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Abstract. We consider two popular function spaces: the Morrey spaces and the Nikol’skii spaces
and investigate the relationship between them in the one-dimensional case. In particular, we prove
that, under the appropriate assumptions on the numerical parameters, their restrictions to the class
of functions f of the form f(x) = g(|x|), where g is a non-negative non-increasing function on [0,∞),
coincide.
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1 Introduction

We shall use the following notation. For a Lebesgue measurable set G ⊂ Rn and 0 < p ≤ ∞, Lp(G)
is the standard Lebesgue space of all functions f Lebesgue measurable on G for which

‖f‖Lp(G) =

(∫
G

|f(y)|p dy
) 1

p

<∞

if 0 < p <∞ and

‖f‖L∞(G) = ess supx∈G |f(x)| <∞

if p =∞. Also, for an open set G ⊂ Rn, Llocp (G) is the set of all functions f such that f ∈ Lp(K) for
any compact K ⊂ G. If G = Rn then, for brevity, we write Lp for Lp(Rn) and Llocp for Llocp (Rn).

The Morrey spaces Mλ
p , named after C.B. Morrey, were introduced by him in 1938 in [10] and

defined as follows. For λ ∈ R, 1 ≤ p ≤ ∞, f ∈Mλ
p if f ∈ Llocp and

‖f‖Mλ
p
≡ ‖f‖Mλ

p (Rn) = sup
x∈Rn,r>0

r−λ ‖f‖Lp(B(x,r)) <∞. (1.1)

Here the notation is slightly altered compared with the original definition in [10], namely we write
r−λ rather than r−

n−λ
p for the reasons which will be clarified in this paper and explicitly stated in

Concluding remark.
If λ = 0, then clearly

M0
p = Lp. (1.2)

If λ = n
p
, then

M
n
p
p = L∞. (1.3)
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If λ > n
p
or λ < 0, then

Mλ
p = Θ,

where Θ ≡ Θ(Rn) is the set of all functions equivalent to 0 on Rn. So the admissible range of the
parameters is

0 < p ≤ ∞ and 0 ≤ λ ≤ n

p
. (1.4)

Discussion of basic properties of the Morrey spaces can be found in [15], [19], [21], [1]. Description
of numerous results for various generalizations and variants of the Morrey spaces can be found in
survey papers [5–7], [9], [16–18].

Let Ω ⊂ Rn be an open set and, for δ > 0, Ωδ = {x ∈ Ω : dist(x, ∂Ω) > δ}. The Nikol’skii spaces
Hλ
p (Ω) of all functions possessing common smoothness of order λ measured in the Lp metric, named

after S.M. Nikol’skii, were introduced by him in 1951 in [11], [12] and defined as follows: f ∈ Hλ
p (Ω)

if f ∈ Lp(Ω) and

‖f‖Hλ
p (Ω) = ‖f‖Lp(Ω) + ‖f‖Ḣλ

p (Ω) <∞,

where

‖f‖Ḣλ
p (Ω) = sup

h∈Rn,h6=0
|h|−λ‖∆σ

hf‖Lp(Ωσ|h|)

and ∆σ
hf is the difference of f of order σ ∈ N with step h and σ > λ. (For a wide class of open

sets Ω, in particular for Ω = Rn, for different σ > λ the definitions are equivalent, see [2], [3], [14].)
Detailed exposition of the theory of the Nikol’skii spaces and their generalizations can be found in
[2], [14], [20].

We also write Hλ
p ≡ Hλ

p (Rn) and say that f ∈ (Hλ
p )loc, if f ∈ Hλ

p (B(0, r)) for all r > 0.
Note that ‖ · ‖Mλ

p
and ‖ · ‖Ḣλ

p
have the same behaviour with respect to dilations, that is for any

ε > 0 for all admissible values of the parameters p and λ

‖f(εx)‖Mλ
p

= ελ−
n
p ‖f(x)‖Mλ

p
, ‖f(εx)‖Ḣλ

p
= ελ−

n
p ‖f(x)‖Ḣλ

p
. (1.5)

Remark 1. Sometimes the number µ in the equality ‖f(εx)‖Z = εµ‖f(x)‖Z is called the differential
dimension of the space Z. So the differential dimensions of the spaces Mλ

p and Hλ
p coincide and are

equal to λ− n
p
.

