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1 Introduction

A new type functional spaces that got the name of Lebesgue grand spaces Lp)(G) (meas G <∞) was
introduced in [8]. These spaces were introduced for the purpose of investigating local integrability
of the Jacobian of functions belonging to the Sobolev space W 1,p

loc (G,Rn). Further, these spaces were
developed and generalized by many mathematicians. For example, the Lebesgue small space L(p(G),
Lebesgue-Morrey grand grand spaces Lp),λ)(G) and Sobolev-Morrey grand spaces W l

p),κ,a(G) were
introduced and studied in [1, 3, 4, 6, 7, 9-12, 18, 19].

This paper is devoted to introduction and study of some properties of func-
tions from the space called small small Sobolev-Morrey spaces W l

(p,(κ,a,α(G)(l ∈ Nn,

p ∈ (1,∞), κ ∈ (0,∞)n, α ≥ 0, a ∈ [0, 1], G ⊂ Rn is a bounded domain) from the point of
view of the embedding theory. In other words, at first the modification of the Lebesgue-Morrey
space called small small Lebesgue-Morrey spaces L(p,(κ,a,α(G) is constructed and on the base of
the space L(p,(κ,a,α(G) small small spaces W l

(p,(κ,a,α(G) are constructed. Then, by the method of
integral representation of functions defined on n-dimensional domains and satisfying the flexible
λ-horn condition, the Sobolev-type inequalities are proved in this space, and it is proved that for
f ∈ W l

(p,(κ,a,α(G) , generalized mixed derivatives Dνf satisfy the Hölder condition in the metric of
the space Lq−ε(G) with the exponent σ.

It should be noted that in this paper we not only introduce a new space but also show that the
Hölder exponent σ is greater than in previous papers [5], [13]-[16]. Hence, Theorem 1.3 can be more
effective when studying smoothness properties of solutions of partial differential equations.

Let G be a bounded domain of the space Rn, for any t > 0 and x ∈ Rn, we denote

Itκ(x) =

{
y : |yj − xj| <

1

2
tκj , j = 1, 2, ..., n

}
, Gtx(x) = G ∩ Itx(x)
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Definition 1. We denote by W l
(p,(κ,a,α(G) the space of all locally summable functions f on G and

having on G the generalized derivatives Dli
i f (i = 1, 2, ..., n) with the finite norm

‖f‖W l
(p,(κ,a,α(G) = ‖f‖

(p,(κ,a,α;G
+

n∑
i=1

∥∥Dli
i f
∥∥

(p,(κ,a,α;G
, (1.1)

where
‖f‖

(p,(κ,a,α;G
= ‖f‖L(p,(κ,a,α(G)

= sup
x∈G

0<t≤d

inf
0<ε<sm

 1

t|κ|a+αε
ε
− p−ε

(p−ε)′
1

|Gtκ(x)|

∫
Gtκ (x)

|f(y)|p−ε dy


1
p−ε

, (1.2)

d is the diameter of G,

sm = min

{
p− 1,

|κ| a
α

}
, (p− ε)′ = p− ε

p− ε− 1
, (we suppose that

0

0
is equal to 0).

We note a number of properties of the spaces L(p,(κ,a,α(G) and W l
(p,(κ,a,α(G).

1. For any κ ∈ (0,∞)n, α ≥ 0, and a ∈ [0, 1] we have the embeddings

L(p,(κ,a,α(G) ↪→ L(p(G), W l
(p,(κ,a,α(G) ↪→ W l

(p(G)

i.e. there exists C > 0 such that

‖f‖(p,G ≤ C ‖f‖(p,(κ,a,α;G ; ‖f‖W l
(p

(G) ≤ C ‖f‖W l
(p,(κ,a,α(G) ,

‖f‖W l
(p

(G) = ‖f‖(p,G +
n∑
i=1

∥∥Dli
i f
∥∥

(p,G
,

‖f‖(p,G = ‖f‖L(p(G) = inf
0<ε<p−1

ε− p−ε
(p−ε)′

1

|G|

∫
G

|f(x)|p−ε dx

 1
p−ε

.

