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the chosen subspace). These results are used for deriving criteria for almost periodicity at infinity of
bounded solutions to differential equations with unbounded operator coefficients. In addition, for the
new class of asymptotically finite-dimensional operator semigroups we prove the almost periodicity
at infinity of their orbits.
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1 Introduction

Many authors studied the problem of almost periodicity of bounded functions on the real axis R =
(—o0,+00) and semi-axis R = [0, 00) presenting solutions to differential and functional equations
(see [1-10]). Omne of the first articles in this direction was written by Bochner and von Neumann [17].
They established the almost periodicity of bounded solutions to difference equations. In [24] Sobolev
obtained a criterion for almost periodicity of solutions to parabolic equations with a selfadjoint
operator on a Hilbert space.

In this article, a family is introduced of subspaces of vanishing at infinity (in certain senses)
functions belonging to homogeneous spaces. We give four equivalent definitions (see Theorem 5.1)
of functions almost periodic at infinity with respect to a chosen subspace of functions vanishing
at infinity. These functions are used in studying bounded solutions to differential equations with
unbounded operator coefficients.

While studying differential equations we use the method developed in [4, 5. Tt is based on showing
that the set of nonbelonging (see Definition 19) of a bounded solution to the differential equation

#(t) — Az(t) = ¥(t), t € R, (1.1)

is included in o(A) N (iR), with o(A) standing for the spectrum of an operator A, where A : D(A) C
X — X is a generator of a strongly continuous operator semigroup, X is a complex Banach space
and ¢ : R — X is a continuous almost periodic function. This method has become the most common
for studying the almost periodicity of bounded solutions to differential equations (see also [1, 3, 22|).
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As in [5, 6], the derivation of the criterion of almost periodicity at infinity of bounded solutions
to (1.1) with the function ¢ almost periodic at infinity (with respect to a subspace) is based on the
description of the Beurling spectrum of a bounded solution to this equation (Theorem 4.1) and a
criterion for almost periodicity of a vector (Theorem 4.1). The main result of this article appears
in Theorems 6.3 and 6.4: we obtain a sufficient condition for almost periodicity at infinity of a mild
solution to (1.1) with the function ¢ almost periodic at infinity with respect to some subspace of
functions vanishing at infinity.

Section 7 introduces the new class of asymptotically finite-dimensional operator semigroups. We
establish a theorem on the almost periodicity at infinity of the orbits of the operator semigroup under
consideration.

2 Homogeneous function spaces

Let X be a complex Banach space, End X be a Banach algebra of bounded linear operators on
X. Let J be either R, = [0,00) or R = (—o00,00). By L}, .(J, X) we denote the space of Bochner
measurable locally integrable on J (classes of) functions with values in X. By S?(J, X), p € [1, c0),
we denote the Stepanov space of functions [21] x € L}, (J, X') with the norm

1/p

|M%r—wpu/Ws+tFﬁ pell o).

The Stepanov function spaces play an important role when studying differential equations in
Banach spaces (see [9]). By Cy(J, X) we denote the space of bounded continuous functions with the
norm ||/ = sufl) lx(t)]|x, z € Cpo(J, X).

te

In the case X = C we omit "X’ in designations of the spaces mentioned above. For example,

Co(R) = C4(R, C).

Definition 1. A Banach space Z (R, X) of functions defined on R, with values in X is called
homogeneous, if the following conditions are satisfied:

(a) the space .Z# (R, X) is injectively (that means injectivity of the inclusion operator) and continu-
ously embedded in S'(R, X);

(b) the group of shift operators S(t) for t € R, where

(S(t)x)(s) =xz(s+1), s,t eR, x € F(R,X), (2.1)

is defined and bounded on .# (R, X);
(c) for any f € L}(R) and z € # (R, X) their convolution defined by

(f + 2)(t /f t—TdT_/j )()dr, t € R, (2.2)

belongs to .# (R, X) and satisfies the inequality || f * x| < C||f||||z] for some C' > 1 independent of
x and f (usually, C' = 1);

(d) the inclusion px € Z (R, X) holds for any = € . (R, X) and any infinitely differentiable function
¢ € Cy(R) which has a compact support supp ¢; in addition, the inequality ||pz|| < [|¢||||x] holds
and the mapping ¢t — pS(t)z : R — F (R, X) is continuous.

