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1 Introduction

Let 1 < p,q < o0, % +I% = 1. Let {w; }224, {u;}3°, be non-negative, {v;}°, positive sequences of real
numbers, which will be referred to as weights. Let [,, be the space of sequences f = {f;}2,, for
which the following norm is finite:

1
oo v
1S llpw = (Z |fz‘Ui|p) , 1<p<oo.
=1

In this paper we consider the problems of boundedness and compactness of matrix operators of the

following form
B(n)

(Af)a=Y_ anpfr, n>1 (1.1)

k=a(n)

from [,, to l;,, where (a,j) is a non-negative matrix of operator A, which satisfy the following
Oinarov’s discrete general condition: there exists d > 1, a sequence of positive numbers {w;}:2; and
a non-negative matrix (b; ;), such that the inequalities

1
a(bn,kwm + ak,m) S Qp,m S d(bmkwm + ak,m) (12)

holds for all 1 < k < n, a(n) < m < f(k), where a(n), 5(n) are sequences of the natural numbers

such that:
(1) «(n) and B(n) are strictly increasing sequences;

(77) a(l)=p(1)=1 and «a(n) < B(n), for n>2.
Note that from (1.3) it follows n < a(n) < f(n) for n > 2.
An analogue of this question for continuous operators has been studied in a series of papers [9],
[12]-[15].
When a,, ; = 1, operator (1.1) coincides with the discrete Hardy type operator with variable limits
of summation of the following form

(1.3)
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B(n)

Z foo n>1, (1.4)

its boundedness from I, , to l,, was studied in [1], [2]

When «a(n) = 1, B(n) = n, ¥Yn € N in (1.4) we obtain the discrete Hardy operator, which
is investigated in detail in [3], [5], [6]. References about generalizations of the original forms of
the discrete and continuous Hardy inequalities can be found in various books, see e.g [8]. In [10],
[11], [16] necessary and sufficient conditions for the boundedness of the matrix operator (1.1) have
been obtained under the different assumptions for the entries of the matrix (a, ), when a(n) = 1,

f(n) =n, Vn € N.
We note that from (1.2) it easily follows that

Ak.m S dan,ma (15)

bn,kwm < dan,m (16)

for 1 <k <n,aln) <m < G(k).
In the sequel we suppose that the symbol M < K means M < cK, where a positive constant c
may depend only on parameters such as p, ¢ and d. If M < K < M, then we write M ~ K.

2 Main results

Let s € N. We assume Q(s) := {n € N: a(n) < s}. Note that (s) # @ since at the least 1 € Q(s).
For all s € N we denote a~!(s) := max §)(s). Hence it follows that

a Ha(s)) =5, ala(s)) <s.

Let m € N. From the condition (1.3) it follows that Q; ;== {s e N: m < s < a *(B(m))} # &
since m € €2;.
Our first result reads as follows.

Theorem 2.1. Let 1 < p < q < oo. Let the entries of matriz (a,) satisfy condition (1.2). Then
operator (1.1) is bounded from l,, to l,, if and only if F' = F; + F5 < oo, where

1
7

o [ Bm) 2
Fy = sup sup (Z uq) Z am kvk ,

>1 —1(
m m<s<a k=a(s)

@ [ Bm) v
F, = sup Sup (Z ulb? m) Z wk v ” .

m21m<s<a( h—a(s)
Moreover, || Al ,—1,. = F.

Proof. Necessity. Suppose that operator (1.1) is bounded from [,, to l,, that equivalently means
the validity of the following inequality

o) B(n) 1 % o] %
doull > ankh < [|A] (Z fﬁvi) , Vf>0. (2.1)
n=1

k=a(n) n=1
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Here and in the sequel || Al = ||All;, . —1,...- )
Let m € N and m < s < a'(8(m)). Then we take the following test sequence f; =

. /_ —p/ . 17 - ) ;
Xiats).5m) (D)@ 07", where Xia(s),sm (1) = { 0,; ; ﬁggm

Substituting the test sequence in the right-hand side of (2.1) we have

1 1
oo ? p
Pl — (z ff’vﬁ’) () 22)
i=1 i=a(s)

