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' }\‘ Mathematics of Physical Faculty of the M.V. Lomonosov Moscow State
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. was a post-graduate student in the same department under the supervision
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of the theory of Schrodinger equations with singular potentials, the theory of boundary control
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hypersingular integrals.

In 1984, Sh.A. Alimov was elected a corresponding member and in 2000 an academician of the
Academy of Sciences of Uzbekistan. He was awarded several prestigious state prizes.
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school education.

Sh.A. Alimov meets his 75th birthday in the prime of his life, and the Editorial Board of the
Eurasian Mathematical Journal heartily congratulates him on his jubilee and wishes him good health,
new successes in scientific and pedagogical activity, family well-being and long years of fruitful life.
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Abstract. The work is connected with investigation of nonlinear problems for parabolic equations
with an unknown coefficient at the derivative with respect to time. The considered statements
are new subjects in the theory of parabolic equations which essentially differ from usual boundary
value problems. One of the statements is a system containing a boundary value problem of the
first kind and an equation for a time dependence of the sought coefficient. For such a nonlinear
system we determine the faithful character of differential relations in a class of smooth functions
and establish conditions of unique solvability. The obtained results are then used for investigation
of another statement in which, moreover, it is required to determine a boundary function in one of
the boundary conditions by using an additional information about the sought coefficient at the final
time.

The nonlinear parabolic problems considered in the present work are important not only as
new theoretical subjects but also as the mathematical models of physical-chemical processes with
changeable inner characteristics.

DOI: https://doi.org/10.32523/2077-9879-2021-12-1-21-38

1 Introduction

We study nonlinear problems for parabolic equations with an unknown coefficient at the derivative
with respect to time. There is a rapidly growing interest in such new subjects in the theory of
parabolic equations. This interest is connected, in particular, with modern needs of the mathematical
modeling of physical-chemical processes, where inner characteristics of materials are subjected to
changes (see, e.g., [2]). In the present paper, the main attention is given to such new parabolic
problems in the Holder spaces for a case of the boundary conditions of the first kind.

In Section 2, we analyze one of the statements formulating it as a system that involves a boundary
value problem for a quasilinear parabolic equation with an unknown coefficient at the time derivative
and, moreover, an additional relationship for a time dependence of this coefficient. Justification of the
present mathematical statement is an important task since such a statement essentially differs from
usual boundary value problems of the first kind for parabolic equations, where all the input data must
be given (see the well known monographs [4, 8|). Therefore, a considerable theoretical interest is to
obtain conditions for existence and uniqueness of its smooth solution. Investigation of such conditions
is carried out by using the Rothe method and a priori estimates in the difference-continuous Holder
spaces for the corresponding differential-difference nonlinear system that approximates the original
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system by the Rothe method. The approach that is proposed in the present work allows one to avoid
additional assumptions of the smoothness of the input data, which have usually been imposed by the
Rothe method (see, e.g., [8]). Thus, the faithful character of differential relations between the input
data and the solution in the chosen function spaces is determined. Moreover, in Section 2 the error
estimates for the approximate solutions of the Rothe method are given.

In Section 3, we analyze a nonlinear parabolic problem which is formulated as an inverse problem
to the statement of Section 2: it is necessary to find a boundary function in one of the boundary
conditions by using the given final observation of the sought coefficient. This inverse problem belongs
to a class of ill-posed boundary inverse problems but it has an essential distinction from usual
statements of such ones for parabolic equations with final observation. In this statement, besides the
boundary function, the unknown coefficient must be determined in the nonlinear system of Section 2.

In order to investigate the present boundary inverse problem, it is reduced in Section 3 to an
operator equation in the corresponding function spaces. The choice of such spaces relies on the
faithful differential relations in the Holder classes established in Section 2. This operator equation
is equivalent to the minimization problem for the residual functional on the corresponding set of
boundary functions. The estimates in the Holder spaces obtained in Section 2 allow us to prove the
continuity of this functional. This property is then used for regularization of the present ill-posed
minimization problem. To this end we modify the known quasisolution method [5, 6] on a system of
the extending compact sets. Results for the stability of the regularized solutions in the corresponding
Holder spaces complete Section 3.

Section 4 is a short conclusion summarizing the content of this work. The following remarks must
be added.

In our analysis we use standard definitions for the function spaces from [8]. In particular, the
Holder class H>M1HM2(Q) (0 < A < 1) is determined as the space of functions u(x,t) continuous on
the closed set Q = {0 < 2 < [,0 <t < T} together with their derivatives w,,, u, which satisfy the
Holder condition as functions of x, ¢ with the corresponding exponents A and /2.

For a convenient presentation, the following notation is also used.

H'" ?>1(D) is the space of all functions which are continuous for (z,t,u) € D
= @Q x [~My, My] together with their derivatives with respect to z, u and, moreover, satisfy the
Holder condition as functions of ¢ with the exponent \/2.

Moreover, in connection with application of the Rothe method we use analogues of the

Holder classes in the case of the grid functions @ = (ug,...,Un,...,uy) defined on the
grid w, = {t,} = {nr,n = 0,N,7 = TN7'} and in the case of the grid-continuous
functions a(x) = (uo(x),...,un(z),...,uy(z)) defined on the set @, = {0 < z < |

t, € W, }. Just as in [3] these analogues are determined in the following way.

HY *(@,) is a difference analogue of the space H'**2[0,T] (see [8]) of all functions @ having

the finite norm

140/2 2/2
il = max fu| + max fu| + (i)
_ — A _
Upg = (Up — Up1)T L' n=1,N, (ut>w12 max  {|u,; — uyg||[tn — to] A/Q}.

1<n<n/<N

2l (@) is a difference-continuous analogue of the space H AA2(Q) (see [8]) of all functions
t(x) continuous in x for (z,t,) € @), and having the finite norm

~ N2 ~ N /2

G(a)f5"" = max fun(@)|+ (@@)g + @)y

@@y = sw o fJuale) — u@) |z - 2,
(tn), (2 ,tn)EQ

(@) = sup  {|un(2) = up ()] [ty — b}

t7QT (I7t’ﬂ)7(x7t'/n)€§7'
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14A 1
Hy ™ (@Q,) is a difference-continuous analogue of the space H*»*5* (Q) (see 8]) of all functions

u(z) continuous in z together with their derivatives with respect to x for (z,t,) € @, and having
the finite norm o

1+)\ 1+>\ . .
i@y = max fun(@)] + () S ), 3
where U, () = (1o (2), - -, Unz(T), . .. ,uNx(a:)).