By % (R, X) we denote the least closed subspace of .Z (R, X) containing all functions pz, = €
F (R, X), where ¢ € Cy(R, X) is infinitely differentiable and supp ¢ is a compact set.
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Definition 2. A Banach space .#(R,, X) of functions from S'(R,, X) is called homogeneous, if
there exists a homogeneous space .Z (R, X) associated with the space % (R, , X) such that for any
function « € # (R4, X) there is an extension y € . (R, X) with the following properties:
1) y(t) = x(t) for all t € Ry;

2) |lyl| < CJlz||, where C > 0 is independent of x and y;

) Y € Jo(R_ X),

4) St)r e F(Ry,X) forallt € Ry and x € F(R,, X);

5) for any other extension z € .# (R, X) possessing properties 1)-4) the condition y—z € (R, X)
holds.

Further in this article we denote a homogeneous space by Z (J, X), while in case X = C we use
the notation .#(J) (see [26]).

Definition 3. A closed subspace of % (J, X) defined as {z € #(J,X) : the function ¢t — S(t)x
J— Z(J, X) is continuous} is denoted by Z.(J, X).

For example, (L*(J, X)). = {x € LP(J, X) : function ¢t — S(t)x : J — LP(J, X) is continuous}.

Example 1. The following Banach spaces of functions defined on J and with values in a Banach
space X are homogeneous. All of them are linear subspaces of L, .(J, X).

1. The spaces L? = LP(J,X), p € [1,00), of Lebesgue measurable and integrable with power
1/p

p € [1,00) (classes of) functions with the norm |z|, = fo |5 dt , D € [1,00). It
should be noted that (LP(J, X)), = L(J, X), (L (J, X))o = LP(J,X).

2. The space L™ = L*(J, X) of essentially bounded (classes of) functions with the norm ||z||s =
Sug)ex&raiﬂm(t)ﬂx. Note that (L*(J, X)), = Cpu(J, X).

3. The Stepanov spaces SP = SP(J, X), p € [1,00).

4. The Wiener amalgam spaces (L?,19) = (LP(J, X),1%(J, X)), p € [1,00), ¢ € [1, 0], (see [9]) of
functions in L}, (J, X) with the norm ||z|,, = (,CZZ (fol ‘|Q;(s+k)|]1?d3>‘1/p> 1/q o pg e

=

[1,00). These spaces are homogeneous with respect to the following equivalent norm:

a/p\ /4
o (3 / lols e+ BIPds) ) <00, pa e fLoc)
t€[0,1] kel

5. The space C, = Cy(J, X) of bounded continuous functions. Note that Cy(J, X) is a closed
subspace of L>(J, X) and (Cy(J, X)) = Cou(J, X), (Co(J, X))o = Co(J, X).

6. The subspace Cp,, = Cp(J,X) of Cy(J,X) of uniformly continuous func-
tions belonging to C,. It should be mnoted that (Cbu(J,X))e = GCpu(J,X),
(Cou(d, X))o = Co(J, X).

7. The subspace Cy = Cy(J, X) of Cp (I, X) of continuous vanishing at infinity functions. These
functions satisfy the condition ‘l|im lx(t)]| =0, tel].
t|—o00
8. The subspace Cy 0 = Cy00(J, X) of Cp (I, X) of continuous slowly varying at infinity func-
tions. These functions satisfy the condition |l‘im |lz(t+7) —x(t)|| =0, t,7 €T (see [15, 27]).
t|—o0
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9. The subspace C, = CoooJ,X) of Cpu(J,X) of continuous w-periodic
at infinity functions, w € R,. These functions satisfy the condition
hm |z(t +w) —x(t)|| =0, t € J (see [15, 27]).