Indeed,

‖f‖
(p,(κ,a,α;G

= sup
x∈G

0<t≤d

inf
0<ε<sm

 1

t|κ|a+αε
ε
− p−ε

(p−ε)′
1

|Gtκ(x)|

∫
Gtκ (x)

|f(y)|p−ε dy


1
p−ε

≥ d−
|κ|a+αε

p inf
0<ε<p−1

ε− p−ε
(p−ε)′

1

|G|

∫
G

|f |p−ε dx

 1
p−ε

= d−
|κ|a+αε

p ‖f‖(p,G

2. The spaces L(p,(κ,a,α(G) andW l
(p,(κ,a,α(G) are complete. The proof of the completeness of these

spaces can be carried out as in [2, p.398]
3.

‖f‖
(p,(κ,0,0;G

= ‖f‖(p,G , ‖f‖W l
(p,(κ,0,0(G) = ‖f‖W l

(p
(G) .
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Theorem 1.1. Let p ∈ (1,∞) and let G ⊂ Rn be a bounded domain. Let f ∈ Lp),κ),a,α(G) and
g ∈ L(p′,(κ,a,α(G). Then for any x ∈ G we have the inequality

1

|Gtκ(x)|

∫
Gtκ (x)

f(y)g(y)dy ≤ ‖f‖
p),κ)a,α;G

‖g‖(p′(κ,a,α;G . (1.3)

Here Lp),κ),a,α(G) is the grand grand Lebesgue-Morrey space introduced in [17]. The norm in this
space is defined as:

‖f‖p),κ),a,α;G = ‖f‖Lp),κ),a,α(G) = sup
x∈G,

0<t≤d,
0<ε<sm

 1

t|κ|a−αε
ε

1

|Gtκ(x)|

∫
Gtκ (x)

|f(y)|p−εdy


1
p−ε

.

Proof. For any x ∈ G and α > 0, we have

1

|Gtκ(x)|

∫
Gtκ (x)

f(y)g(y)dy ≤

 1

|Gtκ(x)|

∫
Gtκ (x)

|f(y)|p−ε dy


1
p−ε
 1

|Gtκ(x)|

∫
Gtκ (x)

|g(y)|
p−ε
p−ε−1 dy


p−ε
p−ε−1

≤ ε
1
p−ε

 1

|Gtκ(x)|

∫
Gtκ (x)

|f(y)p−εdy


1
p−ε

ε−
1
p−ε

 1

|Gtκ(x)|

∫
Gtκ (x)

|g(y)|
p−ε−1
p−ε dy


p−ε−1
p−ε

≤ t−
|κ|a
p−ε ε

1
p−ε

 1

|Gtκ(x)|

∫
Gtκ (x)

|f(y)|p−ε dy


1

p−ε−1

t−
|κ|a(p−ε−1)

p−ε ε−
1
p−ε

 1

|Gtκ(x)|

∫
Gtκ (x)

|g(y)|
p−ε
p−ε−1 dy


p−ε−1
p−ε

×t
|κ|a
p−ε+

|κ|a(p−ε−1)
p−ε = t−

|κ|a
p−ε ε

1
p−ε

 1

|Gtκ(x)|

∫
Gtκ (x)

|f(y)|p−ε dy


1
p−ε

×t−
|κ|a(p−ε−1)

p−ε ε−
1
p−ε

 1

|Gtκ(x)|

∫
Gtκ (x)

|g(y)|
p−ε
p−ε−1 dy


p−ε−1
p−ε

t|κ|a

≤ t−
|κ|a
p−ε t

αε
p−ε ε

1
p−ε ‖f‖Lp−ε(Gtκ (x)) t

− |κ|a(p−ε−1)
p−ε t−

αε(p−ε−1)
p−ε ε−

1
p−ε

×‖g‖L p−ε
p−ε−1

(Gtκ (x)) t
|κ|at−

αε
p−ε t

αε(p−ε−1)
p−ε

≤ sup
x∈G,

0<t≤d,
0<ε<sm

(
1

t
|κ|a−αε
p−ε

ε
1
p−ε ‖f‖Lp−ε(Gtκ (x))

)

× sup
x∈G,

0<t≤d

inf
0<ε<sm

(
1

t
(|κ|a+αε)(p−ε−1)

p−ε

ε−
1
p−ε ‖g‖L p−ε

p−ε−1
(Gtκ (x)

)
,
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where
|κ| a+

αε(p− ε− 1)− αε
p− ε

> 0.

In other words, for any x ∈ G we have the inequality (1.3).

