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Abstract. We consider the Cauchy problem for the one-dimensional systems of the kinetic Carleman
and Godunov-Sultangazin equations with bounded energy and periodic initial data. We present
theorems on the global existence of a solution of the Cauchy problem for the Carleman and Godunov-
Sultangazin systems.
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1 Introduction

Kinetic theory considers gas as a combination of a huge number of chaotically moving particles in one
way or another interacting with each other. As a result of such interactions, the particles exchange
impulses and energy. Interaction can be carried out through direct collision of particles or with the
help of certain forces. In the general case, discrete systems of kinetic equations have the form

3711-
ot

+ (6, Vng) =Y op(ngny —ning),i =1, .., N, (1.1)
kol
where Ug = crfjl is a law of detailed balance which usually takes place for systems. Here the right-
hand side is the collision integral in the discrete case, n;(t, x,y, ) is the density of gas particles with
velocity ¢; = (¢4, Cy:, C2;), COnstants UZ are proportional to the probability that, as a result of the
collision of two particles with velocities ¢;, ¢}, these particles acquire velocities ¢, ¢;. From equation
(1.1) systems of kinetic equations with a finite number of different groups of particles are obtained.
We consider the Cauchy problem for the kinetic Carleman [1-3, 6, 8, 10-12] and Godunov-
Sultangazin [2, 4, 10, 11] systems:

1
o+ Opu = ——(u? —w?), v €R, t>0,
€

Ow — O,w = é(u2 —w?), (1.2)

Ulp—o = UO, W= = w’
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and
L
(9tu+8xu:g(v —uw), x€R, t>0,
2
O = —5(112 — uw), (1.3)

0w — Oy w = é(qﬂ — uw),

U= 0o =u’, Vle= 0o =11", wly= 0 = w’.

Here initial data is periodic with the period 27. The Carleman model is a system of two nonlinear
partial differential equations. It describes a monatomic rarefied gas consisting of two groups of
particles. Two groups of particles move along x-axis in the opposite directions with a unit velocity.
It is worth noting that only particles within one group interact, that is, only with themselves,
changing the direction of motion. For the Carleman model a proof of global solutions was conducted
by O.V. Ilyin [3], T. Platkowski and R. Illner [6], V.V. Vedenyapin [12] and many other authors.

For any other discrete models close to the equilibrium results are known as the results of
S. Kawashima [4], N.B. Maslova for the Boltzmann equation [5], E.V. Radkevich [7]. Unlike the
Carleman model, the Godunov-Sultangazin model describes a gas consisting of three groups of par-
ticles moving along x-axis. One group consists of particles that are at rest, having zero velocity. Two
other groups, like the Carleman system, consist of particles moving at a unit speed in the opposite
directions.

2 Main result for Carleman system

We study Cauchy problem (1.2) for small perturbations of the equilibrium state u? = w?, u, = w, > 0.
We set

u = u, + w0, w=w, + wl?*w. (2.1)
Then
D4 + 0,7 — QM%(@ C8) = —cw 2@+ D) (A —B), TER, t>0, (2.2)
8t@—3m@+2we§(@ ) = cw!?(@ + @)(@ — D),
o = @, oo = 0.

For periodic perturbations

u(t, ) = uo(t —l—Z t)e*® Wt x) = wo(t —i—Zw etk

keZg keZo
Zo={ke Z k+#0}
with zero averages e L pon
u) = o ), 1’ (z)dr = w) = by

we introduce the weighted spaces W (R H,), Loy(Ry;H,), He equipped with the norms:

N d
||u||W21ﬁ(R+;HU) = Hdtu”L“ (RyiH,) T ||U||L2V (RyiHo)s
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[l e = [l der [ S o

keZy
[[li=olllf, = lagl® + Y [Pl
keZy
Let us formulate the main result for the kinetic Carleman system.

Theorem 2.1. For any o > 2 and u, = w, > 0 there exist uy,q € (0,1) such that for periodic initial
data (u®,w°) with zero averages satisfying the inequality

@2, + 12l < g,

there em’sts a global solution (U, w) € Wy (Ry;H,) to Cauchy problem (2.2), where v = e > 0,0 <

Ho <
state holds

. Hence, the local equilibrium principle with an exponential stabilization to the equilibrium

3 Main result for Godunov-Sultangazin system

We study Cauchy problem (1.3). We consider a neighbourhood of the equilibrium state v2 = weu,,
Ue, Ve, We > 0. We set

U= U + u1/262u V=, + 1)1/2521) w = w, + w1/252w (3.1)
( _ UO + Z zkm’ ( _ wO + Z zk:c
ke Zo keZo
( _ UO + Z zka:.
keZy

Then we have
Iy 1 . 9
ou + 0, u — —w;/2<211;/2 —u, 1205 — wl/2u> =c w1/2<112 —uw), r€R, t>0,
€
2
v + v1/2 (21}1/% ul? — w*a ) = —2ep!/? (112 - uw) (3.2)

. 1 ~ . ~ PONP
W — Dy — ~ul/? <2vi/2v —ul?0 — wi/2u> = cul/? (vz — uw),
€
~ ~0 -~ ~) o~ ~0
U|t=0 =u, ’U‘tzo =V, w|t=o =w.

