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1 Introduction

Let (U, j1) be a space with measure i, 2 some set. By Go = {Gty},. ,cq We denote a two-parameter
family of p -measurable sets satisfying the following condition:

Gy C G,y for 0<t<s, yell

This family of sets will be called a net. If the sets G,, t > 0 do not depend on the parameter y,
then such nets will be denoted by G = {Gi}~0. For y € Q, set Gy = {Giy}is0. We will say that
these nets are generated by the net Gg,.

Let 0 < p,q < 00,0 < X < oo. We denote by M;q(GQ, 1) the space of all y-measurable functions
f U — R such that for ¢ < oo

M) (Ga, p) = {ft <7(“§1£ ( / If(fv)lpdu)l/p)q%y/q < oo},

Gty

and for ¢ = oo

1/p
M) (Ga, ) = {fﬁ sup t_k( / |f($)|pdu) <oo}.
t>0, ye .

If U =R", pisthe Lebesgue measure, Gy, = B(y,t) (the ball centered at point y € R" of radius
t > 0), then this space will be denoted by MPA’q’Q. In particular, for ¢ = oo and €2 = R" this is the
classical Morrey space M.

If U =R" pis the Lebesgue measure, Q@ = {0} and G; = Gy = B(0,t), then the space
M;q(GQ,/L) is the local Morrey-type space LM? | introduced and used to study the properties

p,q’
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maximal and fractional maximal operator in the works |5, 6, 7, 8. If 2 = {y} and G; = G, = B(y, 1),
then the corresponding local Morrey-type space will be denoted by LM, .

The interpolation problem for the real method for the Morrey spaces was considered in the papers
[25, 15, 22, 24, 25, 4, 18]. It follows from the results of [22]| that for 1 < p < 0o

(M$07M;\1)9,00CMP)\, where A= (1—-0)A+0N 0<6<1,

where (-,-) denotes the real interpolation functor. In the works [24, 4] it was established that this
inclusion is strict.
In [19], it was proved that the embedding
(M0, M) )y C M,

Po?

where
1 1-6 0
L <pi,p2<oo, -—= +—, A=(1-0X+0\, 0<O<1,
p Do b1

holds if and only if py = p;.

In the papers |9, 10, 11, 12] it was established that, in contrast to the scale of the Morrey spaces
M£7 the scale of the local Morrey-type spaces LM;:q with fixed p is closed with respect to the
interpolation procedure, namely, it was proved that if 0 < p,qo,q1,q < 00, 0 < 0 < 1, Ay # A1 and
0 < Mg, A1 < 00, then

(LMpy,. LMpy), = LMy, where A= (1—0)A+0\, 0<0<L
In the paper [10], a description of interpolation spaces is obtained also for spaces that are substantially
more general than LM .
In the papers [12, 13|, the following interpolation theorem for quasi-additive operators was proved.

Theorem 1.1. Let Q C R", 0 < p,q,0,7 <00, 0 < ap,a1 < 00, ag,a1 >0, if 0 < 00, ag # ay,
0§60751<007 50#/81a 0<0<1and

a=(1-0)ag+0a1, B=(1—0)8+0B.

Let an operator T be quasi-additive® on |J (LM"‘0 + LM ) with a quasi-additivity constant

b0y p,0,Y
YyeN

A.
If for some My, M7 > 0 the inequalities

ITFl g, < Mall Fllparg:
q,00,Y

b,0,Y

(1.1)

hold for all y €  and for all functions f € LM% . i=0,1, then the inequality

p?o.7y,

1Ty, < CAMI=MI g (12)

p,7,Q

holds for all functions f € My q, where ¢ > 0 depends only on o, au, By, f1, 4,0, 7 and 6.