[t]—

10. The subspace AP, = APy (J, X) of Cp.(J, X) of continuous almost periodic at infinity func-
tions (see [9, 10]).

11. The subspaces C* = C*(J,X), k € N, of k times continuously differentiable functions with
bounded k-th derivative and the norm |||/ = [|#]o + [[2® |00

12. The Hélder spaces CH* = C*(J, X), k €e NU {0}, a € (0, 1],

) (£) — )
Ok — {I e oLl ||$(k)HCO,a — sup |$ ( ) x (S)| < OO},
t#se] |t - S|a

lzllore = llzllor + Iz [|co.

13. The subspace V = V(J, X) of functions from L*>(J, X) with bounded variation ||z|yv =
sup V" (z) + sup ||z|| x which is used as a norm.
teJ teJ

Definition 1 implies that each of the homogeneous spaces F (R, X') mentioned above is endowed
with the structure of a Banach L'(R)-module by using convolution (2.2), where S is a group of shifts
defined by (2.1). Thus, there is an opportunity to use classic notions and results of the theory of
Banach L'(R)-modules given below. In particular, in this terminology the spaces F.(R, X) coincide
with the spaces of S-continuous vectors (see Definition 16).

3 Almost periodic at infinity functions

Let .7 (J, X) be a homogeneous space of functions that satisfies Definition 1 for J = R and Definition 2
for J = R,. In the Banach space .#(J, X) we consider the (semi-) group S : J — End.Z#(J, X) of
shift operators (S(t)z)(7) = x(t +7) for t,7 € J.

Definition 4. A function z from % (], X) is called integrally vanishing at infinity, if the following
condition holds:

lim —sup/||xt+s || ds = 0.

The set of functions from .Z(J,X) integrally vanishing at infinity is denoted by
<gZO,imf = fo,mt(«]L X)
Definition 4 directly implies that % ;n+(J, X) is a closed subspace of .7 (J, X).

Definition 5. By %0 = Znia(J, X) we denote a closed subspace of .Z(J, X) with the following
properties:

1) S(t)x € Fpiq for every t € J and © € F,,,4;

2) Zo C Fmia C Foint

3) exxt € Fpnuq for every A € R, where ey (t) = e for t € R.

The spaces of this kind are called the subspaces of Z ([, X) of functions vanishing at infinity.
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In particular, such subspaces include the set of closed subspaces %, for p € [1,00) of a homoge-
neous space .# (J, X) defined by

Fo, = Fop(J,X) = {z € Z(J,X) : lim —sup/ (s + £)||7 ds = 0}.

Note that %1 (J, X) = Fo.imt(J, X).

Definition 6. A function z € Z.(J, X) is called slowly varying at infinity with respect to the subspace
Fmia(J, X) if and only if the condition (S(a)x — x) € Fnu(J, X) is fulfilled for every a € J.

Note that in articles [9, 10, 11, 12] slowly varying at infinity with respect to the subspace Cy(R, X)
functions are defined and their properties are studied. Slowly varying and periodic at infinity (with
respect to .%,(R, X)) functions in .# (R, X) were studied in [26]). Particularly, in [11] it was estab-
lished that the solutions of the heat equation are slowly varying at infinity (with respect to time and
the subspace Cy(R, X)).

By (% mid)si.o We denote the set of functions in .# (J, X) slowly varying at infinity with respect
to the subspace Z,,:4(J, X).

Definition 6 directly implies that the space (Fmia)sico C Z (I, X) of functions slowly varying at
infinity with respect to the subspace .%,,;4(J, X) is a closed subspace of . (J, X).

Here are some examples of functions from (Cp)si.00(d) = (Co)st,00(d, C) slowly varying at infinity:

1) z1(t) = sinln(1 + |t]), t € J;

2) z2(t) = ¢+ xo(t) for t € J, where ¢ € C and z € Cy(J);
3) x3(t) = arctg t, t € J;
)

4) any continuously differentiable function = € Cy(J) with the property
lim #(t) = 0.
[t| =00

Let us state four definitions of functions from % (J, X') almost periodic at infinity with respect to
the subspace %,,;4(J, X) of vanishing at infinity functions from .#(J, X). After that we are going to
prove them to be equivalent.

To start with, let us introduce a definition of continuous almost periodic at infinity function
(see [10, 16]), which is based on the notion of e-periodicity at infinity.

