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SHAVKAT ARIFJANOVICH ALIMOV

(to the 75th birthday)

Shavkat Arifjanovich Alimov was born on March 2, 1945 in the city
of Nukus, Uzbekistan. In 1968, he graduated from the Department of
Mathematics of Physical Faculty of the M.V. Lomonosov Moscow State
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From 1974 to 1984, he worked as a professor in the Department of
General Mathematics at the Faculty of Computational Mathematics and
Cybernetics. In 1984, Sh.A. Alimov joined the Tashkent State University

(TSU) as a professor. From 1985 to 1987 he worked as the Rector of the Samarkand State University,
from 1987 to 1990 - the Rector of the TSU, from 1990 to 1992 - the Minister of Higher and Secondary
Special Education of the Republic of Uzbekistan. From 1992 to 1994, he headed the Department of
Mathematical Physics of the TSU.
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Department of Mathematical Physics at the National University of Uzbekistan (NUU). From the
first days of the opening of the Tashkent branch of the MSU in 2006, he worked as a professor in the
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Modeling of the Malaysian Institute of Microelectronic Systems in Kuala Lumpur. From 2017 to
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Intelligent Software Systems, and an adviser to the Rector of the NUU.
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of the theory of Schrodinger equations with singular potentials, the theory of boundary control
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hypersingular integrals.

In 1984, Sh.A. Alimov was elected a corresponding member and in 2000 an academician of the
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school education.

Sh.A. Alimov meets his 75th birthday in the prime of his life, and the Editorial Board of the
Eurasian Mathematical Journal heartily congratulates him on his jubilee and wishes him good health,
new successes in scientific and pedagogical activity, family well-being and long years of fruitful life.
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1 Introduction

At the present time, there are quite a few papers dealing with integral operators with homogeneous
kernels (e. g., see [1]–[3], [5], [11], [12] and the bibliography therein). For such operators, criteria of
invertibility and Fredholm property were obtained, Banach algebra generated by these operators were
studied, the necessary and sufficient conditions for the projection method to apply were found and
spectral characteristics were described. However, all of the above results relate to operators acting
in Lp-spaces. In other spaces the operators with homogeneous kernels were considered only in some
papers. For example, in [14] operators with homogeneous kernels were studied in grand Lebesgue
spaces.

The present paper is devoted to integral operators with homogeneous kernels in Morrey spaces.
The study of Morrey spaces and operators in these spaces goes back to [13]. During the last three
decades there was a lot of activity in this area (e. g., see [6], [7] and the bibliography therein). At
the same time, much attention was paid to operators of classical analysis, such as maximal operator,
Riesz potential, singular integral operator, Hardy operator. In recent years, there is a tendency to
study convolution operators (see [8], [9], [4]).

In this paper we consider an integral operator K with a homogeneous kernel of degree −1. For
such an operator we establish sufficient conditions for the boundedness in Morrey spaces on the
half-axis. Moreover, for the operator I + K we construct a symbol and in terms of this symbol we
obtain the invertibility criterion of this operator.
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2 Preliminaries

Let R+ = (0,∞), 1 6 p 6∞, and D ⊆ R+ be a measurable set. Then Lp(D) is the space (of classes)
of measurable complex–valued functions with the norm

‖f‖Lp(D) =

(∫
D

|f(x)|p dx
)1/p

, 1 6 p <∞; ‖f‖L∞(D) = ess sup
x∈D

|f(x)|.

A function f ∈ Llocp (R+) if f ∈ Lp(K) for any compact K ⊂ R+. For any x, r ∈ R+ put J(x, r) =
(x− r, x+ r) ∩ R+.

Definition 1. Let 1 6 p 6 ∞ and λ ∈ R. It is said that a function f belongs to Lp,λ(R+) if
f ∈ Llocp (R+) and

‖f‖Lp,λ(R+) ≡ ‖f‖p,λ = sup
x,r∈R+

‖f‖Lp(J(x,r))

rλ
<∞. (2.1)

With respect to the usual linear operations and norm (2.1) the set Lp,λ(R+) forms a Banach
space, which is called a Morrey space.

The spaces Lp,λ(R+) are nontrivial, i. e. they consist not only of functions equivalent to zero on
R+ if and only if 0 6 λ 6 1/p. For λ = 0 and λ = 1/p Morrey spaces coincide with Lp–spaces:

Lp,0(R+) = Lp(R+), Lp, 1
p
(R+) = L∞(R+). (2.2)

Since the integral operators with homogeneous kernels in Lp–spaces are well studied, taking into
account equalities (2.2), we will not consider the cases λ = 0 и λ = 1/p.

Denote by L(Lp,λ(R+)) the set of all bounded linear operators acting in Lp,λ(R+). Since Lp,λ(R+)
is a Banach space, the set L(Lp,λ(R+)) with the usual operations of addition and multiplication and
with the usual operator norm forms a Banach algebra.

3 Main results

In the space Lp,λ(R+) we consider the operator

(Kϕ)(x) =

∞∫
0

k(x, y)ϕ(y)dy, x ∈ R+, (3.1)

where the function k(x, y) is defined on R+ × R+ and satisfies the following conditions:

1◦ homogeneity of degree −1, i. e.

k(αx, αy) = α−1k(x, y), ∀α > 0;

2◦ integrability, i. e.