Jz AR (Q.) is a difference-continuous analogue of the space H2H1+M2(Q) of all functions

u(x) continuous in z together with their derivatives u,,(x) and uz(x) for (x,t,) € @, and having the
finite norm

N 24N, 1+0/2 AA/2 AAN/2
() [ZAVE = M2 4 Jig ()5

max_ |un(z)] + max |tne(z)] + |te. (2 )

QT (CE,tn)EQT (-’E,tn)GQT QT ’
where )
{L‘) - (ulf L)oo, nt( ) . 7uNf<m))7

@) = (@) = wps(@))r = LN.

2 Unique solvability of a nonlinear parabolic problem with an unknown
coefficient at the derivative with respect to time

2.1. The statement for a quasilinear parabolic equation. We formulate
this problem as a system for determining the functions {u(z,t),p(x,t)} in the domain
={0 <z <1[,0 <t <T} that satisfy the boundary value problem of the first kind

c(z,t,u)p(x, tyuy — Lu = f(x,t), (x,t) € Q, (1)
w(z,t)]zmo = w(t), u(x,t)|em =v(t), 0<t<T, (2)
u(xat)|t:0 = QO(I>7 0<z<l (3)

and the additional relation
pi(a,t) = y(a,t,u),  (2,t) €Q, pla,t)li=o = p°(x), 0< 2 <, (4)
where the uniformly elliptic operator L has the form
Lu = (a(x, t,u)uy), — b(z, t, u)u, — d(z, t, u)u.

All the input data in equation (1), boundary conditions (2), initial condition (3), and in relationship
(4) are the known functions of their arguments; a > apin > 0, ¢ > cpm > 0, p° > P2 > 0, dpmin,
Cmin, Py = const > 0.

In what follows, we assume that the function ~y(z,t,u) is of constant sign for (z,t,u) € D =
Q x [—My, M) (where M, > max, ycg |ul, Mo is the constant from the maximum principle for
boundary value problem (1)—(3)). In order to ensure the parabolic form of equation (1) the sought
coefficient p(x,t) must satisfy some requirements depending on the sign of v(z,t,u) for (z,t,u) € D.
These requirements have the form

0< i <pla,t) < max p°(z) + T max_~y(x,t,u) for y(z,t,u) > 0, (5)
0<z<l (x,t,u)ED
0<p —T max |y(z,t,u)| < p(x,t) < max p°(z) for y(x,t,u) < 0. (6)

(z,t,u)eD 0<z<l
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If y(x,t,u) < 0 in the domain D, then condition(6) leads to the restriction to the time
interval [0,7], where the solution {u(zx,t),p(z,t)} of system (1)-(4) is sought: 0 < T <

p?nin<max(a:,t,u)65 |7($7 t U)D_l'

The represented statement involving the quasilinear parabolic equation is especially important
in the mathematical modeling of high temperature processes since it allows one to take into account
the dependence of thermophysical characteristics upon the temperature.

2.2. Conditions of unique solvability in the Holder spaces. The result for finding a smooth
solution {u(x,t), p(x,t)} of system (1)—(4) is given in the following theorem.

Theorem 2.1. Let the following conditions be satisfied.

1. For (x,t) € Q and any u, |u| < oo, the input data of boundary value problem (1)—(3) are
uniformly bounded functions of their arguments, where the coefficient a(z,t,u) — together with
the derivatives a,(x,t,u) and a,(z,t,u), moreover, 0 < ayin < a(z,t,u) < Gpax, 0 < Cmin <
c(z,t,u) < Cmax-

2. For (z,t,u) € D = Q x [~My, My the functions a(x,t,u), a,(z,t,u), ay(x,t,u), b(z,t,u), and
d(x,t,u) have the uniformly bounded derivatives with respect to u and Hélder continuous in x
and t with the corresponding exponents X\ and \/2; moreover, the functions c(z,t,u) and f(x,t)
belong to H (D) and H*?(Q), respectively.

3. The functions w(t) and v(t) belong to H'*N2(0,T), the functions o(z) and p°(x) are in
H*™0,1] and C0,1], respectively, 0 < pO. < p(z) < p2.., P2 and p0.. are positive
constants, and the following matching conditions hold:

C(.T, 07 @)P()(x)wt - L¢’$:0,t=0 - f(l', 0)|m:07

C<$7 07 @)Po(x)vt - L90|x:l,t:0 - f(l', 0)|m:l'

4. The function ~y(x,t,u) in condition (4) is of constant sign for (z,t,u) € D and belongs to
HLA/ZI(E).

Then there ezists a unique solution {u(z,t), p(x,t)} of nonlinear system (1)—(4) which has prop-
erties

u(z,t) € H*MHV2(Q), |u(x,t)|%+’\’1+Aﬂ <M, M = const >0,
pla,t) € C(@Q), pulz.t) €C@Q), pulx,t) € HM*Q)
and satisfies restrictions (5), (6) depending on the sign of the function y(x,t,u).
In order to prove Theorem 2.1 and to establish the existence of a smooth solution of system (1)—(4)

we approximate this system using the discretization procedure of the Rothe method on the uniform
grid w, = {t,} € [0,T] with time-step 7 = TN !

CnPrlyi — (AnUng)z + bpting + dpty = fr,  (2,t,) € Qr = {0 <2 <1} X wy, (7
un’x:o = Wnp, U/n|x:l = Up, 0< tn S T, (8

up(z) = p(z), 0<z<l, (9

Pnt = Tn—1, (xatn) S Qﬂ pn(x)|n=0 = pO(l,)’ 0< .’L’ L. (10

The approximating system can be constructed as follows. Find {u,(x), p,(x)} — approximate values
of the functions u(z,t) and p(x,t) for t = t,, — satisfying conditions (7 ( 0) in which a,,, by, ¢,, and

)
)
)
)
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d,, are the values of the corresponding coefficients at the point (z,t,,u,); fr = f(z,t,), w, = w(ty,),
v, = v(ty), and v,_1 = Y(x,tp_1,u,—1). In system (7)—(10) the following notations are also used:
g = (Un(2) = U1 (2)77, Ung = dttg () /d, prg = (pn(7) = pnr(2))77".