Definition 7. Assume that € > 0. A number w > 0 is called an e-period at infinity of x € Cy(J, X)

if there exists a number a(¢) > 0 such that sup ||z(t +w) — z(t)]| < e.
lt|=a(e)

The set of e-periods at infinity of x € Cy(J, X) is denoted by Q. (g, z).

Definition 8. A subset Q of J is called relatively dense in J whenever there exists [ > 0 with
[t,t + 1] NQ # @ for every t € J.

Definition 9. A function z € Cy(J, X) is called almost periodic at infinity whenever for every € > 0
the set Q4 (e, x) of its e-periods at infinity is relatively dense in J.

Definitions 7 and 9 imply that every function z € Cy(J, X) almost periodic in Bohr’s sense
(see [7, 21]) is almost periodic at infinity.

The set of classical almost periodic functions is denoted by AP(J, X). The set of continuous
almost periodic at infinity functions is denoted by AP, (J, X). These functions were considered in
(see [9, 10, 16]).
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Definition 10. Assume that € > 0. A number w > 0 is called an e-period at infinity of x € F(J, X)
with respect to the subspace Fpq(J, X) whenever there exists a function xy € %,,,4(J, X) such that
|S(w)x —x — x| < €.

The set of e-periods at infinity of = € .Z (J, X') with respect to the subspace .Z#,,;4(J, X) is denoted
by Qoo (T; Fimid; €)-
Definition 11. A function z from .Z.(J, X) is called almost periodic at infinity with respect to the
subspace Fiqa(J, X) whenever for any € > 0 the set Q. (x; Fnia; €) of its e-periods at infinity (with
respect to F,qa(J, X)) is relatively dense in J.

Definitions 10 and 11 imply that every function z € Cy(J, X) almost periodic in Bohr’s sense
(see [7, 21]) is almost periodic at infinity with respect to every subspace (Cj)mia of vanishing at
infinity functions from Cy(J, X).

The set of functions from .# (J, X') almost periodic at infinity with respect to .%,,;4(J, X ) is denoted
by AP (I, X; Zmia). Definition 6 directly implies that Q. (x; Fnig;€) = J for all © € (Fnia) si0o
and € > 0, hence, v € AP .#(J, X; Zia). Consequently, (Fia)sico C AP Z (I, X5 Frnia)-
Definition 12. A set M C % (J, X) is called precompact at infinity with respect to the subspace
Fmia(J, X) whenever for any € > 0 there exist finitely many functions by,...,by € M called an

e-net at infinity such that for every x € M there exist a function by, k € {1,..., N}, and a function
e € Fia(J, X) such that ||z — b, — a.|| < e.

Definition 13. A function z € Z.(J, X) is called almost periodic at infinity with respect to the
subspace Fpmia(J, X) whenever the set of shifts S(t)x of x for t € J is precompact at infinity with
respect to Fia(J, X).

For .#(J,X) = Cpu(J, X) Definition 13 corresponds to Bochner’s criterion (see [21]) of almost
periodicity.
Observe that the functions of the form

N
'I.(t) = Zxk<t>€i)\kt7 X1yeeey TN € (ymid)sl,ooa )\17 cee 7)\N € R7
k=1

called generalized trigonometric polynomials, are almost periodic at infinity with respect to
Fmia(J, X) in the sense of Definition 13.

Definition 14. A function = € .Z.(J, X) is called almost periodic at infinity with respect to the

subspace Fpia(J, X) whenever given ¢ > 0 we can indicate a finite collection Aj,..., Ay of real
N
numbers and functions z, ..., ry from (Fia)s.00 such that sup ||z(t) — > zx(t)e™]| < e.
tel k=1

Definition 15. A function = € .Z.(J, X) is called asymptotically almost periodic with respect to the
subspace Fpiqa(J, X) whenever x = 1 + zo with 2y € AP(J, X), o € Fpia(J, X).

The set AAP.Z(J, X; Fniq) of asymptotically almost periodic functions with respect to
Fmia(J, X) is a closed subspace of .#(J, X). Moreover,
AAPZ (J, X; Zia) = AP(J, X) ® Frnia(J, X).
Thus, the strict inclusions
AP(J,X) C AAPF (], X; Frmia) C AP F (1, X; Fnia)

hold.