Let ϕ(·, y, z) ∈ C∞0 (Rn) be such that

S(ϕ) = suppϕ ⊂ I1 =

{
x : |xj| <

1

2
, j = 1, 2, ...,

}
,

0 < T ≤ 1, λ = (λ1, ..., λn), λj > 0, j = 1, 2, ..., n and let

V =
⋃

0<t≤T

{
y :
( y
tλ

)
∈ S(ϕ)

}
,

where y
tλ

=
(
y1
tλ1
, ..., yn

tλn

)
.

Let U be an open set contained in the domain G. We will assume that U + V ⊂ G, and denote

GTκ(U) = (U + ITκ(x)) ∩G = Q.

Notice that if 0 < κj ≤ λj (j = 1, 2, ..., n), ITλ ⊂ ITκ , then, consequently

U + V ⊂ Q.

We prove a lemma that we will need in the sequel to prove main theorems.

Lemma 1.1. Let 1 < p < q ≤ r ≤ ∞, 0 < |κ| ≤ |λ|−αε
a+1

, 0 < t, η ≤ T ≤ 1, 0 < γ < γ0 (γ0 is a fixed
number), ν = (ν1, ..., νn), νj ≥ 0 be entire (j = 1, 2, ..., n), ψ ∈ L(p,(κ,a,α(G) and let

µι = λιli − (ν, λ)− (|λ| − |κ| a− |κ| − αε)
(

1

p− ε
− 1

q − ε

)
(1.4)

(ν, λ) =
n∑
j=1

νjλj, |λ| =
n∑
j=1

λj,

Ei
η(x) =

η∫
0

t−1−|λ|−(ν,λ)+λili

∫
Rn

ψ(x+ y)ϕ

(
y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x)

)
dydt, (1.5)

Ei
η,T (x) =

T∫
η

t−1−|λ|−(ν,λ)+λili

∫
Rn

ψ(x+ y)ϕ

(
y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x)

)
dydt, (1.6)

ρ′(u, x) = ∂
∂u
ρ(u, x). Then

sup
x∈U

∥∥Ei
η

∥∥
q−ε,Uγκ (x)

≤ C1 ‖ψ‖(p,(κ,a,α;G ε
1

(p−ε)′ ηµι (µι > 0), (1.7)

sup
x∈U

∥∥Ei
η,T

∥∥
q−ε,Uγκ (x)

≤ C2 ‖ψ‖(p,(κ,a,α;G ε
1

(p−ε)′


T µι , µι > 0
ln T

η
, µι = 0

ηµι , µι < 0.

(1.8)

Here Uγκ(x) =
{
x : |xj − xj| < 1

2
γκj , , j = 1, 2, ..., n

}
, C1 and C2 are positive constants independent

of ψ, γ, η, T .
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Proof. Applying the generalized Minkowski inequality, for any x ∈ U and 0 < ε < sm we get

∥∥Ei
η

∥∥
q−ε,Uγκ (x)

≤
η∫
0

t−1−|λ|−(ν,λ)+λili ‖A(·, t)‖q−ε,Uγκ (x) dt, (1.9)

where

A(x, t) =

∫
Rn

ψ(x+ y)ϕ

(
y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x)

)
dy.

By the Hölder inequality (q ≤ r) we have

‖A(·, t)‖q−ε,Uγκ (x) ≤ ‖A(·, t)‖r−ε,Uγκ (x) γ
|κ|( 1

q−ε−
1
r−ε). (1.10)

Let χ be the characteristic function of the set S(ϕ) and 1 < p < r ≤ ∞,
s ≤ r

(
1
s

= 1− 1
p−ε + 1

r−ε

)
,

|ψϕ| =
(
|ψ|p−ε |ϕ|s

) 1
r−ε
(
|ψ|p−ε χ

) 1
p−ε−

1
r−ε (|ϕ|s)

1
s
− 1
r−ε .

Applying the Hölder inequality ( 1
r−ε +

(
1
p−ε −

1
r−ε

)
+ 1

s
− 1

r−ε = 1) and taking into account that
|ϕ(x, y, z)| ≤ C1 |ϕ1(x)|, we get

‖A(·, t)‖r−ε,Uγκ (x) ≤ C1 sup
x∈Uγκ (x)

∫
Rn

|ψ(x+ y)|p−ε χ
( y
tλ

)
dy

 1
p−ε−

1
r−ε

×

×sup
y∈V

 ∫
Uγκ (x)

|ψ(x+ y)|p−ε dx


1
r−ε ∫

Rn

∣∣∣ϕ1

( y
tλ

)∣∣∣s dy
 1

s

. (1.11)