The proof of solvability of system (1)—(4) by the Rothe method involves several stages.

Stage 1. Investigation of differential-difference boundary value problem (7)—(9) in the difference-
continuous Holder space H2™' ?(Q.) under the assumption that p,(z) is the known function. The
aim of this stage is to prove unique solvability of problem (7)—(9) and to drive the corresponding a
priori estimates for the solution u,(x) (independent of z, 7, n).

Stage 2. The proof of the existence and uniqueness of a solution {u,(z), p,(z)} to differential-
difference system (7)—(10) in the corresponding function spaces by using the results of stage 1.

Stage 3. The passage to the limit as time-step 7 goes to 0 (i.e., n — o) in conditions (7)—(10) by
using the compactness of the set {u, (), p,(x)} thanks to the estimates obtained at stage 2. The aim
of this last stage is to show that original system (1)—(4) has at least one solution in the corresponding
Holder spaces.

2.3. A priori estimates in the difference-continuous Ho6lder spaces. Passing to these stages
we give the proof in details only if the justification of the Rothe method must take into account
specific properties of system (1)—(4). Otherwise, we only sketch the proof referring to the known
results.

The conditions of unique solvability of problem (7)—(9) in HZ ?(Q,) are formulated by the
next lemma under the assumption that the coefficient p,(z) in differential-difference equation (7) is
a given function continuous in 2 together with the derivative p,,(z) on the domain @, and satisfying
the Holder condition as a function of ¢,, with the exponent \/2.

Lemma 2.1. Assume that the conditions 1-3 of Theorem 2.1 hold and let p,(x) be a coefficient with
the above mentioned properties. Then differential-difference boundary value problem (7)—(9) has a
unique solution u,(z) in the domain Q. (for any sufficiently small time-step T of the grid @,) and
the following estimates are valid

max |Un($)| < MOa max |un:v(x)| < M17
(ztn)€Q, (z,t)€Q.,
(@)Y < Ma, i (2)[5Y7 < My, Ja(a) 52 <y, (11)

where M; > 0 (i = 0,4) are positive constants independent of x, T, and n.

The conclusion of Lemma 2.1 is based on results of Theorem 4.3.3 in [3] about the unique solv-
ability of the differential-difference boundary value problems of the first kind in the Holder class

HZM *(@,). For problem (7)-(9) the constant My from the maximum principle has the form

MO - {Cr:ljlnpr:lilnfmaxT + max<wmaX7 VUmax» (pmax)} eXp(KlT)7
Ky > (14 €)dmaxCotuPtns € > 0 is arbitrary, 7 <75 =ck;". (12)

Passing to stage 2 we consider system (7)—(10) in order to find {u,(z), p,(z)}. The values of p,(z)
are beforehand unknown and are simultaneously determined with w,(x). This requires additional
reasonings for proving the solvability of system (7)—(10).

Lemma 2.2. Assume that the input data of system (1)~(4) satisfy the hypotheses of Theorem 2.1.
Then in the domain Q.. for any time-step T < 7y (10 > 0 is the constant defined by estimate (12)) there
exists a unique solution {u,(z), pn(z)} of differential-difference system (7)—(10) having the properties

un(x) c H3+)\,1+)\/2(@T), |,&(m)‘2Q+T)\,1+)\/2 S M4,
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0 < Phin < Pn(®) < Pmaxs Pmax = Prnax + T max_y(x,t,u) for y(z,t,u) >0,

(z,t,u)€D (13)
0 < phun =T max_|y(z,t,u)] < pu(x) < Pl for y(z,t,u) <0,
(z,t,w)€ED
~ A/2
max |on(2)| + max_ |pp(e)] + max |p.(x) + (pr(x), < M, (14)
(x’tn)eQT (x?tn)eQT (x’tn)eQT T

where Ms is a positive constant independent of x, T, and n; its value depends, in particular, on
maxo< < |p9(7)], max, ; yep ([7e(2,t,u), [vu(z, t,u)]), and on the values of the constants M, and
M,.

Proof. To prove Lemma 2.2 we start with the initial conditions for {; = 0 and assume that for
each of the time layers ¢; (j = 1,n — 1) the solutions {u;(z), p;(x)} are found and the corresponding
estimates are established. The conditions of Theorem 2.1 concerning the functions v(x,¢,u) and
p°(z) allow one to conclude that for 0 < z <1, t = t,, the following inequalities are valid

nt = _ » by s
pni(z)| £ max_|y(z,t, u)l
(z,t,u)€D

‘pnzf<x)| < HlaX7|’)/$(ZC’t,'LL)|+ maxil%(m,t,uﬂ max _ |Un,11(37)|,

(z,t,u)eD (z,t,u)€D (z,tn-1)€EQ,
R A2 . A2 A2
(Pr(a))yg < B tary 1))y maX (@t tne) | (o1 (2)),75 -
T T (z,tyu)eD~ t@r
From here it follows that
|pnacf(x)| S ma’xi h/w(xv ta u)| + maXi |7U(x7 ta u)| M17
(z,t,u)eD (z,t,u)€D
R A/2 A2
(@) < ()5 4+ max_|yu(e, t,u)| My,
T (x,t,u)ED
Moreover, from (10) it is not difficult to obtain that
pu(@) = pno1 () + 7Y (@, byt tun1) = p° Zm (2,1, uz). (15)

Hence, depending on the sign of the function y(z,t,u), the following inequalities are valid
0< o < pn() < P2 + tn1Ymax for y(z,t,u) >0, (z,t,u) € D,

0< p?nin — ln—1Ymax < pn(ZE) < p?nax for 7('1;’757 u) <0, (ZE, t?“) € E7
where Ymax = max_ |y(x,t,u)|. The required estimates (13) for p,(z) are an easy corollary of these
z,t,u)ED

inequalities. Next we note that by (15) that the following representation holds

n—1

Pra(T) = pg(x) + ZT{’Vx(matjvuﬂ + Yu(, ts, uj) ij(x)},

which leads to the bound

|ona(2)] < max ()] +tn1{ max |yo(z.t,u)|+ max |y(z,t,u)| M}

0<z<li (z,t,u)eD (z,t,u)eD
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Thus, for t = ¢, the bounds of |p,. ()|, |pni(2)], |praz(x)], and (ﬁt(x»;\g are obtained. This allows

one to prove estimate (14) since we assume that the corresponding estimates for ¢; (j = 1,n — 1) are
already known.