It should be noted that for # = Cy(R,, X) the space AAP.Z (R, X; Cy) was considered in [22].
It was denoted by AAP(R, X) there.

The fourth definition of a function almost periodic at infinity with respect to Z,,;4(J, X) is given
after introducing some definitions and results of the spectral theory of Banach L'(R)-modules.
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4 Almost periodic vectors from Banach L!(R)-modules

Let 2" be a complex Banach space and End 2" be a Banach algebra of linear operators on 2. By
L'(R) we denote the algebra of complex Lebegue’s measurable (classes of) functions summable on
R with the convolution as multiplication:

(F+)0) = [ £t-9)9(s)ds, te R, g € L®)

We endow 2~ with the structure of a nondegenerate Banach L'(R)-module (see [5, 7, 8, 13, 20])
associated with some bounded isometric representation 7" : R — End 2 . This means that the
following properties hold.

Assumption 1. A Banach L'(R)-module 2" satisfies the conditions below:

1) if fx = 0 for every function f € L'(R) then the vector v € Z is null (a nondegeneracy
property of Z°);

2) for every f € LY(R) and x € 2 the following equations hold true:

T()(fz) = (T(t)f)x = f(T(t)z) for t € R,
which means that the module structure on Z is associated with the representation T : R — End 2.

fT:R— End % is a strongly continuous isometric representation then the formula

T(f)z = fo - /f(t)T(—t)xdt, FEI'R), s 2,

endows 2~ with the structure of a Banach L'(R)-module satisfying the conditions of Assumption 1.
This structure is associated with the representation 7'

Remark 1. With every nondegenerate Banach L'(R)-module 2 we associate a unique represen-
tation T : R — End Z (see [13]). In order to emphasise that sometimes we use the notation
(Z,T).

Definition 16. A vector from a Banach L'(R)-module (2", T) is called continuous (with respect to
the representation T') or T-continuous if a function ¢, : R — 2" defined by ¢, (t) = T'(t)z for t € R
is continuous at ¢t = 0 (hence, it is continuous on R).

A set of all continuous vectors from a Banach L!'(R)-module .2~ denoted by 2. or (2°,T). is
a closed submodule in 27, i.e., Z. is a closed linear subspace in 2" invariant under shift operators
T(f), T(t) for f € L*(R) and ¢t € R.

Every homogeneous space % (R, X) is endowed with the structure of a Banach L'(R)-module
using the convolution (2.2), where S : R — End .# (R, X) is the group of shifts defined by (2.1).
However, formula (2.2) does not define the structure of L'(R)-module for .%# (R, , X). Nevertheless,
the quotient space Z (R, X)/Znia(R,, X) is endowed with the structure of a Banach L' (R)-module.

In what follows we use some definitions and results of the spectral theory of Banach modules
(see [2, 4, 5, 6, 7, 8, 14]) which stem from Domar [18] and Reiter [23].

Given a function f from L'(R), the Fourier transform 7R = C is defined as

FO = [ f(e™tdt, A eR.
/
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Definition 17. By the Beurling spectrum of a vector x € 2~ we call the set of numbers A(x) in R
defined by

A(z) = {X €R: fa # 0 for every function f € L'(R) with ]?()\0) # 0}.

The definition implies that A(z) = R\{uy € R : there exists a function f € L'(R) such that

~

F(s0) # 0 and fa = 0}.
The Beurling spectrum of vectors in a Banach L'(R)-module 2" has the properties listed below.

Lemma 4.1. For every x € 2" and f € LY(R) the following properties hold true:
1) the set A(x) is closed and A(x) =0 if and only if x =0 ;

~

2) A(fz) € (supp ) UA(); i
3) fx =0 when (supp f)(A(z) = 0 and fx = x if the set A(z) is compact and f = 1 in its
neighbourhood;
4) the set A(x) is a singleton ((A(x) = {\o})) if and only if x # 0 and T(t)x = ez for t € R.

Remark 2. As we indicated above, a homogeneous space F (R, X) is a Banach L*(R)-module. If a
function x € F (R, X) has the property A(z) = {\o} then it can be represented as x(t) = xoe™ for
t € R, where xg € X.