For any 0 < t ≤ 1,κ ≤ λ, x ∈ U, then Qtλ(x) ⊂ Qtκ(x) and we have∫
Rn

|ψ(x+ y)|p−ε χ
( y
tλ

)
dy ≤

∫
Q
tλ

(x)

|ψ(y)|p−ε dy ≤
∫

Qtκ (x)

|ψ(y)|p−ε dy =

= ‖ψ‖p−εp−ε,Qtκ (x) ≤ ‖ψ‖
p−ε
(p,Qtκ (x) |Qtκ(x)| ε

p−ε
(p−ε)′ ≤ ‖ψ‖p−ε(p,(κ,a,α;Q ε

p−ε
(p−ε)′ t|κ|a+αε+|κ|, (1.12)

for y ∈ V ∫
Uγκ (x)

|ψ(x+ y)|p−ε dx ≤
∫

Qγκ (x+y)

|ψ(x)|p−ε dx = ‖ψ‖p−εp−ε,Qγκ (x+y) ≤

≤ ‖ψ‖p−ε(p,Qγκ (x+y) ε
p−ε

(p−ε)′ |Qγκ(x)| ≤ ‖ψ‖p−ε(p,(κ,a,α;Q ε
p−ε

(p−ε)′ γ|κ|a+|κ|+αε, (1.13)∫
Rn

∣∣∣ϕ1

( y
tλ

)∣∣∣s dy = t|λ| ‖ϕ1‖ss . (1.14)

From inequalities (1.10) - (1.14) for r = q we get

‖A(·, t)‖q−ε,Uγκ (x) ≤ C1 ‖ϕ1‖s ‖ψ‖(p,κ,a,α;Q ε
1

(p−ε)′ γ
|κ|a+|κ|+αε

q−ε ηµι (µι > 0). (1.15)

Substituting (1.15) in (1.9), we arrive at (1.7). Inequality (1.8) is proved in the same way.
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We prove two theorems on properties of functions belonging to the space W l
(p,(κ,a,α(G).

Theorem 1.2. Let an open bounded set G ⊂ Rn satisfy the flexible λ-horn condition (see [2]);
1 < p < q ≤ ∞; |κ| ≤ |λ|−αε

1+a
; ν = (ν1, ..., νn), νj ≥ 0 be nonnegative integers (j = 1, 2, ..., n); µi >

0 (i = 1, 2, ..., n) and let f ∈ W l
(p,(κ,a,α(G).

Then Dν : W l
(p,(κ,a,α(G) ↪→ Lq−ε(G) (0 < ε < sm) and the following inequality is valid

‖Dνf‖q−ε,G ≤ C(ε)

(
T µ0 ‖f‖

(p,(κ,a,α;G
+

n∑
i=1

T µi
∥∥Dli

i f
∥∥

(p,(κ,a,α;G

)
, (1.16)

where µ0 = µi − λili
In particular, if

µi,0 = λili − (ν, λ)− (|λ| − |κ| a− |κ| − αε) 1

p− ε
> 0 (i = 1, 2, ..., n),

then Dνf is equivalent to a continuous function on G and

ess sup
x∈G

|Dνf(x)| ≤ C(ε)

(
T µ0,0 ‖f‖

(p,(κ,a,α;G
+

n∑
i=1

T µι,0
∥∥Dli

i f
∥∥

(p,(κ,a,α;G

)
, (1.17)

where µ0,0 = µi,0 − λili.
In (1.16) and (1.17) 0 < T ≤ 1 and C(ε) = Cε

1
(p−ε)′ , where C > 0 is a constant independent of

f and T .

Proof. Under the assumptions of the theorem there exist the generalized derivatives Dνf . Indeed, if
µi > 0, p < q, |κ| < λ−αε

|κ|+a , then λili − (ν, λ) > 0 (i = 1, ..., n). Since f ∈ W l
(p,(κ,a,α(G) ↪→ W l

(p(G) ↪→
W l
p−ε(G) (p− ε > 1), for almost every point x ∈ G, we have the identity obtained by O.V. Besov [2]

Dνf(x) = f
(ν)

Tλ
(x) +

n∑
i=1

Ei
T , (1.18)

where

f
(ν)

Tλ
(x) = T−|λ|−(ν,λ)

∫
Rn

f(x+ y)Ω(ν)

(
y

T λ
,
ρ(T λ, x)

T λ

)
dy (1.19)

and

Ei
T =

T∫
0

∫
Rn

t−1−|λ|−(ν,λ)+λiliL
(ν)
i

(
y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x)

)
Dνf(x+ y)dydt.