As a result of (13), (14) the grid-continuous function p,(z), which is determined from (10) by
using the given values of p,_1(x) and wu,_(x), satisfies the conditions of Lemma 2.1. This means
that the differential-difference boundary value problem of the first kind (7)—(9) with such a coefficient
pn(2) has a unique solution u,(z) in H2"**(Q.) for which bound (11) holds. Thus Lemma 2.2
is proved.

Passing to stage 3 we note that uniform estimates (11), (13), and (14) (independent of z, T,
and n) mean the compactness of the set {u,(z), p,(z)} in the corresponding spaces. By taking the
limit as 7 goes to 0 (i.e., as n — o0) in equations (7)—(10), we can show in a standard way that
original problem (1)-(4) has at least one solution {u(x,t), p(z,t)} such that u(x,t) € H*M+V2(Q),
p(z,t) € CQ), px,t) € H/?(Q). Moreover, estimates (13) allow one to establish that p(w,t)
satisfies inequalities (5) and (6) depending on the sign of v(z,t,u) in condition (4). Next we note
thanks to the supposed smoothness of the functions v(z, ¢, u) and p°(z) that p(z,t) has the derivative
pz(7,t) continuous everywhere on the closed set ). Indeed, from (4) it follows that for 0 < x < [,
0<t<T

¢

ol t) = / Az, 7, ule, 7)) dr + 2(z), (16)

pe(2,t) = /{’yx(:t, Tou(x, 7)) 4+ Yo (2, 7, u(w, 7)) )ug (2, 7)) dT + p2(2).

From here it is easily seen that p,(z,t) € C(Q) since u,(z,t) € C(Q), v(z,t,u) € H*»?*}(D), and
P°(x) € C0,1].

Thus the proof of the solvability in the Holder spaces of nonlinear boundary value problem (1)—(4)
by the Rothe method is completed.

2.4. Proof of the uniqueness of the solution {u(z,t),p(x,t)}. In order to complete the proof
of Theorem 2.1, it remains to show that the solution of problem (1)—(4) is unique in the class of
smooth functions
sup ‘ua u:raumzaut‘ < 00, sup ’p7 pxaptl < 0.
(zt)eQ (z,t)eQ

Assume that for ¢ € [0,t°], 0 < t° < T, the uniqueness is already proved. Let us show the
uniqueness result for ¢ € [t°, 1% + At], where At > 0 is a sufficiently small but bounded time interval,
that allows us to exhaust all the segment [0, 7] by a finite number of steps. We will use a contradiction
argument. Assume to the contrary that for ¢ € [t t°+ At] there exist two solutions of system (1)—(4)
{u(z,t), p(z,t)} and {u(z,t), p(x,t)}. By (16) expressions for p(z,t) and p(z,t) have the form

t t

p(z,t) = /fy(x,r,u(x,T)) dr + p(z,t°), p(x,t) = /’y(a:,r,ﬂ(:t:,T))dT+ﬁ(a:,t0).

t0 t0
By taking into account that p(z,t°) = p(x,t°), the differences
77(515>t) :u(x,t)—ﬂ(x,t), C('Tat) :p(x,t)—ﬁ(a:,t)
satisfy the following estimate in the domain Q, = {0 < <[, <t <" + At}

max [((z,t)| <At max_|yu(z,t,u)| max [n(z,1)]. (17)
(z,t)€Q,0 (z,t,u)eD (z,t)€Q,0
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Moreover, due to (1)—(3) n(z,t) and ((z,t) satisfy the relations
C(.%? ta U)p(.’ﬂ, t)nt - (a(x, ta u)nx)x + AOT]CC + Aln = C(.CE, t>ﬂ)ﬂtg<x7 t)a (:Ea t) € Qtoa
Namo =0, Namy =0, t°<t<t’+ At
n(z,t") =0, 0<z<lI,

where the coefficients Ay and A; depend in the corresponding way on the derivatives a,, Gzy, Quu,
by, ¢y, and d,, at the point (x,t,0u+ (1 —o)u) (0 < o < 1). Moreover, Ag and A; depend on u(x,t),
p(x,t), and the derivatives u,(z,t), uy,(z,t), and uy(x,t).

All the input data of this linear boundary value problem of the first kind are uniformly bounded

in the domain Qo as functions of (z,t). This allows one to apply the maximum principle that leads
to the following estimate

max |n(z,t)] < KyAt max |((z,t)], Ky = const > 0.
(z,t)€Q,0 (z,t)€Q,0

From here by taking into account (17) we obtain

max |n(z,t)] < (At)? Ky max_ |y (z,t,u)] max [n(z,t)].
(z,t)€Q,0 (z,t,u)eD (x,t)€Q,0

Choosing then At > 0 such that

(At)? Ky max_|yu(z,t,u)| <1—p, 0<p<l,
(z,t,u)€D

we deduce the following inequality

max [n(z,t)] < (1—p) max [n(z,t)],
(mvt)thO (zft)thO

hence max, .., [1(x,t)| = 0. Due to (17) from here it is easily seen that max, g, [¢(z,1)] = 0.
Thus, the uniqueness result is completely proved for ¢ € [t°,t° + At].

By repeating the analogous arguments for ¢ € [t!, 2] (t' =%+ At, t? = t! + At), t € [t?, %], etc.,
up to the final time 7', we drive the uniqueness result for problem (1)—(4) on all the segment [0, 7.

Thus, there exists a unique solution {u(z,t), p(x,t)} of nonlinear system (1)—(4) in the class of
smooth functions. Theorem 2.1 is completely proved.

2.5. Error estimates of the Rothe method. Our next aim is to show that the Rothe method is
applicable for construction of approximate solutions of the considered nonlinear system. It is required
to estimate the differences

wn () = un(2) — u(z, tn),  &a(x) = pulx) — p(2, tn),

where {u(z,t,), p(x,t,)} solves original problem (1)-(4) for t = t,,, {u,(z), pn(x)} solves approxi-
mating system (7)—(10).