Theorem 3.1. For any o > 2 and v? = u.w, > 0 there exist jio,q € (0,1) such that for periodic

initial data (u°,0°, @°) with zero averages satisfying the inequality

1113, + 111212, + 1@, < ¥,

there exists a global solution (u,,w) € W5 (Ry;H,) to Cauchy problem (3.2), where v = epq.
Hence, the local equilibrium principle with exponential stabilization to the equilibrium state holds.

It is proved (see [10]) that from (3.2) it follows that

1w1/2 ‘ 1w1/2 1w1/2 t
_(,,0 0\, —ikt _ — Ve S it ik(s—t)
u = (ug + SYRY) 'Ui/2 —=ug)e 2 v;/Q Vg + Z/{:Q vép /0 e vgds,
1ul/? 1ul/? 1ul/? gt
_ 0 e 0\ ikt  — ¢ S N —ik(s—t
wy = ( k+2v§/2vk) 5 é/21)1C Zk2v§/2/o e vpds

v = vge’%Let + Yk, Le = 4ve + ue + we > 0,y € Loy (Ry; Hy)
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and there is the following finite-dimensional system of ordinary differential equations

d e 1y m ] ' K 'k (m)

21v”27>+ ey 21v”22>k e e P 1) 4 £ ()
ev;/2T:dd<y< ) —ev)l? (zﬁs" (y™) + B;im’(y ™, y)),
g™ = 0, k] < m,k € Zo.
We look for a solution of (3.3) in the form
= QUM M) + QT e ) + T (™), 2 im0 = 0,k € Z,
Q™M QM e UM, 2™ € Ly, (Ry; Hy), 2™ = {2, |K] < m}.

If the conditions of secularity are satisfied

Qrm —olyrepr _ _ji2ghg-m ghm)
8 b

Q™ = 221};/2])’;m —e287(Q™™ Q™) k| =1,...,m
we can write that
A4 = e H @) + B @) — ol (HID @) + HIP ()
ol (U™ (17 () + B (17 (o), 77 (20
evi/Qngd(y(m)(z(m), Q—M@)7 Q+,(m)))‘
The equation for the zero mode in the Hilbert space L, (R ), when
Do(@"™. Q™) = Dy - D =0,

has the form

A 2501/2/0 (1) {zé D

2 (L@ ) + BT ), T ) 4 A (s)e e+ hgm)@)ﬂ o

where £\ (t) is a bounded function, h™ € L, .(R),
LT () = Bo(25 ™ + 2™ 77 (20M))

+Bo(T1 (™), 25™ + 25 ™) + Lo(T(2™)),
= QT e ™), k| < m}, 25" = {Qr T (™), [k] < m},

Lo (T (=) = Ly (T () + By (0% ! T ()
_|_B(()m)(T71<Z(m))’U e—;Let),

(3.3)
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B (T (20, T~ (20)) =

= > (T T ) + T () T ()
k1+k2:0,|k1 \,|k2\:1,...,m

1 W2 . wl/? -
_Z_l< Y T,;ll(zk1 )+ iky— i /o e’kl(s’t)Tkzl(szn )ds)

u1/2 ( ) U1/2 t ( )
X ( — WT];I(Zan ) — Z]CQW/O e—lk2(5—t)Tk;1(ZkT: )ds)

Lo w0 m w [ eyt
__<_WT’€_2 (%4, )—zkgﬁ/o e ih2(s= )Tk2 (24, )ds)

Ve

Y ol
><<— 1z T, (z,(;ln ) +2k‘1 7 /0 ethi(s— ’5)Tk1 (zk1 )ds)}

1 we/ —1/._(m) zkl(s—t) -
~ 9 Z {( — 1alk Can) + Zk'l 1/2 T (Zk1 )d3>
k1+ko=0,|k1],|k2|=1,...,m Ve 0

—  lue ik
X(wgz 5 1/2 22>€ !
0 1w/ 0 \,—ikit Ue 1, (m '
+(uy, + 5T pe ( 1/2T_ (z,€2 ) 1/2 0 e~ik2(s=t)T, 1 (zk2 )ds)
1/2 1/2 1/2
Ue — (m —ika(s 1’[1) ik
+< 1/ZTle(z,€2 ) — el e~ik2(s=t -1 (zk2 )ds)( —1—5 iz 0 ettt
L @ Wi wl/?
+(w22+2 72 Vks) k2t<— ) L ) + ik e 7 /0 el (=T (2" )ds)}

4 Conclusions

In general, there is no analytic solution for the Carleman and Godunov-Sultangazin systems. Numer-
ical analysis of the Carleman and Godunov-Sultangazin systems was carried out by O.A. Vasil’eva

[10, 9.
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