Substituting the test sequence in the left-hand side of inequality (2.1) and using (1.5) we obtain
that

1 1
. o0 B(n) A\ s B(m) / 7\ 9
1A Nl = [ D_ud | D annl > wl | D ansal "
n=1 k=a(n) n=m k=a(s)
LB s ‘
> 7 Z ay, v Zug . (2.3)
k=a(s) n=m

From (2.1), (2.2) and (2.3) it follows that

S

B(m) VS ‘
Z fnkvk:p (ZUZ) < [|A4]]
k=a(s) n=m

for all m,s > 1 such that m < s < a~!(B(m)). Therefore

F < ||A]l. (2.4)
Now we assume that f; = X[a(s),g(m)](i)wflflv;pl, and we apply the test sequence to (2.1). For the
right-hand side of (2.1) it yelds that

00 % B(m) %
1 f1lpo = (Z fipvf) = > W | (2.5)
=1 i=a(s)
Substituting f in the left-hand side of inequality (2.1) and using (1.6) we find that
B(n) AN s B(m) 7\ g
il (S0t [ 3 matt) | 2 (St [ 3 ot 7
k=a(n) n=m k=a(s)

a [ Bm)
1 ’o_
8 <Z ulbd m) Z wyv Pl (2.6)
k=a(s)
Since m, s > 1 are arbitrary, such that m < s < a~'(8(m)), then (2.1), (2.5) and (2.6) imply that

B < Al (2.7)

Sufficiency. Let F' < oo and 0 < f € [,,. To prove the boundedness of operator (1.1) we use
the discrete case of the block-diagonal method (see [2]). The continuous analogue of this method is
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called the Batuev-Stepanov block-diagonal method [4]. For given sequences a(n), 5(n) which satisfy
(1.3) we select the sequences of natural numbers {ny}ren and {n} }ren the following way
n=1, n,=a ' (B(n)) and nj +1=mng, k>1.
Obviously that n} =1 and
a(ny,) = a (a7 (B(n))) < Blnk) < a(nggr). (2.8)

Splitting the set N into the sequences {ny}ren and {n} }reny we have

x B(n) ! n B(n) ‘
HAf”q,u = ZU% Z an,ifi = Z Z U% Z an,ifi =
n=1 i=a(n) k  n=ng i=a(n)

(use the relations a(ng) < a(n) < a(n},) < B(ng) )

W Blns) B(n) ! " Blns) !
A Y | D anifit D anafi | =YD wl | Y anifi
k n=nyg i=a(n) i=B(ng) k n=ny i=a(n)
I DY it X3 PP CH
k n=nyg i=B(ng) k n=ng n=ng

_ q q
- Z ||ka”lq,u[nk,n;€] + ; ||Skf||lq,u[nk,n;€]
< Z NTENUSNE, e smen + D ISKITAIL, iama 0
k

pv

q
. (s%pnnn +s%p|rsk||) 11l
Hence

40 -t < (sup Tl + sup i) (2.9

Therefore, for the proof of the boundedness of the operator A we need to prove the boundedness of
the operators T), and 5.

Now we consider the operator 7. Using that a,; & by p,wi + an, ;i if 1 <ng < n < nj, an) <
i < B(ng) we have that

B(nk) B(n)

(ka>n = Z an,ifi ~ Z (bn,nkwi + ank,i)fi

i=a(n) i=a(n)

B(nk) B(ry)
= by Z wifi + Z angifi = (Tia f), + (Th2f),

i=a(n) i=a(n)
and

1T f s ~ [ Teafli ) T2 f s

From (2.10) we have that ||T%|| < ||Tk1|l + |Zkz2|l, where |7} ;|| is the norm of the operator T}, :
lpwla(ng), B(ng)] = lgulne,nyl, i =1,2.

q,u[nk,n;v] q,ulng ” q,ulng, n/] (210)
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The values || Tj.1]|, || Tkz2|| are the best constants in the following inequalities, respectively.