Further in this paper we use the following concept of an almost periodic vector in a Banach space
2 (see |5, 6, 7, 8]) with a strongly continuous isometric representation 7' : R — End 2 .

Definition 18. A vector xy € 2" is called almost periodic (with respect to a representation T') if
one of the following conditions is met:

1) for every € > 0 the set Q(zg,¢) = {w € R ||T(w)xo — zo|| < €} of e-periods of the vector zg is
relatively dense in R;

2) the orbit {T'(t)zo, t € R} of zg is precompact in 2;

3) t — p(t) = T(t)xo, t € R, is a continuous almost periodic function, i.e., ¢ € AP(R, X)
(see [21]);

4) for any € > 0 there are eigenvalues \;,..., Ay and associated eigenvectors x1,...,zy of the

N
representation T, i.e., T'(t)zy = etz for t € R and k= 1,..., N such that ||zg — > ol < e.
k=1

The set AP(Z) = AP(Z,T) of almost periodic vectors (with re-
spect to the representation 7T) is a closed submodule of 2. Observe that
AP(Cyu(R, X),S) = AP(R, X) and AP(Z") C Z..

If 2y is a closed submodule of 2" invariant under operators T'(t), t € R, then the quotient space
2| 2y is also a Banach L'(R)-module whose structure for all f € L*(R) and equivalence classes
T =ux+ 2y, v € Z,is defined as fr = for+ Zy = fA’; This structure is associated with the
representation

—_——

T:R— End 2| %, TO)F =Ttz =Ttz + 2, 1€ X

Definition 19. For any vector x € £  the Beurling spectrum A(Z) of the equivalence class T =
x4+ Zp is called a set of nonbelonging of x in the submodule 2, and denoted by A(z, Zp). the set
A(z, AP(Z")) is called a set of nonalmost periodicity of x.

The following statement established in [5] is important for further.

Theorem 4.1. If the set A(x) for v € X lacks limit points on R then x € AP(Z").
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Theorem 4.2. Assume that the set AN(x, AP(Z")) for x € Z is no-more-than countable. In this
case x is almost periodic whenever every limit point of A(xz, AP(Z")) is ergodic for x. In particular,
if the set A(z, AP(Z")) lacks limit points then x € AP(Z").

Theorem 4.2 was established in [4]. It can also be found in [2, 21].

Let us recall that the notation .%,,;,s = Fq(J, X ) stands for the subspace of .7 (J, X) of functions
vanishing at infinity, where %y C Znia C %o.int- The definitions of the subspaces .%#,,,4(R, X) and
(Fmid)si,co Imply that they are closed subspaces of .# (J, X) invariant under shift operators. Thus,
they are closed submodules of .7 (R, X).

By 2°(J), J € {R;,R}, we denote the quotient space .# (I, X)/Zmia(J, X), which is a Banach
space under the norm [|Z[| = inf ||y, where ¥ = x + F4(J, X) is the equivalence class con-

mid
taining the function z € % (J, X). The Banach space 2" (J) is a Banach algebra with multiplication
rule defined by 7y = zy, 7,y € 2 (J).

On Z'(R) we define the strongly continuous group of isometries S:R > EndZ (R) by the

formula

ST = S(t)z, € F(R,X), t € R.

The quotient space 2 (R) is endowed with the structure of a Banach L' (R)-module using the formula
fi=fx*x fel'(R), re (R, X).

Remark 3. Assume that J = R,. Fach function x € .7 (R, X) can be extended to the function y on
R so that y satisfied all 5 conditions of Definition 2. Note that the equivalence class T € Z (R) does
not depend on the certain extension and, consequently, the Banach space Z (R.) is isometrically
embedded in 2 (R) as a closed submodule. In this case the group S is correctly defined on 2 (R.)
and the space 2 (R.) is endowed with the structure of a Banach L'(R)-module as well.

5 Criteria of almost periodicity at infinity

Now let us give the fourth definition of function from .% (J, X) almost periodic at infinity with respect
to the subspace Z,ia(J, X).