Theorem 2.2. Assume that the input data satisfy the conditions of Theorem 2.1. Then for any
sufficiently small time-step T of the grid w, the following error estimates for the Rothe method hold

max |wn(z)] < K3(V +¢),  max |6 (z)] < Ky(¥ + 1), (18)
(z,tn)€Q, (z,tn)€Q,
where ¥ = max, 5 Vn(z), ¥ = max,, cq ¥n(x), Yulz) is the discretization error for

differential-difference boundary value problem (7)—~(9) and v, () is the discretization error for equa-
tion (10), K3 and K4 are positive constants independent of x, t, T, and n.
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The proof repeats — with the appropriate modification — the above proof of the uniqueness
result in Theorem 2.1. We only note that estimates (18) are shown step by step for the bounded
time intervals [0, ¢,,], [tngs tny]s [Enys tny)s €tc., up to the final time ¢ = 7. Existence of such estimates
allows one to apply the Rothe method for approximate solving nonlinear problem (1)—(4) with the
unknown coefficient at the time derivative. The solution {u(z,t), p(z,t)} can be obtained as the
limit of the solution {u,(z), p,(z)} of approximating system (7)—(10) as the time-step 7 of the grid
w, goes to 0.

3 Investigation of the nonlinear problem with the unknown boundary
function in system (1)—(4)

3.1. The boundary inverse problem with final observation. Assume that in system (1)-(4)
the function v(¢) in the boundary condition at = [ is unknown but the additional information is
given in the form of a final observation for the coefficient p(x,t)

plx,T)=g(x), g(z)>0, 0<z<lL (19)

Then the following problem arises that is inverse to the statement of system (1)—(4): it is required
to find the functions u(x,t), p(z,t) in the domain @ and the boundary function v(t) for 0 <t < T
that satisfy relations (1)—(4) and final condition (19), where all the other input data are given. The
considered inverse problem belongs to a class of ill-posed boundary inverse problems for parabolic
equations with final observation. However, usual statements of such ones are related to parabolic
equations with the given coefficients. The essential distinction of the considered inverse problem is
a requirement to find a boundary function for parabolic equation (1) with the unknown coefficient
p(x,t).

For this inverse problem it is important to choose the appropriate function spaces for the input
data and the solution: if they are not chosen properly, the exact solution may not exist. Our choice
relies on the faithful differential relations in the Holder spaces established in Theorem 2.1 between the
input data and the solution {u(z,t), p(z,t)} of system (1)-(4). By Theorem 2.1 this nonlinear system
has the unique solution {u(x,t), p(z,t)} in the corresponding spaces for any boundary function v(t)
that belongs to the class H'**/2[0, T] and satisfies the matching condition at t = 0:

C(:Ij‘, 07 90>p0(x)vt - L@’le,tzo = f(.’L', O)‘w=l' (20)

Taking this into account we define the solution of the considered inverse problem as a collection of
the functions {u(z,t), p(x,t),v(t)} having the properties

u(z,t) € HEMHV2(Q), o(t) € H20,T],

plz,t) € C(Q), pulx,t) € C(Q), pilx,t) € HM?(Q)

and satisfying relationships (1)—(4), (19), and (20) in the usual sense.
We represent this inverse problem by the operator equation

Av=yg, veV CLy0,T], ge€GC Ly 0,l], (21)

where A : V' — G is a nonlinear operator that maps each element v € V' to p(z,t)|=r, here
{u(z,t), p(z,t)} is the solution of system (1)—(4) corresponding to this element. An exact solution
of operator equation (21) is an element v € V such that the corresponding coefficient p(z,t;v°)
coincides at ¢t = T" with the given element g € G.
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Possibility to define the operator A for each v € V' and to realize the insertion AV C G is ensured
by the corresponding choice of the sets V' and G based on Theorem 2.1:

V= {U(t) € W22[07 T]7 C(J:’ 0, gp)po(l‘)vt - L90|x:l,t:0 = f<$7 0)|x:l} )

V. .C H'™?[0,7), G = {w(x) € C'[0,1],w(z) > 0,2 € [0,]]}. (22)

Operator equation (21) is equivalent to the minimization problem for the residual functional on the
chosen set of boundary functions

inf Jy(0), Jy(0) = A0~ gl
Taking this into account, below we consider the regularization variational method for obtaining
approximate solutions of our boundary inverse problem in the chosen spaces.

3.2. Justification of the variational quasisolution method. One of the efficient methods for
solving ill-posed inverse problems is the variational quasisolution method [5, 6]. Carrying out the
corresponding modification, we justify its applicability for construction of stable approximations in
the class of smooth functions.

Namely, to regularize the ill-posed minimization problem for the functional J,(v) we use the
quasisolution method for the system of extending sets

Ve={vevV, ||U||W22[O,T] < R}, R=const >0,

compact in the metric of the Holder space H'**2[0,T] (0 < A < 1) by the corresponding embedding
theorem [10].
We call the set
Vl;t = {UR € VR, Jg(UR> = inf Jg(v)} (23)

veVR

a quasisolution of operator equation (21) on the compact set V.

Theorem 3.1. For any fired R > 0 the minimization problem for the residual functional J,(v) on
Vg is well-posed, namely, the set V5 is not empty and for any minimizing sequence {v"} C Vg the

following relation holds

: 143/2

inf v”—vR\+/ — 0 for n — oc.
. [0,7]

’URGVR ’

The well-known Weierstrass theorem implies the proof of this theorem as a result of the compact-
ness of the set Vg in H'*»2[0,T] (0 < A < 1) and the following property of .J,(v).

Theorem 3.2. Under the assumptions of Theorem 2.1 for the input data the residual functional
J,(v) is continuous in H'*2[0,T] (0 < A < 1) on the set Vi and is weakly continuous in W[0,T)
on the sets Vr and V.