1 1
B(nk) 7 q ﬁ(nk P
annk (N wh | | <zl | Y @] (2.11)
n=nk i=o(n) i=a(ng)
q\ * 1
nj, B(ny,) a B(ny) »
Sl | X anhi] | <UTall| X @y (2.12)
n=ng i=a(n) i=a(ng)

Let w; =1, 1 € [ng,n}], w; = 0,4 & [ng,n}] and d; = 1, @ € [a(nk), B(ng)], di =0, i & [a(ng), B(n)].
We consider the inequality

q

f: by U W05, i diw; fi <C <§:(Uz‘fi)p> ” . (2.13)

n=1 i:a(n) =1

If the inequality (2.13) holds with the constant C, then the inequality (2.11) holds with the estimate
| T.1]] < C. Since the inequality (2.13), in fact is the Hardy inequality with a lower variable limit,
then by Theorem 1 in [2] and using (2.8) we obtain

~|

1
n q 0o P
q,,914 p' p . —p
| Th.1]] < sup E wiugbi E s Wi v;
n>1 =1

j=a(n)

1
e [ BOw) P’
- sup (Z uqb;ZNk) Z w¥ v :

nesno” Bm)) \jny j=aln)

Similarly for (2.12) we obtain

@

n %B(nk P
| Tl < up (Zu) SIS B

ng<nla~

Then on the basis (2.10) we have

q [ Bln) P
| T || < sup (Z ugb;’nk> w v
B(nr))
j

<n<a~1(
np<n<a j=ny, —a(n)

1 7
7 [ Bln) P
§ : } : p P
+ su;l) ( U ) A, 5V; .

nESnsa J=ng j=a(n)

Hence

~|

@ [ B p
iup | T%|| < sup sup (Z ugbjnk> Z wy U

k=1 ng<n<a~L(B(n) \ /e
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7 [ B P
+ sup sup (Z u? ) Z Ay, V5"

k21 np<n<a~1(B(n Jj=ng j=a(n)

n % B(m) P
< sup sup (E u?bgm> 5 wf v
m .
‘]:

m2>1m<n<a—1(B(m)) Jj=a(n)

Q=
isy
~
3
=
B

+ sup sup (Z ul ) af,;jv;p' =F + F,. (2.14)

m21m<n<a~1(B(m

Now we estimate || Sk||, £ € N. The value ||Sk|| is the best constant in the following inequality

1
n'k 5(n) @ () z
Soub | > anifi <ISell [ Do | vf=o.
n=ng i=B(ng) i=p(ng)

Here after replacing i = 3(j) we have

Q
B =

n, n q i nj,
Zui(Zén,jfj> <ISell | > v,

n=ng Jj=ng J=ng

where fJ 186 = vg(;) and ap, j 1= ay g(;). From (1.2) we have a, ; = by, ;wi+am,; when1 <m <n
and a(n) <i § ﬁ( ). Then a,, ; = by m@; + @, ; for n > m > j, satisfies the assumption 1.1 in [11].
Then by Theorem 2.1 in [11] we have that

1 1
! m / / i n;C %
~ ~P =P q
ISkl = sup E bl pult E 20, + sup E ul E - ]
<m<n), <m<n), ’
NESMINE \ p=m j=np NESMINE \ n=m j=ng
Making replacement (j) = i and using (2.8) we obtain
1 1
¢ [ B(m) 7
E : P, -
||S]€|| < sup , bnm Unp Wi Yy
PRSI \n=m i=a(n})
1 1
" @ [ B(m) ?
q PP
+ sup / E U, E Ay V5
and )
q o’
supHSkH < sup sup E bl ud E wh v
k21 np<m<ng \ ,—- i=a(n})
1
% @ [ B(m) v
q P
+sup sup E Uy, E iy V5

>1 ! .
k* nkgmgnk n=m z:a(n;ﬂ)
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Hence using that m < n} < o™ (8(m)) we have

e B(m) v
Sup | Sifl <sup  sup Z b > Wl
m>1m<n) <a~1(B(m)) i—a(n!)
k

1

nj, a B(m) v
+ sup sup Z uld Z ap, Vi ©

m21lm<ng <a~1(B(m)) \ = i=a(n},)

.U\

o [ 8em)
< sup sup (Z bl u n) Wl P

m>1m<s<a~1(B(m))

a [ B0m) »
+ sup sup (Z uq> Z aﬁ;yiv;p/ < F) + F. (2.15)

m>1m<s<a~1(B(m
From (2.9), (2.14) and (2.15) it follows that ||A|| < Fy + F> = F < 400 O
Now we state our compactness result for operator (1.1) from ,, to I .

