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Abstract. The generalized Bessel potentials are constructed using convolutions of the generalized
Bessel-McDonald kernels with functions belonging to a basic rearrangement invariant space. Under
assumptions ensuring the embedding of potentials into the space of bounded continuous functions,
differential properties of potentials are described by using the k-th order modulus of continuity in
the uniform norm. In the paper, estimates are given for the k-th order modulus of continuity in the
uniform norm in the case of the generalized Bessel potentials constructed over the basic weighted
Lorentz space.
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1 Introduction

The paper is organized as follows. In Section 1 we give basic definitions of the potential theory. Main
properties of kernels are considered and basic spaces for potentials are described. Section 2 contains
some auxiliary results. Estimates for ||u||c are presented for potentials, and properties of moduli of
continuity are discussed. The main results of the paper are presented in Section 3. In Theorem 3.1
we establish estimates of the modulus of continuity in the uniform norm w¥ (u;7) in the case of the
basic weighted Lorentz space, where k € N, wf (u;7) is the modulus of continuity for generalized

Bessel potentials w.

2 Basic definitions

Let v > 0 be a measurable function on R;. The Lorentz space AP(v) is the space of all measurable
functions on R™ with finite (quasi) norms (see [1])

1

(S5 Frepemar)”s  0<p<oo

estsé%p{f*(t)v(t)}; p= o0, 21

1fllapw) =

Here f*: Ry — [0, 00] is the decreasing rearrangement of a function f: R” — R, i.e f* is a nonnegative
decreasing right-continuous function on R, = (0, co) which is equimeasurable with f :

po{r €R": [f(@)] > yp =m it e Ry f7(O) >y}, yeRy, (2:2)
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where p,, is the n-dimensional Lebesgue measure. We assume that 0 < V(¢) := | Lo(r)d(T) < oo,

0
teR,, and

v < =

the so-called As-condition. Under these assumptions F(R") = AP(v) is a (quasi) Banach space,
which gives an important example of a rearrangement invariant space (shortly: RIS), because of the
property:

g <[ feER") = g€ ER"),|glle <|flle

(see C.Bennett and R. Sharpley [1]). Moreover, £ = E'(R™) is the associated RIS for E(R") , i.e.
FE’ is RIS with the norm:

ot = sup{ [ 1661dun: 1 € Bl <1}, 2.4
RTL
For 1 < p < oo the description of the associated space for E(R™) = AP(v) was obtained by E. Sawyer
[7]. Namely,
" g (D)h(r) dr ([ g 0@
gl = gg}g Jo T~ /0 /0 g*(r)dr V<(§))p/ ' (2.5)
= (J (o) ar)

We will use this description in Section 4. Here the symbol &~ means that the ratio of left- and right-
hand sides is between positive constants depending only on p (and not on v or g).

Remark 1. Note that, for E(R") = AP(v),

F(R") £{0} 3T >0 /0 tpvv(%lf“

Indeed, for D C R", u,,(D) =T, we have g(z) = xp(x) € E'(R"), because

g* (1) = x0.1)(7) and
<, e o<e<T,
/0 g(r)dr = {T, ¢ T

/°° v(@de _ VETT|T V(D)
r VY 1-p |~ -1

On the other hand, if 3 g € E'(R™), g # 0 then there exists ¢ > 0 and 7" € R, such that ¢g*(7) >
¢, T €(0,7). Then

o (ol 2 [ [orimar) B o [1 €O

Everywhere in this paper we assume that condition (2.6) is satisfied.

Here,

< OQ.
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The potential space HE = HS(R") for E(R") = AP(v) is defined as the set of convolutions of the

potential kernel G with all functions belonging to the basic RIS E(R"):
HER") ={u=Gx*[f: feER"}.

We define
[ullpg = inf{l|fllz: f € ER"), G*f=u}.

We assume that the kernel G in representation (2.8) is admissible, i.e
G € Li(R") + E'(R").

Here the convolution G * f is defined as the integral

(G f)(x) = / Gl — ) (y) d(y).

R

(2.7)

(2.8)

For R € R, we introduce the class of monotone functions J,(R) as follows. A function &:

(0, R) — R belongs to J,(R) if ® satisfies the following conditions:
1. ® is decreasing and continuous on (0, R),

2. there is a constant ¢ € R, such that

r

/<I>(p)p"_1 dp < oo, re(0,R).

0

The properties of kernels are discussed in Definitions 1-3 below.