Proof. Let {v"(t)} C Vi be a sequence convergent in H'**/2[0, T] to a point v(t) € Vx:
o™ — 1)|[10J7FTA]/2 — 0 for n — oc. (24)

Denote

Av(t) = v"(t) — v(t), Au(z,t) = u"(z,t) — u(x,t), Ap(z,t) = p"(x,t) — p(z, 1),
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where {u™(z,t), p"(z,t)} and {u(z,t), p(x,t)} are the solutions of system (1)—(4) corresponding to
the boundary functions v™(t) and v(t). It is obvious that

|5 (0") = Jg()| = [llp" (2, T) = g(@)l|oonr = o2, T) = g(@) | raton] < 1202, Tllzapy. (25
We show that in the domain @ the following estimates hold

max_|Au(z,t)| < K5 nax, |Av( )|, K5 = const >0,
(z,H)eQ

max |Ap(x,t)| < K6 nax. |Av( )|, Kg = const > 0. (26)
(z,)EQ

Assume that for ¢ € [0,£°], 0 <Y < T, these estimates are already established:

max  |Au(z,t)| < K; nax |Av(t)],

0<a<1,0<t<t0 it
A t)] < K, A 97
nginl,%)g{tgt0| p(x )| 6 mf?fo| U( )| ( )

We prove that the analogous estimates hold for ¢ € [t9,t° + At], where At > 0 is a sufficiently small
but fixed value. In the domain Qo = {0 < z < [,t° <t < t° + At} the differences Au(z,t) and
Ap(x,t) satisfy the relations

c(x, t,u)p(z, t) Auy — (a(x, t, u)Auy), + BoAu, + BiAu

= c(x, t,u")u; Ap(z, t), (x,t) € Qp,
Aulpo =0, Aulpy = Av(t), t° <t <t"+ At (28)
t
Ap(z,t) = /%(x, T u)Au(x, 7)dr + Ap(x, 1), 0<x <L (29)
t0
All the coeflicients of the present parabolic equation (including By and B;) are uniformly bounded
in the domain @, as functions of (z,t) thanks to the corresponding estimates of Theorem 2.1 for

{u"(z,t), p"(z,t)} and {u(z,t), p(x,t)}. Hence relations (28) is a linear boundary value problem of
the first kind for Au(x,t) and application of the maximum principle allows one to conclude that

max |Au(z,t)] < KAt max  |[Ap(z,t)| + Ks max( max, |Av( )|, max |Au(z, t°)|),
(z,)€Q,0 (z,t)€Q,0 0< 0<z<l

where K, Kg are positive constants.
Moreover from (29) it follows that

max |Ap(z,t)] < At max_|vy,(x,t,u)| max |Au(z,t)|+ max \Ap(:c t9].
(z,t)€Q,0 (x,t,u)€ED (z,1)€Q;0

By taking into account these bounds and (27) and choosing the value of At from the condition

(At)? K7 max_ |y, (x,t,u)] <1,
(z,t,u)eD

we establish that

max |Ap(z,t)| < Kﬁ Inax, |Av( ).
(z,t)€Q,0
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Then from the estimate of the maximum principle for Au(z,t) it follows

max |Au(z,t)| < K5 max |Av(t)].
s |Au(r, )] < K e [A()

By repeating the analogous arguments for ¢ € [t', ¢! +At] (t' = O+ At), t € [t2, 2+ At] (1? = t' + At),
etc., we establish estimates (26) on the whole segment [0, 7] for 0 < z < [. This allows us to conclude
from (25) that

|Jg(v") — Jy(v)] < K9 max |Av(t)|, Ky = const > 0.

0<t<T

Thus, thanks to (24) we obtain the equality lim J,(v") = J,(v), which proves the first claim of
n—oo

Theorem 3.2.
To prove the second we note that for any sequence {v"} C V (or Vi) weakly convergent in
W20, T)] to an element v € V (Vg) the following inequalities are valid [7]

[v" lwzjo) < Ko, [[vllwzp,r < Ko, Kio = const > 0.

From the fact that the embedding operator of W2[0, 7] into H'*2[0,T] (0 < A < 1) is compact
[10] and also from the uniqueness of a weak limit, it follows that the sequence {v"(t)} satisfies (24).
By repeating the previous arguments, we obtain the equality 7}1_)120 Jy(v™) = Jy(v), which proves the

weak continuity of the residual functional J,(v) in WZ[0,T] for v € V (Vg). O

3.3. Regularized approximate solutions for the boundary inverse problem. In what follows
we assume that operator equation (21) has the exact solution v° € V for the given g. Such assumption
is natural for inverse problems of identification of boundary regimes. This means that the right-hand
side of equation (21) g € AV, where AV C G is a transform of the set V in G (see (22)).

Now we pass to construction of stable approximations in the class of smooth functions for the
considered boundary inverse problem. At first we note that the exact solution of equation (21) is not
necessarily unique (an illustrating example will be shown below). Denote the set of such solutions
by V0

Vi=0l eV, Jg(vo) = 52‘5 Jg(v) = 0}.

From the weak continuity of the residual functional J,(v) in W§[0,T] for v € V (see Theorem 3.2)
and from the weak closure of the set V in WZ[0,T] it follows that the set V? is weakly closed in
W3[0, T)] too. Hence there exist elements v2;, having the minimal norm in WZ[0, T:

Vr?lin = {U?nin € VO? ||U?nin||W22[0,T] - RO} 7£ ®7 RO = vgg‘f/‘,o HUOHWQQ[O,T]' (30)

If on a compact set Vi for the functional .J,(v) the equality invf J,(v) = 0 holds, then VRNV # ()
vEVR

and the quasisolution V} (see (23)) coincides with Vz NV, Thus, the considered inverse problem is
reduced to the minimization problem for the residual functional Jy(v) on the compact set Vz which
is well-posed in the sense of Tikhonov [11] by Theorem 3.1.
Otherwise, if on a compact set Vi 1€an Jy(v) > 0, then we consider the quasisolutions V}; on the
v R

system of extending compact sets Vg for 0 < R < R®. Our aim is to show that each element vy € V}
converges in W2[0,T] to some element of the set V9. for R — RC.

By using the definition of S-convergence of sets [5, 9] this claim is formulated in the following
theorem.
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Theorem 3.3. Assume that the input data satisfy the hypotheses of Theorem 2.1. Then the quasiso-
lution V; defined for any R, 0 < R < R, 3-converges to the set V2. of the exact solutions with the
minimal norm for R — RO:

Vit 5 Vitw (W3[0,7)) (31)
Moreover, for R — R°
Ui > U (C@), R 5 R (CQ@)), (32
where {Uf, Ry} and {UL,, R b are the sets of solutions of nonlinear problem (1)—(4) corresponding
to the sets of the boundary functions vg € V3 and v2, € V2, .