Example 1. Let 1 ≤ p ≤ ∞, λ > 0 and α ∈ R. Then

|x|α ∈
(
Hλ
p

)loc ⇐⇒ |x|αχ
B(0,1)

∈Mλ
p ⇐⇒ α ≥ λ− n

p
.

2 Main result

Note that the space Mλ
p is not contained in Lp, while clearly the space Hλ

p is contained in Lp. For
this reason in order to compare the spaces Mλ

p and Hλ
p it is natural to consider the following variant

of the Morrey spaces
M̂λ

p = Mλ
p ∩ Lp

with the quasi-norm (norm if 1 ≤ p ≤ ∞)

‖f‖M̂λ
p
≡ ‖f‖M̂λ

p (Rn) = ‖f‖Lp(Rn) + ‖f‖Mλ
p (Rn).
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The space Mλ
p is not monotonic with respect to the parameter λ. Indeed, by Example 1

Mµ
p 6⊂Mλ

p

for any 0 ≤ λ, µ ≤ n
p
, µ 6= λ.

In contrast, the space M̂λ
p , similarly to the space Hλ

p , is monotonic with respect to λ: if 0 ≤ λ <
µ ≤ n

p
, then

M̂µ
p ⊂ M̂λ

p

and
‖f‖M̂λ

p
≤ 2‖f‖M̂µ

p
.

Indeed,

‖f‖
M̂λ
p

= sup
r>0

sup
x∈Rn

r−λ‖f‖
Lp(B(x,r)

+ ‖f‖
Lp

= max
{

sup
0<r≤1

sup
x∈Rn

r−λ‖f‖
Lp(B(x,r)

, sup
r>1

sup
x∈Rn

r−λ‖f‖
Lp(B(x,r)

}
+ ‖f‖

Lp

≤ max
{

sup
0<r≤1

sup
x∈Rn

r−µ‖f‖Lp(B(x,r), ‖f‖Lp
}

+ ‖f‖
Lp

≤ max
{
‖f‖

M
µ
p
, ‖f‖Lp

}
+ ‖f‖

Lp
≤ 2‖f‖

M̂
µ
p
.

Let us denote by (Hλ
p )↓ and (M̂λ

p )↓ the subspaces ofHλ
p , M̂λ

p respectively, consisting of all functions
f ∈ Hλ

p , M̂λ
p respectively, of the form f(x) = g(|x|), where g is a non-negative non-increasing function

on [0,∞).

Theorem 2.1. Let n = 1, 1 ≤ p <∞, 0 < λ < 1
p
. Then

Hλ
p ⊂ M̂λ

p , (2.1)

for any 0 < ε < 1
p
− λ

Hλ
p 6⊂ M̂λ+ε

p ,

for any 0 < µ ≤ λ
M̂λ

p 6⊂ (Hµ
p )loc,

and
(M̂λ

p )↓ = (Hλ
p )↓.

Remark 2. For 1 < p <∞ the first statement is proved in [8]; for any 0 < p <∞ it is proved in [4].
In [13] the n-dimensional case is considered and inclusion (2.1) is proved for 1 ≤ p <∞, 0 < λ < n

p
.

Here we follow the ideas of proofs developped in [4].

3 Auxiliary statements

First, we need to prove several auxiliary statements.