Theorem 2.2. Let 1 < p < g < oo and the elements of the matriz (any) satisfy condition (1.2).
Then operator (1.1) is compact from 1, to l,., if and only if

Tim (Fy)m =0, (2.16)
lim (Fp)m =0, (2.17)

where

Q=

=

&
Q|

1
(F1)m = sup (Z uq> ap vl |

m<s<a—1(8(m))

Qe

s o B
(Fy)m = sup (Z ulp? m> Z wh v’

m<s<a~1(8(m)) \ oo

Proof. Necessity. Let operator (1.2) be compact. For all m,s € N:m < s < a”'(8(m)) we define

the following sequence: § = {gx}32, : Gr = #, where

i {am‘;vk"’ . als) <k < B(m),
0, k> pB(m), k<a(s).

It is obvious that [|g|] = 1. Since operator (1.2) is compact from [,, to [, ., it yelds that the set
{uAgp, ||¢|lp» = 1} is precompact in [,. Therefore by using the criterion of precompactness of sets in
l, |7] we conclude that

lim  sup (Z u%(Agp)?Z) q = 0. (2.18)

T ellpv=1 \ 5
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Using (1.5) we have that

1

” imp:1 (i uZ(A@)Z) q > (i uZ(Ag),(i)

n=m n=m

Q=

1
- & q 1< i ap ah v A%
= (2w 2 awd | | 2o 2w Z n
n=m k:a(n) n=m k= as ”f”pv
1
(s N[ N
HORIN B or
n=m k=a(s)

forallm,s e N:1<m < s <a'(B(m)).
Hence

1 1 1
o0 q B(m) 2
sup (Z UZ(ASO)Z) > sup (Z uq> ST | = (Fwe (219)
lellpo=1 \ = m<s<a—1(B(m)) ’

k=a(s)
From (2.18) and (2.19) (2.16) follows.

To prove (2.17) for all 1 < m < s < a~(B(m)) we introduce the following sequence g = {gx }3°,
G = > Where

Using (1.6) in (2.18) we get that

n=m

1
o A o B(n) 7\ «
sup (Z U%(A90)2> > > g U kG
lellp,u=1 —

1
L& B(m) 7. 7\ «
Z Y 'LL% bn mWk =

e
7 [ Bm) v
(Z bn m n) Z wk; Uk
k=a(s)

for all 1 <m < s < a '((m)). Hence

1 1 1
00 q S a ?
sup Z ul (Ap)t ] > sup Z b ul Z Lo | = (F)me (2:20)
lellpo=1 \ = m<s<a~!(B(m))

n=m k=a(s)
From (2.18) and (2.20) (2.17) follows.

Sufficiency. Assume that (2.16) and (2.17) hold. Then by Theorem 2.1 operator (1.1) is bounded

from 1,, to l,,. Therefore, the set {uAf,| f|l,., < 1} is bounded in [,. Let us show that this set is
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precompact in /,. By the criterion of precompactness of sets in [, the bounded set {vAf, || f|lp. < 1}

is compact in [, if

"7 fllpo <1

lim sup (Zu%|(Af)n|q> = 0.

Then by Theorem 2.1 we have that

sup (Zu|Af >q<<F(7"),

[ £llp,0<1

where F(r) = Fy(r) + Fy(r),

Q|-

s q B(m) v
i (Z ui) > a Pt | = sup(F)m
)

m>r m<s<a~l(B(m)) \

Fy(r) = sup sup (Z uZLb‘TILm) Z wk vk = sup(Fy)m

m2r m<s<a~1(B8(m)) m>r

k=a(s)

From (2.16), (2.17), (2.23) and (2.24) we obtain that

lim Fy(r) = lim sup(F}),, = lim (), = lim (), = 0,

r—00 r—00 ’H’LZT‘ r—00 T—00

lim Fy(r) = lim sup(Fy), = lim (F), = lim (F), = 0.

T—00 T—00 mzr T—00 T—00

Hence, by using (2.22) we obtain (2.21).
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