Assume, moreover, that for (z,t,u) € D the derivatives of the coefficients of equation (1)

Qe (T, E,0), ayy(x,t,u), by(z,t,u), cu(z,t,u), and dy(z,t,u) are Hélder continuous in x, t, and u

with the corresponding exponents X\, A\/2, X\; moreover, the derivative with respect to u of the function

v(z, t,u) in equation (4) satisfies the Holder condition as a function of x, t with the exponents X,

/2, the derivative vy, (x,t,u) is uniformly bounded.

Then there holds [3-convergence in the Holder spaces for R — R°:

U & Ubin (H*T2(@Q)), Ry 5 R, (H(Q)). (33)

e In fact, for all

vpo € Vi the inequality |[vgollyz,r) < R holds. On the other hand, from the definition of R? (see

(30)) and from the inclusion V5, € Vit follows that the inequality [|vgollwzpr) < R is impossible.

Thus, for all vge € Vi [[vge|lwzpor) = R i-e., Vi coincides with V0, .

By the definition of S-convergence of sets relation (31) means that

Proof. At first we note that for R = R° the quasisolution V3 coincides with V2

sup inf |log — vpo w20 — O for R — RC. (34)
vREVR UROEV};o 2

To prove (34) we note that the function J;(R) = inf,cy, Jy(v) is a continuous and nonincreasing
function of R for 0 < R < RO (see [1]), i.e., Ji(R) — Ji(R°) for R — R°. Hence the sequence
{vr} C Vg (where vg is any element of V}}) is a minimizing sequence for the functional J,(v) on the
set Vgo. We can therefore conclude by Theorem 3.1 that

inf |og — UR0|[10+7):}/2 — 0 for R — R°.
URDEV];O )

From here and from the arbitrariness of vg € V}; it follows that

sup inf
vREVE VRO €Vio

VR — vRo\[lo?]/Z — 0 for R — R°,

ie., Vi 5y (H'™/2[0,T7]) since Vi, coincides with V., .
In order to prove more strong claim (31) we note that the set Vio is weakly compact in WZ[0, T
since by its definition, Vo is convex, closed, and bounded in WZ[0,T]. Hence we can find a sub-
sequence {vg, } C {vgr} weakly convergent in W3[0,T] to an element vgo of the set Vi, C Vo (see
Theorem 3.2 on the weak continuity in W#[0, 7] of the functional J,(v) on the set Vxo).
Note that this subsequence is also strongly convergent in W2[0,T] to vgo. In fact, from the weak
lower semicontinuity of the norm of the element vgo € V} in the Hilbert space W3[0, T] and because

it belongs to the boundary of the set Vgo ([|vgollwzp,r) = R°) it follows that

R’ = lvrollwzio,r) < I, oo llvr, [lwepo.r) < mn%ooHan”Wg[O,T} <R
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Thus [|vg, lwzjo,r) = lvrollwzjor) for n — oo and hence vg, — vgo strongly in W2[0,T] |7]. Then
the arbitrariness of the element vy € V}; allows one to conclude that claim (34) is valid. This means
B-convergence of the set Vi to V.2, in WZ[0,T].

The proof of claim (32) on B-convergence of the sets Uy, and R% in C(Q) is then obvious conse-

quence of the embedding theorems [10| and estimates (26) for

AU(I, t) = UR<LIZ',t) - u(r)nin(‘rv t)7 Ap(l’,t) = IOR<:C7t) - p?nin<x7t)7

where {ug(z,t), pr(z,t)} and {ub. (x,t),p% (z,t)} are the solutions of nonlinear problem (1)-
(4) corresponding to the boundary functions vg(t) € V3 and 02, (t) € V9 ., and where
Av(t) = vr(t) — Vn(t)-

In order to prove claim (33) on S-convergence of U}, and R}, in Holder classes it is required to
obtain the corresponding stability estimates of the form

247, 14A/2 14+A/2 AN/2 14+A/2
[Au(a, O < Kl Au(®)g7 1A, 5 < Kol Av(t) o7 (35)

where K1, Ko are positive constants. Such estimates are shown step by step (as in the above proof
of estimates (26)) for the bounded time intervals [t°, t° + At], [t!, t! + At] (' = t° + At), etc., under
assumption that for ¢ € [0,2°], 0 < t° < T, they are already established:

’A’U,(,’L‘, t) 242140 /2 S KlllAU(t)|1+>\/2

0<z<1,0<t<t0 (0,t°] »
MA/2 14+7/2
|Ap(z,t) og;c/gz,ogtgto < K| Av(t)] 0+t°]/ (36)

In the domain Q0 = {0 < 2 <[, <t < t° 4+ At} the following relations hold
c(x, t,ur)pr(x, ) Auy — (a(x, t,up)Auy), + DoAu, + DiAu

(.T t’“mm)( mln) Ap(l' t) ($,t> S Qto’ (37)
Aulpg =0, Aulp—y = Av(t), t° <t <"+ At,

¢
Ap(x,t) = /%(x,T, up)Au(z, 7)dr + Ap(z,t°), 0<z <, (38)

0
where the coefficients Dy and D; depend in the corresponding way on the derivatives a,, Gy, Gyu,
by, cu, and d,, at the point (z,t,0ur + (1 —o)ul, ) (0 < o < 1). Moreover, Dy and D; depend on
pr(x,t), ug(z,t) and the derivatives ug,(x,t), uge(x,t), and ug(z,t). The estimates in the Holder
classes of Theorem 2.1 for ug(z,t) and pg(z,t) and the requirements of Theorem 3.3 to the input
data allow one to conclude that all the coefficients of equation (37) are Holder continuous in x, ¢

with the exponents A, A/2. Thus, Au(z,t) solves the linear boundary value problem of the first kind
in H>*M1H22(Q,0) and the corresponding estimate in the domain Qo (see [8]) holds

24+A,1+0/2 AA/2 1+X/2
|Au(z, )Qto < K (|Ap(x, Iy / +|Av ()|[t§7to/+m]+\Au(x’t0)‘[20fli\)7 (39)

where K13 is a positive constant.