Lemma 3.1. Let 1 ≤ p <∞, h > 0 and f ∈ Lp(0, 2h).
If p = 1, then ∫ h

0

|f | dx ≤
∫ 2h

h

|f | dx+

∫ h

0

|∆hf | dx. (3.1)



12

If 1 < p <∞, then for all ε > 0∫ h

0

|f |p dx ≤ (1 + ε)

∫ 2h

h

|f |p dx+ Cp(ε)

∫ h

0

|∆hf |p dx, (3.2)

where

Cp(ε) =
(

1− (1 + ε)
1

1−p

)1−p
. (3.3)

If f is non-negative and non-increasing on (0, 2h), then in (3.1) there is equality, and for 1 <
p <∞ ∫ h

0

|f |pdx ≥
∫ 2h

h

|f |pdx+

∫ h

0

|∆hf |pdx. (3.4)

Proof. We start with the elementary inequality

|f(x)| ≤ |f(x+ h)|+ |f(x+ h)− f(x)|. (3.5)

If 1 < p <∞, then by applying the inequality

(a+ b)p ≤ (1 + ε)ap + Cp(ε)b
p,

where a, b ≥ 0, ε > 0 and Cp(ε) is defined by (3.3), we get

|f(x)|p ≤ (1 + ε)|f(x+ h)|p + Cp(ε)|f(x+ h)− f(x)|p. (3.6)

By integrating (3.5) and (3.6) over (0, h) we obtain (3.1), (3.2) respectively.
Let f be non-negative and non-increasing on (0, 2h), then there is equality in (3.5) which imlies,

after integration, equality in (3.1). If 1 < p <∞, then by (3.5) with the equality sign

|f(x)|p = (|f(x+ h)|+ |f(x+ h)− f(x)|)p

≥ |f(x+ h)|p + |f(x+ h)− f(x)|p, (3.7)

which implies, after integration, inequality (3.4).

Lemma 3.2. Let k ∈ N, 1 ≤ p <∞, h > 0 and f ∈ Lp(0, (k + 1)h).
If p = 1, then ∫ h

0

|f | dx ≤
∫ (k+1)h

kh

|f | dx+

∫ kh

0

|∆hf | dx. (3.8)

If 1 < p <∞, then for all ε > 0∫ h

0

|f |p dx ≤
∫ (k+1)h

kh

|f |p dx+ ε

∫ (k+1)h

h

|f |p dx+ Cp(ε)

∫ kh

0

|∆hf |p dx. (3.9)

If f is non-negative and non-increasing on (0, (k + 1)h), then there is equality in (3.8), and for
1 < p <∞ ∫ h

0

|f |pdx ≥
∫ (k+1)h

kh

|f |pdx+

∫ kh

0

|∆hf |pdx. (3.10)
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Proof. If p = 1, then from (3.5) it follows that for all m ∈ N∫ mh

(m−1)h

|f | dx ≤
∫ (m+1)h

mh

|f | dx+

∫ mh

(m−1)h

|∆hf | dx. (3.11)

Hence
k∑

m=1

∫ mh

(m−1)h

|f | dx ≤
k∑

m=1

∫ (m+1)h

mh

|f | dx+
k∑

m=1

∫ mh

(m−1)h

|∆hf | dx

or ∫ h

0

|f | dx+

∫ kh

h

|f | dx ≤
∫ kh

h

|f | dx+

∫ (k+1)h

kh

|f | dx+

∫ kh

0

|∆hf |dx, (3.12)

which implies (3.8).
If 1 < p <∞, then from (3.6), by a similar argument, it follows that∫ h

0

|f |p dx+

∫ kh

h

|f |p dx

≤ (1 + ε)

∫ kh

h

|f |pdx+ (1 + ε)

∫ (k+1)h

kh

|f |p dx+ Cp(ε)

∫ kh

0

|∆hf |p dx,

which implies (3.8).
Let f be non-negative and non-increasing on (0, (k + 1)h), then there is equality in (3.11), hence

in (3.12) and (3.8). If 1 < p <∞, then by inequality (3.7) inequality (3.6) follows with |f | and |4f |
replaced by |f |p and |4f |p and ≤ replaced by ≥, hence inequality (3.7) follows with |f | and |4f |
replaced by |f |p and |4f |p and ≥, which implies (3.10).