I That is,
IT(fo+ f1)(@)] < AT fo(z)| + [T f1(2)])

for almost all z € R" for all y € Q and for all fo € LM, f1 € LM},

p,o,y*



Interpolation theorems for Urysohn integral operators 89

In this theorem, in a certain sense strong estimate (1.2) is derived from in a certain sense weak
estimates (1.1).
In this paper, we consider the interpolation properties of nonlinear Urysohn integral operators

(TF)(y) = / K(f(2),2,9)du(z) , y eV, (1.3)

where f: U - R, K : f(U)xU xV — R, in much more general classes of Morrey-type spaces, which
allow one to obtain analogues of the Marcinkiewicz—Calderon and Stein—Weiss—Peetre interpolation
theorems for a wide class of operators of form (1.3). Note that the well-known interpolation theorems
of Marcinkiewicz—Calderon [14], Stein—Weiss—Peetre |26, 23] do not cover this class of operators.

For the properties of Urysohn operators and, in particular, for the conditions on K under which
the integral in (1.3) exists and is finite for almost all y € V, see the book [17] and the articles [20],
[21].

In particular, if K is Borel measurable on F(U) x U x V, f € L,(U, 1), where 0 < p < oo, for
some 0 < a<pandc>0

K (z,2,9)] < cl2*|K(1,2,y)|

forall z € U,y € V,z € f(U), and ||K(1,-,y)||, (v < oo for almost all y € V, where £ =1 — -
then the integral in (1.3) exists and is finite for almost all y € V.

2 Interpolation theorems for Morrey-type spaces

Let (U, i) be a space with measure p, {2 some set, Go = {Gyy},., yeQ be a net, s > 0. Let us define

the nets ) )
6 - {Giy}t>07 ye’ Ga - {Gf’y}bo, yen (2'1)
and, for y € €, the nets generated by them
= 1G} o Gin=1{G0} (22)
where
s Gt,yu lf S Z t,
Gy = { Gsy, if s<t, (2:3)
Ns o, if s>1t,
6= o it ot 24

Remark 1. If G = {G,}~0 is a filtering, i.e. G is a system of expanding oc—algebras of measurable
sets, then in the theory of stochastic processes the procedure defined by relation (2.3) is called a
stop corresponding to the moment s, and procedure (2.3) defines the beginning, corresponding to
the moment s. These transformations play an important role in the construction of interpolation
methods for stochastic processes [1, 2, 3|. In this section, we present the main results of this work,
where these transformations also play an essential role.

Theorem 2.1. Let (U, u), (V,v) be spaces with measures p, v,  C R™.
Let Gq, G, Ag, v?y}, G?y}, where s > 0,y € Q, be the nets in U, defined by (2.1) — (2.4).
Let Fo = {Ft7y}t>0’ yeq be amnet inVoand Fy,, where y € Q, be the nets in V' generated by F.
Let 0 < p,q,0,7 <00, 0 < ag,ap < 00, ag,a; >0, if 0 <00, ag # a1, 0 < By, 1 < 00, By #
B, 0<8 <1 and
a=(1-0)ay+ 01, p=(1-0)5 +006.
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Let f € My (Ga,p) and T be an Urysohn integral operator (1.3).
If for some MO, My > 0 the inequalities

”TfXGSy”MﬁO (Fryv) = Mo”fHMU‘O GE ol )2 (25)
1750~ X, agts i < MillFlagzaccr, (26)

hold for all y € 2, s > 0, then the inequality
T Fllase iy < Mo~ MY Fllatg. (o (2.7)

holds, where ¢ > 0 depends only on «q, a1, By, B1,q,0, T and 6.

Remark 2. Conditions (2.5), (2.6) of the theorem are formulated correctly since if f € M (Ga, ),
then for arbitrary y € 2 and s > 0

HfHMaO { }“u < o0,

1= X Margscym = Wlgae, < o0

Remark 3. This theorem, although similar in form to Class1cal interpolation theorems, has an
essential distinction. The point is that the conditions and statement of the theorem are formulated
for a fixed function f € M (Ga, ). We can say that here we are not talking about the interpolation
of an operator, but about the interpolation of inequalities for a fixed function. This fact makes the
statement more universal for application. In particular, the sets G, can be chosen to depend on f.