Here 0 < T ≤ min(1, T0), the functions Ων(·, y), L
(ν)
ι (·, y, z) are the functions of the class C∞0 (Rn),

and their supports are contained in I1, the supports of the kernels in representations (1.18), (1.19)
are in the flexible horn x + V (λ) ⊂ G. Based on the Minkowski inequality, from (1.18), (1.19) we
have

‖Dνf‖q−ε,G ≤
∥∥∥f (ν)

Tλ

∥∥∥
q−ε,G

+
n∑
i=1

∥∥Ei
T

∥∥
q−ε,G . (1.20)

By means of inequality (1.15) for U = G, t = T, f = ψ, ϕ = Ω(ν), we get∥∥∥f (ν)

Tλ

∥∥∥
q−ε,G

≤ C1(ε)T µ0 ‖f‖(p,(κ,a,α;G , (1.21)
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and by means of inequality (1.7), for U = G, Dli
i f = ψ, ϕ = L

(ν)
i , η = T , we get∥∥Ei

T

∥∥
q−ε,G ≤ C2(ε)T µi

∥∥Dli
i f
∥∥

(p,(κ,a,α;G
. (1.22)

Taking into account inequalities (1.20)-(1.22), we get inequality (1.16).
Now let µi,0 > 0(i = 1, 2, ..., n). We show that Dνf is equivalent to a continuous function on G.

From equalities (1.18), (1.19) and inequality (1.22) for q =∞, µi(q =∞) = µi,0 > 0 (i = 1, 2, ..., n)
we have ∥∥∥Dνf − f (ν)

Tλ

∥∥∥
∞,G
≤

n∑
i=1

T µi,0
∥∥Dli

i f
∥∥

(p,(κ,a,α;G
.

Hence it follows that as T → 0 the left hand side of the inequality tends to zero. As f ν
Tλ

are continuous
on G and converge to Dνf in L∞(G), the limit function Dνf is equivalent to a continuous function
on G.

Theorem 1.3. Let the assumtions of Theorem 1.2 be satisfied. Then for µi > 0(i = 1, 2, ..., n) the
derivative Dνf satisfies on G the Hölder condition in the metric Lq−ε with the exponent σ, namely

‖∆(ζ,G)Dνf‖q−ε,G ≤ C(ε) ‖f‖W l
(p,(κ,a,α(G) |ζ|

σ , (1.23)

where C(ε) is defined in Theorem 1.2 and σ is a number satisfying the inequalities

0 ≤ σ ≤ 1, if
µ0

λ0

> 1,

0 ≤ σ < 1, if
µ0

λ0

= 1 (1.24)

0 ≤ σ <
µ0

λ0

if
µ0

λ0

< 1,

µ0 = minµi (i = 1, ..., n);λ0 = maxλj(j = 1, ..., n).
If µi,0 > 0 (i = 1, ..., n), then

ess sup
x∈G

|∆(ζ,G)Dνf(x)| ≤ C(ε) ‖f‖W l
(p,(κ,a,α(G) |ζ|

σ0 , (1.25)

where σ0 satisfies the same conditions as σ, but with µi replaced by µi,0.

Proof. Let ζ ∈ Rn. By Lemma 8.6 from [2] there exists a domain

Gω ⊂ G (ω = ξrλ(x), ξ > 0, rλ(x) = ρλ(x, ∂G), x ∈ G).

Suppose |ζ|λ < ω. Then for any x ∈ Gω, the segment connecting the points x, x + ζ is contained
in G. Then for all points of this segment, equalities (1.18), (1.19) with the same kernels are valid.
After some transformations we get

|∆(ζ,G)Dνf(x)| ≤ T−|λ|−(ν,λ)

∫
Rn

f(x+ y)×

×
∣∣∣∣Ω(ν)

(
y − ζ
T λ

,
ρ(T λ, x)

T λ

)
− Ω(ν)

(
y

T λ
,
ρ(T λ, x)

T λ

)∣∣∣∣ dy+
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+
n∑
i=1


|ζ|

1
λ0∫
0

t−1−|λ|−(ν,λ)+λili

∫
Rn

(∣∣Dli
i f(x+ ζ + y)

∣∣+
∣∣Dli

i f(x+ y)
∣∣)×

×
∣∣∣∣L(ν)

i

(
y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x)