Lemma 3.3. Let n ∈ N, 1 ≤ p <∞, h > 0 and f ∈ Lp(0, nh).
If p = 1, then ∫ h

0

|f | dx ≤ 1

n

∫ nh

0

|f | dx+

∫ (n−1)h

0

|∆hf | dx. (3.13)

If 1 < p <∞, then for all ε > 0∫ h

0

|f |p dx ≤ 1 + ε

n

∫ nh

0

|f |p dx+ Cp

( ε
n

)∫ (n−1)h

0

|∆hf |p dx. (3.14)

If f is non-negative and non-increasing on (0, nh), then for 1 ≤ p <∞∫ h

0

|f |p dx ≥
∫ (n−1)h

0

|∆hf |p dx. (3.15)

Proof. If p = 1, then from (3.8) it follows that

n

∫ h

0

|f | dx ≤
n−1∑
k=0

∫ (k+1)h

kh

|f | dx+
n−1∑
k=0

∫ kh

0

|∆hf | dx

≤
∫ nh

0

|f | dx+ n

∫ (n−1)h

0

|∆hf | dx,
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which implies (3.13).
If 1 < p <∞, then from (3.9), by a similar argument, it follows that for all γ > 0

n

∫ h

0

|f |p dx ≤
n−1∑
k=0

∫ (k+1)h

kh

|f |p dx+ γ
n−1∑
k=0

∫ (k+1)h

0

|f |p dx

+ Cp(γ)
n−1∑
k=0

∫ kh

0

|∆hf |p dx

≤
∫ nh

0

|f |p dx+ γn

∫ nh

0

|f |p dx+ Cp(γ)n

∫ (n−1)h

0

|∆hf |p dx,

which implies (3.14) if to set γ = ε
n
.

Let f be non-negative and non-increasing on (0, nh), then inequality (3.15) follows for p = 1 by
(3.8) with ≤ replaced by = and for 1 < p <∞ by for inequality (3.10) with k = n− 1.

4 Proof of main result

Proof of Theorem 1.1.
Step 1a. Let p = 1, 0 < λ < 1 and f ∈ Hλ

1 . Given 0 < h < a, in (3.13) we take n =
[
a
h

]
. Then

(n− 1)h ≤ a− h ≤ nh ≤ a. If 0 < h ≤ a
2
, then 1

n
≤ h

a−h ≤
2h
a
. Hence, by (3.13)∫ h

0

|f |dx ≤ 2h

a

∫ a

0

|f |dx+

∫ a−h

0

|∆hf |dx (4.1)

If a
2
< h ≤ a, then ∫ h

0

|f |dx ≤ 2h

a

∫ a

0

|f |dx

and again inequalty (4.1) follows.
Inequality (4.1) implies, by passing to the limit as a→∞, that∫ h

0

|f |dx ≤
∫ ∞

0

|∆hf |dx.

Also ∫ 0

−h
|f(x)|dx =

∫ h

0

|f(−x)|dx

≤
∫ ∞

0

|f(−x− h)− f(x)|dx =

∫ −h
−∞
|f(x+ h)− f(x)|dx.

So ∫ −h
−h
|f |dx ≤

∫ ∞
−∞
|f(x+ h)− f(x)|dx.

Moreover, for any x ∈ R∫ x+h

x−h
|f(y)|dy =

∫ h

−h
|f(y + x)|dy

≤
∫ ∞
−∞
|f(y + x+ h)− f(y + x)|dy =

∫ ∞
−∞
|f(y + h)− f(y)|dy.
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Therefore

‖f‖Mλ
1

= sup
x∈R

sup
h>0

h−λ‖f‖L1(x−h,x+h) ≤ sup
h>0

h−λ‖∆hf‖L1 ≤ ‖f‖Ḣλ
1
.

