >, ‘;:ngl f(n)z"* and MY.(f) = 5N XN ® f, for all

N e NU {0} and f € ¢?(8). By Theorem 2.1, My , is bounded and

B(n + N)5n+N
Mivz = sup )
1M1 neNuoy 01 Onf(n)

N e Nu{0}.

In the next theorem we give certain necessary and sufficient conditions for the boundedness of
Dy on °(f3). Indeed, the sufficient condition for boundedness of all operators of the form Dy, is a
sufficient condition for /7(3) to be a Banach algebra with respect to the generalized Cauchy product.

Theorem 2.2. Let Dy be the above mentioned operator. Then we have the following statements.

(a) For each f € (P([3), Dy is bounded on (P(3); that is D¢(£P(3)) C €P(p).
(b) If D¢ is a bounded operator on (P(3), then

(o (2P f(R)PB(m + F)P)
sup < o0

m>0 B(m)ém

Proof. (a) Let f,g € ¢P(53). Using (1.1), it is easy to see that

Zak Fk)g(n — k).

Let g be the conjugate exponent to p. By using Hoélder inequality and (1.1) we have

1Ds(g Hp—ZIf@g PB(n ZZM k)g(n — k)

n=0 | k=0

<> (Z S F Wl — BIS3 k))

3=

n=0 k=0
<55 (3 (rommnion-wsn-n)) (3 (o))
< 08 3OS RIPBRYa(n — k)P B — kY
n=0 k=0

_ oy (Z |f(n)|”6(n)”) (Z Iﬁ(n)|pﬂ(n)p> A
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Consequently, we get that

1
1D5(9)lls = IIf ®glls < Conll flisllglls,

1
and so || D]l < Co | f]|-
(b) Let D be bounded. Then for every m € NU {0} we have

1Dy (=)

sup —————
m|[2"]s

12,G"s 1 p ) < o0,

Hence we get the result.
O

Here we show that the weighted shift operator T, as defined before, is well splitting on 7(f3).
Also, we give a characterization of the extended eigenvalues of T'.

Theorem 2.3. (a) The weighted shift operator T is a well splitting operator on P(3).

(b) Let \ be a nonzero complex number with |\ < 1, and let A € B((?(f)) be a nonzero operator.
Then NAT = TA; i.e., X is an extended eigenvalue of T, if and only if ANy = Dagy, where
A{)\}(Zn) = A"

(c) If |A| > 1, then NAT = T' A if and only if A = DAlA%.

Proof. (a) For f € (7(B), since f(z) =>_"", f(n)z”, then we have
TN<f) = f ® 5NZN = Df(éNzN).

Using Theorem 2.2 and the fact that Dy is bounded and defined on the whole of (), we deduce
that T is a well splitting operator on ¢#([3).

(b) Let NAT =T A. Then \"AT™ =T™A, for all n € NU{0}. In particular, AN"T"(1) = T"A(1).
By using (2.1), we obtain that
T"(1) =1® 6,2 = 0,2" = N"A(6,2") = A(1) ® 0,2" = 0,2" ® A(1).

Thus §,A(\"2") = 6,(2" ® A(1)) and so AA((2") = 2" ® A(1). This implies that AAp(P) =
P ® A(1), for all polynomials P. Since polynomials are dense in ¢7(8), AN (f) = Daq)(f) for all
fe gp(ﬁ), which yields AA{)\} = DA(l)-

Conversely, suppose AA(\; = D41). Then we have

TA(Z”) = TAA{)\}A{%}(ZH) = TDA(l)A{%}(Zn)

n n n
z

z z
=TDan(57) = 012 ® Daqy(35) = DsizDay (57)
2" 2" "
= DA(I)D51Z<F) = DA(l)((Sl,Z €3 " ) = )\AA{,\}<(512 €3 )\n+1)
Zn+1
= )\AA{)\}()\nW) = )\AA{)\}A{%}<)\HZH+1) = )\A(T(z”))

Thus for any polynomial P, TA(P) = MNAT(P) and so TA(f) = MNAT(f) for all f € 7(53).
(c) Suppose that [A] > 1 and NMAT = T'A. Hence AT = TA and so AT" = =T A for all n > 0. By
the same method of (b) we get that A(2"4,) = =T A(1) and so
1 2"
TA(1)=A(l)® —
—STA) = A e 2

This implies that Af = DA1A§(f) for all f € 7(5). O

A(Z") = = DA1A§(z”).
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Finally we get the following corollary, that gives us the description of commutants of the special
weighted shift operator 7. Recall that the commutant of T is defined as {T'} = {A € B(¢*(B)) :
AT =TA}.

Corollary 2.1. {T} ={D;: f € (*(§)}.

Let 5(8) = ¢*(B), () = {0} and let for i € NU {0}, £(5) = {Zn>i cnz™ € P(B)}. Given
two functions f(z) = £, f(n)z" € 2(8) and g(z) = 22, §(n)z" € () we easily get that
f®g € 2(8). This means that the closed subspace ¢ (53) of ¢?(5) is invariant under Dy for all
f € °(3). Therefore the Corollary 2.1 enable us to get the following corollary.

Corollary 2.2. The set {£ () }ienuoy s the collection of all hyperinvariant subspace of the weighted
shift operator T and equivalently of the multiplication operator D, = Mg , on (P([3).
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