In order to estimate |Ap(z, t) AA2 n (39) we note that the definition of the norm in the Hélder
space H2(Q),0) means that
(A, )50 = max |Ap(w 0]+ (Ap(e,1)g, + (Dol )7
tO (x t)thO t’QtO
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By using relation (38) we can find that

max |Ap(x,t)] < At max |y, (z,t,u)] max |Au(z,t)|+ max |Ap(x 9],
(z, t)EQto (x,t,u)€D (z, t)EQto

(Ap(x,t))i‘@ <At{{(y))p max [Au(z,t)|+ max_|y,(z,t,u)|[(Au(z, )

(a: t)€Q,0 (@,t,u)€ED .00

+ max_ |y (z, t,u)[(ug(z, t)> g,  max |Au(x,t) |} + (Ap(z, )2 o1
(z,t,u)eD (z,)€Q,0

<Ap(m,7§)>>‘/f2 < AtV max |yu(x,t,u)| max |Au(z,t)].
Q0 (z,t,u)ED (z,)€Q,0

Note that
max [Au(a ) < [Au(e 0 (Bulw ), < [Aue o
X to

Hence by (39) the estimates obtained for |Ap(z, t)|’\AO/

small but fixed At the following inequality holds

allow one to show that for the sufficiently

247,140/2 14/2 AN/2
|Au(x,t)|ét0 < K14(|Av(t)|[to7t({+m] + |Au(x,t0)|[20§? +[Ap(, t) ogx/gl,ogtgto)7

where K4 is a positive constant. By our assumption, for 0 < o < 1,0 < ¢ < tV estimates (36) are
already derived. Hence the above inequality means that analoguos estimates are valid in the domain
Q0 including the corresponding estimates for |Ap(, t) A2

By repeating the similar arguments for the consequent time intervals we can prove estimates (35)
for |Au(z, t) 2EAIEA2 and |Ap(z, t) A2 0 the whole domain Q. The proof of claim (33) is then

obvious consequence of estimates (35) and the embedding theorems [10]. U

Remark. By this theorem any element vp(t) € V3 for 0 < R < R° and the solution
{ugr(z,t), pr(z,t)} of nonlinear problem (1)—(4) corresponding to this boundary function are ap-
proaches in the Holder spaces to one of the solutions {u®; (z,t), p%; (z,t), 0%, (t)} of the considered
boundary inverse problem.

If the set of the exact solutions V' consists of the single element v°, then the claims of Theorem 3.3
mean a-convergence of the corresponding sets for R — R°:

Vi o” (W30,7)), Ui S (H*M92@Q), Ry 50" (HM(@),

where {u(z,t), p°(z,t),v°(t)} is the exact solution of the inverse problem.
In general, without some additional suppositions on the properties of the exact solution of the
considered inverse problem it needs not be unique. This is illustrated by the following example.

Example. It is required to find a function w(z,t) in the domain Q@ = {0 < 2 < 1,
0 <t < 1}, a coefficient p(t) and a boundary function v(t) for 0 < ¢ < 1 that satisfy the rela-
tions

p(t)Ut—U,mm:f(l‘,t,U), (I,t) GQ,
w(x,t)|em0 =0, w(z,t)|m1 =0(t), 0<t<1,
u(z,t)|jmo =2(1l —2x), 0<z<1,

and the additional relation

pt<t> = ’Y(il',t,lb), 0<t<l1, p(t)‘t=0 = 0.25,
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with the final condition p(t)|;=; = 1. Here the functions f(z,t,u) and y(z,t,u) have the form
flz,t,u) = {2+ 1.52(1 —t) — 1.1252(1 — ) }hy (2, ¢, u)

— {2+ 0.1252(1 + t)* }ho(x, t, u),
Y(z, t,u) = 1.5(1 — t)hy(x, t,u) — 0.5(1 + t)he(x, t, u),

where ,
— 2(0.75 + 0.25(1 + ¢)* —
e ) = " A+ -z)
xt(l —t)
—2(1.75 — 0.75(1 — t)? —
ho(x,t,u) = u—e ( ) .7:)
xt(l —t)

This inverse problem has two solutions {u;(z,t), p1(t),v1(¢)} and {us(z,t), pa(t), va(t)}

ui(z,t) = x{0.7540.25(1 +t)* — z},

;) = 0.25(1+1¢)?

vi(t) = 0.25¢(2+1),

ug(w,t) = x{1.75—0.75(1 — t)* — z},
p(t) = 1-0.75(1 — )2,

va(t) = 0.75¢(2 —¢).

4 Conclusion

The work contains the theoretical studies of new nonlinear parabolic problems with the wide poten-
tial applications. Our main aim is to justify such statements in the class of smooth functions for
quasilinear parabolic equations with an unknown coefficient in a case of the boundary conditions of
the first kind. This justification is an important task since such new statements essentially differ
from usual ones. The following results of our analysis can be formulated.

1. Conditions of unique solvability in the Holder spaces are proved for nonlinear system (1)—(4)
which involves a boundary value problem of the first kind for a quasilinear parabolic equation with
an unknown coefficient at the time derivative and, moreover, an equation for a time dependence of
the sought coefficient. To this end, a prior: estimates in the corresponding spaces are established
for the nonlinear differential-difference system that approximates the original system by the Rothe
method. Thanks to these estimates we avoid additional assumptions on the smoothness of the input
data (which have usually been imposed by the Rothe method) and determine the faithful character
of differential relations for the nonlinear parabolic problem of the considered type. Moreover, these
estimates allow one to obtain the error estimates for the Rothe method, i.e., this method provides
the approximate solutions for the considered problem.

2. The established results are then used for investigation of the other nonlinear parabolic
problem, which is inverse to the statement of system (1)—(4) and consists of determination of a
boundary regime at x = [ by using the final observation of the sought coefficient p(z,t). This
inverse problem belongs to a class of ill-posed boundary inverse problems but it has an essen-
tial distinction from usual statements since, moreover a boundary function, the coefficient p(x,t)
must be determined in system (1)—(4). In order to overcome the mentioned difficulty the oper-
ator representation of this inverse problem is proposed. This representation is justified by us-
ing the results of Section 2 on "natural" function spaces for the input data and the solution in
system (1)—(4). For obtaining approximate solutions stable in the chosen spaces the regularization
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variational method is developed with application of quasisolutions on the system of extending com-
pact sets. The continuity of the residual functional in the corresponding variational formulation is
established by using the estimates in the Holder spaces for nonlinear system (1)—(4). On the basis of
these estimates, results for stability of the regularized approximate solutions are proved in the class
of smooth functions.
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