Step 1b. Let 1 < p < ∞, 0 < λ < 1
p
and f ∈ Hλ

p . Assume that 0 < h ≤ a
2
. Then by inequality

(3.14) with n = 2

‖f‖Lp(0,h) ≤
(1 + ε

2

) 1
p‖f‖Lp(0,2h) +

(
Cp

(ε
2

)) 1
p‖∆hf‖Lp(a−h),

hence

h−λ‖f‖Lp(0,h) ≤ (1 + ε)
1
p2λ−

1
p (2h)−λ‖f‖Lp(0,2h)

+
(
Cp

(ε
2

)) 1
p
h−λ‖∆hf‖Lp(0,a−h).

Choose ε > 0 to be such that

A = (1 + ε)
1
p2λ−

1
p < 1,

say, ε = 2−pλ − 2−1, in which case A =
(

1+2pλ−1

2

) 1
p , and denote

ψ(h) = h−λ‖f‖Lp(0,h), B =
(
Cp

(ε
2

)) 1
p

sup
0<η≤a

η−λ‖∆ηf‖Lp(0,a−η).

Then for all 0 < h ≤ a
2

ψ(h) ≤ Aψ(2h) +B.

Consequently, for all m ∈ N such that 2mh ≤ a, we have

ψ(h) ≤ A(Aψ(4h) +B) +B = A2ψ(4h) + (A+ 1)B ≤ . . .

≤ Amψ(2mh) + (Am−1 + . . .+ 1)B ≤ Amψ(2mh) +
B

1− A
.

Next we choose m such that 2mh ≤ a < 2m+1h. Then

h−λ‖f‖Lp(0,h) ≤ Am(2mh)−λ‖f‖Lp(0,2mh) +
B

1− A
≤ 2λa−λ‖f‖Lp(0,a) +K‖f‖Ḣλ

p
, (4.2)

where K = (1− A)−1(Cp(
ε
2
))

1
p . If a

2
< h ≤ a, then

h−λ‖f‖Lp(0,h) ≤ 2λa−λ‖f‖Lp(0,a).

So inequality (4.2) holds for all 0 < h ≤ a. By passing in (4.2) to the limit as a→∞, it follows that
for all h > 0

h−λ‖f‖Lp(0,h) ≤ K‖f‖Ḣλ
p
.
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Similarly to Step 1, it also follows that for all x ∈ R

h−λ‖f‖Lp(x−h,x+h) ≤ K‖f‖Ḣλ
p
,

hence Hλ
p ⊂ M̂λ

p and

‖f‖Mλ
p
≤ K‖f‖Ḣλ

p
.

Step 2. By Example 1

|x|λ−
1
pχ

B(0,1)
(x) ∈ Hλ

p , but |x|λ−
1
pχ

B(0,1)
(x) /∈Mλ+ε

p

for any 0 < ε < 1
p
− λ.

Step 3. Let for 1 ≤ p <∞, 0 < µ ≤ λ < 1
p

f(x) =
∞∑
k=2

kγ( 1
p
−λ)χk(x),

where
χk(x) = χ

(k−γ,k−γ+ϕγ (k)]
(x),

ϕγ(k) =
1

2
[(k − 1)−γ − k−γ]

and

0 < γ <
µ

λ− µ
. (4.3)

Note that for k ≥ 2

γ

2
k−γ−1 ≤ ϕγ(k) ≤ γ

2
(k − 1)−γ−1 ≤ γ2γk−γ−1. (4.4)

So, f(x) = kγ( 1
p
−λ), if k−γ < x ≤ k−γ + ϕγ(k); f(x) = 0, if k−γ + ϕγ(k) < x ≤ (k − 1)−γ, k ∈ N,

k ≥ 2.
Since for k−γ < x < k−γ + ϕγ(k), k ≥ 2, we have x ≤ (k − 1)−γ ≤ 2γk−γ, hence kγ ≤ 2γx−1, it

follows that for all x ∈ (0, 1]

0 ≤ f(x) ≤ 2γ( 1
p
−λ)xλ−

1
p .

Therefore, by Example 1, f ∈ M̂λ
p .