Remark 2. Let A(x), B(x) be positive functions on the set D C R". We write
A
A(r) = B(x),r € D if there exists a constant ¢ > 1 such that ¢! < ——~= (z)

B(x)
Definition 1. Let ® € 7, (R). We write that G € Sg(®), if

G(r) 2 ®(|z|),x € BR={z e R": |z| <R}, ReR,.
Definition 2. Let ® € 7,(R), X(R") be a RIS. We write that G € Sg(®; X), if
G(z) = Gy() + G(2);

Gr(z) = G(2)xp,(v);  Gr(z) = G(x)xsy (@),
Gr(x) = @(|z]),x € Br;  Gi(z) € X(R").

<ecVreD.

(2.9)

(2.10)

(2.11)
(2.12)

Definition 3. Potentials u € HZ(R") with E(R") = AP(v) are called the generalized Bessel poten-

tials, if for some R € R,

O e€d,(R), GeSp® LiNE), /Gdun £0.

Rn

(2.13)
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Remark 3. Note that the classical Bessel-McDonald the kernels have the form
n—ao
2 )

Ga(r) = cla,n)p™ " Ky(p),  p=le| €Ry, ae(On); 7=
where K, is the McDonald function, see [6]. The well-known properties of these kernels state that
Golz) = @(jzl), 0<|e| <R ®(p) =p* " € Tu(R);  Gala) = |a| 72 ¥ Ju] > R
In view of the embedding Ly N Lo, C Ly N E’, where E(R™) = AP(v), our scheme includes the Bessel

potentials.

Definition 4. Let C(R") be the space of all bounded and uniformly continuous functions with the
norm

[ullc = sup |u(z)]. (2.14)
zeR?
For u € C(R") the modulus of continuity of order k € N is defined as:
wi(u; T) = sup{HAiu”c || < T}, T €R,. (2.15)

Here Afu(z) is the k-th difference with the step h € R™ at the point x € R™. Let us note that for
u e C(R™),

we(u;7) =0 (17— +0). (2.16)

3 Auxiliary statements

The following results were proved in [3].

Theorem 3.1. Let G € Li(R"), G #0, o(1) = G*(1), T € Ry, and a function f: R™ — R be such
that for some T € R,.

T
/w(T)f*m dr < oo. (3.1)
0
1. For the convolution
uw)= [ G- i)y, s e 32)
Rn
the following estimate holds
T
sup ‘u(:v)‘ < Co/gO(T)f*(T) dr, (3.3)
z€R™ ,
where .
(7 mar)([ear)” (3.4
co=1+ p(T)dr p(r)dr | . .
T 0

2. Let, in addition G € C*(R™\0), k € N, and for

Gi(z):= Y |D*G(x)], = eR", (3.5)

|a|=k
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for some cq, the following estimate takes place
Grl(@)] < erWi(jal), @€ R, (3.6)

where the function

0 < gi(r) = %((%)) I onR,, (3.7)

(V,, is the volume of unit ball in R™) is such that the following relations hold

or(1) < T*k/"w(T), 7€ (0,7] (3.8)
/gpk(T) dr < 0. (3.9)

Then convolution (3.2) is continuous on Ry and for t € (0,7

%@mas@imﬁ;lTPvWVMr (3.10)

Here co = c1¢d, where

dl+#m(jgok(r) dT), (3.11)

¢y is the constant from condition (3.6), and ¢ = ¢(k,n) € R,y depends only on k and n.

Remark 4. Under the assumptions of Theorem 3.1 let G € L;(R") N E'(R") for E(R™) = AP(v),
see (2.1)—(2.6), and f € E(R"™). Then, inequality (3.3) shows that convolution (3.2) is uniformly

bounded. Moreover, formula (3.10) shows that wf (u;t%> — 0 as t — 40. which implies that
u e C(R™).

Lemma 3.1. Let the following inequality be valid:

T

/T-Zw(T) dr < By t"nop(t), te(0,7), (3.12)

t

where By € Ry is independent of t. In addition, let the assumptions of Theorem 3.1 be fulfilled.
Then

t

() < ey / o) fH(r)dr, te (0T, (3.13)

where c3 = (1 + By)ca, and co is the constant from (3.10).