Definition 20. A function x from Z.(J, X) is called almost periodic at infinity with respect to
the subspace Fpiq(J, X) of functions from .#(J, X) vanishing at infinity whenever the equivalence
class T = x + Fa(J, X) is an almost periodic vector from 27 (J) with respect to the isometric
representation S : R — End 2 (J).

The functions in C;,(J, X) almost periodic at infinity (with respect to the subspace Cy(J, X))
appeared for the first time in [9, 10]. In those papers the definition similar to Definition 20 was
used. The main results of those papers deal with the asymptotic behaviour of bounded operator
semigroups.

On the Banach space AP(Z") = AP(Z,T) of almost periodic vectors there exists a unique linear
operator J € End AP(Z") with the properties:

7] = 1

2) J(T(t)x)=JxforteJand z € 2.

For every vector x from AP(Z") let us consider a function g : R - AP(Z), 25(\) = J(Thx),
where Ty (t) = T(t)e~™ for t € R. This function is called the Bohr transform of the vector z. Its
support supp Tp is at most countable set, i.e., suppZp = {1, \a, ... }, and

T(t)w, = Moy, t €R, k> 1,
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where zy, k > 1, are eigenvectors of the representation 7" (they are also eigenvectors of the generator
iA of the operator group T, i.e., iAxy = i\gzg, k > 1). Moreover, A(zy) = {A\x} for k > 1. The set
Ap(x) = {\1, A, ...} is called the Bohr spectrum of the vector x € AP(Z").

The series
T~ Z T (5.1)

is called the Fourier series of the vector z € AP(% ). Note that if the series converges then

r= ) T

k>1

Lemma 5.1. Given a function f from L*(R) and an almost periodic vector x € AP(Z",T) with the
Fourier series of form (5.1), the vector fx is almost periodic with the Fourier series of the form

fr > Fw)m

k>1

The following lemma uses the bounded approximative identity (b.a.i.) (f,), n > 1, in L*(R)
constructed below (see [5, 6, 7, 8]).

Let us consider a function f, in the space Ll(R) of Fourier transforms of functions in Ll(]R) (with
pointwise multiplication) with compact support supp fo on the interval [—1, 1] such that fo( )= 1.
Then the sequence (f,), n > 1, of functions of the form

fut) =nfo(nt), t € R, (5.2)

is a bounded approximation of the identity in L'(R). Let us note that || f,|| = || fol| for n > 1.
Lemma 5.1 implies the following

Lemma 5.2. Let x be an almost periodic vector from AP(Z ,T) with the Bohr spectrum Ap(z) =
{A1, A2, ...}, where (N\,), n > 1, satisfies the condition lim |\,| = co. In this case
n—oo

. : > Ak
Jim [l = foall = T flo— > fo(“)al)

|)\k\<n
where xy, k > 1, are taken from expansion into its Fourier series (5.1).

Theorem 5.1. All definitions of almost periodic at infinity functions from F (J, X) with respect to
the subspace Fmia(J, X) (Definitions 11, 13, 14, 20) are equivalent.

Proof. We assume J = R (the result for J = R, follows from Remark 3). Let us consider the
quotient space 2 (R) = .Z (R, X)/Fmia(R, X) and the group of isometries T = 5 : R — End 2 (R)
defined above. For this representation Definition 14 corresponds to property 4) of Definition 18.
Since all properties of Definition 18 are equivalent, it suffices to show that the first three properties
are equivalent to Definitions 11,13 and 20 respectively.

Given z € Z (R, X), take the equivalence class 7 in 2" (R), constructed from the function x. Then
for each € > 0 the set Qoo (x; Frnia; €) U (—Qoo (25 Fnia; €)) coincides with the set Q(Z, ) of e-periods
of . Hence, the corresponding definitions are equivalent.

The equivalence of Definition 13 and property 2) of Definition 18 follows directly from the defi-
nition of the quotient module 2" (R).