Let h = ϕγ(m), m ∈ N, m ≥ 2, then

‖∆ϕγ(m)f‖Lp((−2,2)ϕγ (m)) ≥
∫ 1

0

|f(x+ ϕγ(m))− f(x)|pdx

≥
m∑
k=2

∫ k−γ+ϕγ(k)

k−γ+ϕγ(k)−ϕγ(m)

|f(x+ ϕγ(m))− f(x)|pdx.

Since ϕγ(m) ≤ ϕγ(k), for k−γ + ϕγ(k)− ϕγ(m) < x < k−γ + ϕγ(k), we have

k−γ < x < k−γ + ϕγ(k) and k−γ + ϕγ(k) < x+ ϕγ(m) < k−γ + 2ϕγ(k) = (k − 1)−γ,
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therefore f(x) = kγ( 1
p
−λ) and f(x+ ϕγ(m)) = 0. Hence, by (4.4)

‖∆ϕγ(m)f‖pLp((−2,2)ϕγ (m))
≥

m∑
k=2

kγ( 1
p
−λ)pϕγ(m) ≥

( m∑
k≥m

2

kγ(1−pλ)
)
ϕγ(m)

≥ m

2

(m
2

)γ(1−pλ)γ

2
m−γ−1 = γ2γ(pl−1)−2m−γpλ.

Therefore, by (4.3) and (4.4)

‖f‖Hµ
p (−2,2) ≥ sup

h>0
h−µ‖∆hf‖Lp(−2+h,2−h)

≥ (γ2γ(pl−1)−2)
1
p sup
m∈N,m≥2

ϕγ(m)−µm−γλ

≥ (γ2γ)−µ
(
γ2γ(pl−1)−3

) 1
p

sup
m∈N,m≥2

mγ(µ−λ)+µ =∞.

So f /∈ (Hµ
p )loc.

Step 4. Let 1 ≤ p <∞, 0 < λ < 1
p
and f ∈ (M̂λ

p )↓. By passing in (3.15) to the limit as n→∞,
we get that for any h > 0 ∫ ∞

0

|∆hf |pdx ≤
∫ h

0

|f |pdx.

Similarly to Step 1 we get that also∫ −h
−∞
|∆hf |pdx ≤

∫ 0

−h
|f |pdx.

Hence

‖∆hf‖Lp =
(∫ ∞
−∞
|∆hf |pdx

) 1
p ≤

(∫ h

−h
|f |pdx+

∫ 0

−h
|f(x+ h)− f(x)|pdx

) 1
p

≤
(∫ h

−h
|f |pdx+ 2p−1

(∫ 0

−h
|f(x+ h)|pdx+

∫ 0

−h
|f(x)|pdx

)) 1
p

= (1 + 2p−1)
1
p

(∫ h

−h
|f |pdx

) 1
p ≤ 2‖f‖Lp(−h,h) ≤ 2hλ‖f‖Mλ

p
.

If h < 0, then
‖∆hf‖Lp = ‖∆−hf‖Lp ≤ 2|h|λ‖f‖Mλ

p
.

So (M̂λ
p )↓ ⊂ (Hλ

p )↓,
‖f‖Ḣλ

p
≤ 2‖f‖Mλ

p

and
‖f‖Hλ

p
≤ 2‖f‖M̂λ

p
.

5 Concluding remark

By statements of Sections 2.1 and 2.2 it follows that the Morrey space Mλ
p is not a space of functions

possessing any kind of common smoothness of order µ measured in Lp-metrics for any 0 < µ ≤ λ,
but the expressions ‖f‖Lp(B(x,r)) behave like the ones for functions f possessing certain smoothness
of order λ measured in Lp-metrics.
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Moreover, for functions of the form f(x) = g(|x|), where g is a non-negative non-increasing
function λ plays a role of the smoothness parameter. This is the reason why the initial notation for
the space Morrey space was altered.

It appears that, in many situations in real analysis and especially in applications to the theory of
partial differential equations, of primary importance is the behaviour of the expressions ‖f‖Lp(B(x,r))

rather than smoothness properties of f . In such cases the usage of the Morrey spaces is natural and
effective.
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