Let U =V = R", and 4 = v be the Lebesgue measure, @ C R", 0 < p,g <00, 0 < A\ < o0,
A > 0if ¢ < co. Let v be a positive locally absolutely continuous strictly increasing function defined
n (0,00). We define the spaces M), o(v): for 0 < ¢ < oo

My, a(v) = {f € LI*(R)") :

(e e}

fMAw(/@m»ggf%Mmff$Uw<m}

M) = {15 1l _gr= 510 (o) iy < o0 -

r>0,y€)

and

Corollary 2.1. Let Q CR", 0 < p,q,0,7 < o0, 0 < ap,aq < 00, g, 1 >0, if 0 < 00, ag #
O§B07ﬁ1<007 50#517 0<60<1and

=(1=0)ag+0ar, B=(1-0)8+0p.
Let functions v, w satisfy the conditions listed above and let T be an Urysohn integral operator
(1.3).
If for some My, My > 0 the inequalities

po‘y

hold for all y € Q0 and for all functions f € LM% (w), i =0, 1, then the inequality

p,o,y

ITH sy < MEMY F g, oo

ITF g, o) < M Hf||M%

holds for all functions f € LM o(w), where ¢ > 0 depends only on ag, ax, Bo, 1,q,0,7 and 0.
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3 An interpolation theorem of Marcinkiewicz—Calderon type

Recall that, given a space (U, i) with measure p and a p-measurable function f defined on U, the
function

ff)=inf{e>0: p({z € U:|f(x)| >0c}) <t}, t>0,
is called the non-increasing rearrangement of f. Moreover, for 0 < r < 0o, 0 < ¢ < co. the Lorentz
space L, (U, i) is the space of all y-measurable functions f defined on U for which

o] 1/q

1l = | [ (Fr0)'F) <o

t
0
We say that a measure p satisfies the regularity condition if for every p-measurable set e, and

a € (0, @] there is a p-measurable subset w C e such that

a < p(w) < 2a. (3.1)

Theorem 3.1. Let (U, u), (V,v) be spaces with measures pu, v satisfying reqularity condition (3.1).
Let 1<py<p <00, 1<qoy,q1 <0, @oFq, 0<o,7<00,0<0<1 and

1 1-6 0 1 1-6 60
—_ = —|— —, —_ = —_
p Do D1 q do q1
Let T be an Urysohn integral operator (1.3).
If for some My, My > 0 the inequalities

| TNz, oviy < Mill fllz,, o 0 (3.2)
hold for all functions f € Ly, »(U, ), i = 0,1, then the inequality

T fll vy < My M| £, w0 (3.3)
holds for all functions f € L, . (U, u), where ¢ > 0 depends only on po, p1,qo, 1,0, T and 6.

3 An interpolation theorem of Stein—Weiss—Peetre type

Let 1 be a measure on U satisfying regularity condition (3.1) and w a positive g-measurable function
on U (weight function).

By L,(U,w, ), where 0 < p < oo we denote the space of all y-measurable functions on U for
which

12y @i = ( /(w(x)lf(fff)Dpdﬂ); < 00.

If w=1, then L,(U,1,p) = L,(U, p); if g is the Lebesgue measure, then L, (U, w, 1) = L, (U, w).

Theorem 3.1. Let 0 <p<g<oo, 0<8<1. Let wy,w; be positive p-measurable functions on U
and T be an Urysohn integral operator (1.3).
If for some My, M1 > 0 the inequalities

1T f |z ainy < Mill fll 2w
hold for all functions f € L,(U,w;, ), i = 0,1, then the inequality

||Tf||Lq(U,wé’9w?,u) < CMOI_OMf||f||Lp(U,wé*"w§,u) (3-1)

holds for all functions f € L,(U, wé’ewf, i), where ¢ > 0 depends only on q, ag, aq, Ao, A1 and 6.
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Remark 4. Theorem 3.1, in the case when T is a linear operator and py, = p; = p, was proved by
Stein and Weiss [26]. In this case, the constant ¢ in inequality (3.1) is equal to 1. In the case when
T is a quasi-additive operator, this theorem was proved by Peetre [23].
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