4 Main result

We preserve the notations of Sections 2 and 3.
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Theorem 4.1. Let E(R™) = AP(v) be the Lorentz space, see (2.1)—(2.6), and HE(R™) be the space
of generalized Bessel potentials, see (2.13),

p(r)=®(()7), 7€(0,T); T=V,R% ¢(r)=G(r); 7>T, (4.1)

Moreover, we assume that estimate (3.12) holds, the kernel G satisfies the assumptions of Theo-
rem 3.1, and

1 t
sup - / gp(T)dT} <oo, 0<p<I; (4.2)
t€(0,7) V(t)B 0
Tt p'v(t)dt) 7 p
T)dr - <oo, l<p<oo, p=-—". 4.3
(L (L) v peee =T (43)
Then the following statements hold:
1) ue CR");
2) If 0<p<1, then there exists c3 € Ry such that for 0 <t <T
wk (u;t%) < c;»,w(t%) HuHpr( g (4.4)
where
\ 1 ¢
w(tﬁ) = sup T / gp(T)dT}. (4.5)
ge) | V(&P Jo

3) If 1< p< oo, then there exists ¢y, € Ry such that for 0 <t <T

wb(wth) < e A@luly

G )
AP (v)

At) = [ /0 t ( /0 gw(f)df)p/ 7"/(%15 + ( /0 th(T)dT)p/V(t)I;’l} 4 (4.7)

Proof. 1) We have by Theorem 3.1 (see Remark 4) the inclusion

where

HE(R™) C C(R™).
Under the assumptions of Theorem 4.1 we have equivalence (2.10), so that
G*(1)=¢(r), 0<7<T=V,R"
Together with equality ¢(7) = G*(7), 7 > T, we obtain
o(r) =G (1), TeR;. (4.8)

Thus, application of Theorem 3.1 and Remark 4 to a function u € HE(R"), E(R") = A?(v), gives:
u € C(R™) and formulas (3.2)—(3.13) hold. Here u =G x f, f € AP(v). Now, we use the equality

e [l
[ etnr i = {2ELEDT

Then, by (3.13), for 0 <t < T

) o sy [BEOVOIY (49)

pEAP(v) HPHA”(U)
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We denote

=

o = h e Lp(v) ||puAp<v>=(/0 prodr)’s 0 <hL;

7)d
F, = sup {fo T}—S p{fo } (4.10)
pGAP( ) HPHAP(U o<hi U ()7 hpvdr)

Here the numerator does not depend on the values h(7) for 7 € (¢,00). Therefore, “sup” is realized
on functions h, such that h(r) = 0 for 7 € (¢t,00). It means that

7)d 7)d
sup {fo T} sup Jo e T — BW). (4.11)
PEAP (v) ||P”APv 0<h| (f hpUdT)

2) Let 0 < p < 1. To calculate B(t) we apply the result of [2]. Namely,

Bi) = 56(01::‘/ { f{o i } B w<t%)'

From (4.9)—(4.11) we obtain for u € HZ(R"), ¢ € (0, T]

w’g(u;t%) = C3w< ) [ fllarcy, 0<p<1.

Here f € AP(v) is any function such that G * f = u for a given u € HZ(R"). Now, we take “inf” over
the set of such functions f € AP(v) for a given u € H(R"), and obtain

wé(u;t%> < 03w< ) [ullgg, E = AP(v). (4.12)

This is estimate (4.4) with constant ¢z from (3.13).
3) Let 1 < p < co. We put in equality (4.10)

oi(7) = o(T)x0p () 0< (1)L = @i (1) = @u(T).

fi= 5313{ b f:)t hpvdT)) dT} - o<m{ fo(}pt hpvdT)% }

Now, we apply formula (2.5) with ¢g(7) = ¢(7), 7 € R, and obtain

and obtain

Then

1
Y

Fi=tale = ([ ([ o) 1LY (113)
We note that

/OS%(T)dTI/;SO(T)dT, £ €(0,1); /Oéﬁot(T)dT:/0t90<7')dT, £> ¢

We put these equalities in (4.13) and see that F; = A(t), 0 < t < T. Therefore, from (4.9)
and (4.10) it follows

wb () < B | lavy < 1AW I laow,  t € (0,7
Analogously to (4.12) we obtain from here that for ¢ € (0,77.
Wk (u; t%) < e All) Jullyg, B = AP(v). (4.14)

This completes the proof of Theorem 4.1.
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Corollary 4.1. Let us concretize the answers in classical cases: for the classical space of potentials
we put
pt)=tx"', 0<a<n, (4.15)

see Remark 3; for the classical Lorentz space we have E(R"™) = AP(v) with v(t) = t°. In these
case the condition of nontriviality E'(R™) # {0}, see (2.6) will be as follows: —1 < f < p—1 for
O0<p<1l;, —-1<pB<p—1forp>1.

In all formulas

/Otgo(T)dT = g.t%, te(0,7); (4.16)
and condition (3.12) will be as follows: 0 < o < k As the answer we obtain
w(t%) _BEDR e OS5 gep<t (4.17)
a n
Ay =i @88 o p oo,
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