κ :=

∞∫
0

|k(1, y)|y−1/p+λdy <∞.

Theorem 3.1. Let 1 6 p < ∞, 0 < λ < 1/p, and a function k satisfy conditions 1◦ and 2◦. Then
the operator K is bounded in the space Lp,λ(R+) and the inequality

‖Kϕ‖p,λ 6 κ‖ϕ‖p,λ

holds for every function ϕ ∈ Lp,λ(R+).
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Let 1 6 p < ∞, 0 < λ < 1/p. Denote by A0 the set consisting of all operators cI + K, where
c ∈ C, I is an identity operator, K is an operator of form (3.1). Let K1 and K2 be two operators
with kernels k1(x, y) and k2(x, y) respectively. Their composition K = K1K2 is an integral operator
of the same form with kernel

k(x, y) =

∞∫
0

k1(x, t)k2(t, y) dt.

It is easy to see that the function k(x, y) satisfies conditions 1◦ and 2◦. Therefore the operation of
multiplication is closed on the set A0. It is easy to verify that the set A0 equipped with usual opera-
tions of addition, multiplication, multiplication of operators by complex numbers and the following
norm

‖cI +K‖A0 = |c|+
∞∫

0

|k(1, y)|y−1/p+λdy, (3.2)

is a Banach algebra. This algebra is commutative because for any functions k1(x, y) and k2(x, y),
which satisfy condition 1◦, the equality

∞∫
0

k1(x, t)k2(t, y) dt =

∞∫
0

k2(x, t)k1(t, y) dt

holds (see, e. g., [12, p. 381]).
Let us consider the function

σcI+K(ξ) = c+

∞∫
0

k(1, y)y−1/p+λ+iξdy, ξ ∈ R.

We call this function the symbol of the operator cI + K. The symbol σcI+K(ξ) can be written in
another form. Put

h(t) = k(1, et)et/p
′+tλ.

From condition 2◦ it follows that h ∈ L1(R). It is easy to establish that

σcI+K(ξ) = c+ ĥ(ξ), (3.3)

where ĥ(ξ) =
∞∫
−∞

h(t)eiξt dt is the Fourier transform of the function h.

Further we shall denote by W(R) the Wiener algebra, i. e. the set of all functions of the form
c+ f̂(ξ), where c ∈ C and f ∈ L1(R). It is known that with pointwise algebraic operations and the
norm

‖c+ f̂‖W = |c|+ ‖f‖1 (3.4)

the set W(R) is a commutative Banach algebra. Taking into account formulas (3.2)–(3.4), we get
the following proposition.

Lemma 3.1. The mapping

S : A0 →W(R), cI +K → σcI+K(ξ)

is an isometric isomorphism.
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Denote byM(A0) andM(W(R)) the spaces of maximal ideals of Banach algebras A0 andW(R)
respectively. Since the algebra A0 is isometrically isomorphic to the algebra W(R) then the space
M(A0) is homeomorphic to the space M(W(R)). Denote by Ṙ the one–point compactification of
the locally compact space R. It is known ([10, p. 20]) that the spaceM(W(R)) is homeomorphic to
the compact Ṙ. Therefore the space M(A0) is also homeomorphic to the compact Ṙ. Under this
homeomorphism each point ξ0 ∈ Ṙ corresponds to the idealMξ0 ∈M(A0) consisting of all operators
cI + K such that σcI+K(ξ0) = 0. As a result, we obtain the invertibility criterion of the operator
cI +K in the algebra A0.

Lemma 3.2. The operator cI +K is invertible in the algebra A0 if and only if

σcI+K(ξ) 6= 0, ∀ξ ∈ Ṙ. (3.5)

Lemma 3.2 implies that condition (3.5) is sufficient for invertibility of the operator cI + K in
L(Lp,λ(R+)). It is much more difficult to obtain the necessary condition, because if the operator
cI +K is invertible in L(Lp,λ(R+)) this does not mean that (cI +K)−1 ∈ A0.

Denote by A the least closed subalgebra of the Banach algebra L(Lp,λ(R+)) containing all oper-
ators cI +K, where c ∈ C and K is an operator of form (3.1). This algebra is the closure of the set
A0 in the uniform operator topology. Note that the algebra A is commutative.

Lemma 3.3. Let K be an operator of form (3.1). If the operator cI+K is invertible in L(Lp,λ(R+))
then the operator (cI +K)−1 belongs to the algebra A.

Taking into account that the algebra A0 is densely embedded in the algebra A, we get the following
lemma.

Lemma 3.4. Let K be an operator of form (3.1). If the operator cI +K is invertible in A then the
operator (cI +K)−1 belongs to the algebra A0.

Lemma 3.2, Lemma 3.3 and Lemma 3.4 imply the following main result.

Theorem 3.2. Let K be an operator of form (3.1). The operator cI+K is invertible in L(Lp,λ(R+))
if and only if condition (3.5) holds.
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