)∣∣∣∣ dydt+

T∫
|ζ|

1
λ0

t−1−|λ|−(ν,λ)+λili×

×
∫
Rn

∣∣Dli
i f(x+ y)

∣∣ ∣∣∣∣L(ν)
i

(
y − ζ
tλ

,
ρ(tλ, x)

tλ
, ρ′(tλ, x)

)
−

− L(ν)
i

(
y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x)

)∣∣∣∣ dydt = E(x, ζ)+

+
n∑
i=1

(
Ei

|ζ|
1
λ0

(x, ζ) + Ei

|ζ|
1
λ0 ,T

(x, ζ)

)
,

where 0 < T ≤ min(1, T0), |ζ|
1
λ0 < T, consequently, |ζ| < min(ω, T λ0).

If x ∈ G x ∈ G\Gω, then by the definition ∆(ζ, g)Dνf(x) = 0.
Then

‖∆(ζ,G)Dνf‖q−ε,G = ‖∆(ζ,G)Dνf‖q−ε,Gω ≤

≤ ‖E(·, ζ)‖q−ε,G +
n∑
ι=1

(∥∥∥∥Ei

|ζ|
1
λ0

(·, ζ)

∥∥∥∥
q−ε,G

+

∥∥∥∥Ei

|ζ|
1
λ0 ,T

(·, ζ)

∥∥∥∥
q−ε,G

)
. (1.26)

Notice that ∣∣∣∣Ω(ν)

(
y − ζ
T λ

,
ρ(T λ, x)

T λ

)
− Ω(ν)

(
y

T λ
,
ρ(T λ, x)

T λ

)∣∣∣∣ ≤
≤

n∑
j=1

T−λj

|ζ|∫
0

∣∣∣∣DjΩ
(ν)

(
y − ηeζ
T λ

,
ρ(T λ, x)

T λ

)∣∣∣∣ dη,
where eζ = ζ

|ζ| , then

E(x, ζ) ≤
n∑
j=1

T−λj−|λ|−(ν,λ)

|ζ|∫
0

dη

∫
Rn

|f(x+ ηeζ + y|
∣∣∣∣DjΩ

(ν)

(
y

T λ
,
ρ(T λ, x)

T λ

)∣∣∣∣ dy,

Ei

|ζ|
1
λ0 ,T

(x, ζ) ≤
n∑
j=1

|ζ|∫
0

t−1−|λ|−(ν,λ)−λj+λilidt

∫
Rn

∣∣Dli
i f(x+ ηeζ + y)

∣∣×
×
∣∣∣∣DjL

(ν)
i

(
y

tλ
,
ρ(tλ, x)

tλ
, ρ′(tλ, x)

)∣∣∣∣ dy.
By means of inequality (1.15) for U = G, t = T, f = ψ, ϕ = Ω(ν), we have

‖E(·, ζ)‖q−ε,G ≤ C
(ξ)
1 |ζ| ‖f‖(p,(κ,a,α;G . (1.27)
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From (1.7) for U = G, η = |ζ|
1
λ0 , Dli

i f = ψ, L
(ν)
i = ϕ we get∥∥∥∥Ei

|ζ|
1
λ0

(·, ζ)

∥∥∥∥
q−ε,G

≤ C2(ε) |ζ|
µi
λ0

∥∥Dli
i f
∥∥

(p,(κ,a,α;G
, (1.28)

and from (1.8) for U = G, η = |ζ|
1
λ0 , Dli

i f = ψ, L
(ν)
i = ϕ we get∥∥∥∥Ei

|ζ|
1
λ0 ,T

(·, ζ)

∥∥∥∥
q−ε,G

≤ C3(ε) |ζ|σ
∥∥Dlι

ι f
∥∥

(p,(κ,a,α;G
. (1.29)

From inequalities (1.26)-(1.29), we have

‖∆(ζ,G)Dνf‖q−ε,G ≤ C(ε) ‖f‖W l
(p,(κ,a,α(G) |ζ|

σ .

Also if |ζ| ≥ min(ω, T λ0), then

‖∆(ζ,G)Dνf‖q−ε,G ≤ 2 ‖Dνf‖q−ε,G ≤ C(ω, T ) ‖Dνf‖q−ε,G |ζ|
σ .

Estimating ‖Dνf‖q−ε,G by using inequality (1.16), we again get the required inequality.
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