In order to verify the equivalence of the approximative Definition 14 and property 4) of Defini-
tion 18, it suffices to establish that the Beurling spectrum A(y) of the equivalence class y € 2 (R)
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with ¥ = y + P is a singleton (A(y) = {A\o}) if and only if we can represent y € .# (R, X) in the
form y(t) = yo(t)e™! for t € R, where yy € (Foid)st.co-

If A(y) = {Xo}, then §(t)?j = ey for every t € R (see property 4) of Lemma 4.1). Hence,
A(@o) = {0}, where yo(s) = y(s)e=™* for s € R. Therefore, S(t)jo = Jo for every ¢ € R. Thus,
S(t)yo — Yo € ymidGR; X) fOI‘ t e R, i.e., Yo € (gmid)sl,oo-

Conversely, if y(t) = yo(t)e™" for t € R, where yo € Fnia(R, X), then S(t)j = e™'7 for t € R
and so property 4) of Lemma 4.1 implies that A(y) = {\o} (see Remark 2). O

Observe that the closedness of the space AP, % (J, X; % nq) follows, for instance, from the ap-
proximative Definition 14.
Note the following inclusions:

tg;mzd(nﬂaX) C (ymid)sl,oo C APooﬁ(J,X,chmld),

AP(J,X) C AP F (1, X Foia).

In the results mentioned below by 2~ we denote the quotient space .#(J, X))/ Znia(J, X) and by
% — the quotient space .7 (J, X) /AP F (J, X; Finid)-

Theorem 5.2. If the set Ao (x, Finia) lacks limit points then x € AP(J, X; Zia)-

Proof. As we mentioned before, the quotient space 2" is a Banach L!(R)-module whose structure
is endowed by the representation S : R — End .2 mentioned above. Therefore, the set AZ) =
A (z) lacks limit points in R and, consequently, Theorem 4.1 implies that the equivalence class
T = x4+Fmia(J, X) is an almost periodic vector in AP(Z"), which means that x € AP.% (I, X; % nia)
(see Definition 20). O

Definition 21. The set A(z), where T = +.%,,4(J, X) with z € F (I, X) is called a spectrum of the
function x at infinity with respect to the subspace Fpiqg = Fmia(J, X) and denoted by Ao (x; Fnia)-
The set A(x, AP F(J, X; Znia)) = A@) for T = v + AP (I, X; Fnia) € ¥ is called a set of
nonalmost periodicity of x (see Definition 19).

Theorem 5.3. Assume that the set A(v, APs. 7 (J, X; Fnia)) for v € F.(J,X) is no more than
countable. In this case x is almost periodic at infinity with respect to the subspace F i = Fmia(J, X)
whenever every limit point of Az, APw% (I, X; Fmia)) is ergodic for the equivalence class T = x +
AP F (I, X; Finia)) from the factor-module % . In particular, if the set Az, AP F (I, X; Pnia))
lacks limit points then © € APy F (J, X; Znia)-

The proof of Theorem 5.3 follows directly from Theorem 4.2 by using the fact that the quotient
space % is endowed by the structure of a Banach L!(R)-module.

These results are of great importance in the derivation of spectral criteria for almost periodicity
at infinity of solutions to differential equations.

We also derived the following spectral criterion of asymptotic almost periodicity with respect to
the subspace Z,,;q4(J, X).

Theorem 5.4. A function v € AP 7 (I, X; %nia) is asymptotically almost periodic with respect
to the subspace Fpia(J,X) (ie., v € AAPZ(J, X; Fmia)) whenever every point of the spectrum
Ao (T Frnia) of the function x at infinity with respect to the subspace F,qa(J, X) is ergodic for x.

Proof. The necessity of the statement of the theorem follows from the fact that every point of the set
A () is egrodic for zy € AP(J, X; Znia) and zg € Fpia(J, X), where x = x1+x¢ (see Definition 15).
The sufficiency follows from Definition 20 and Theorem 4.2 by using Lemma 2 from [10]. O

An analogous result for uniformly continuous functions was obtained in [10].
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6 Almost periodic at infinity solutions to differential equations

In this section, as above, the notation %,y = Fnia(J, X) stands for the subspace of % (J, X) of
functions vanishing at infinity. Observe the inclusions %, (J, X) C Fpia(J, X) C Fo.mt(J, X) and
nonseparability of the Banach space (:Zi4)s1,00 0f functions slowly varying at infinity with respect
to Fmia(J, X) of functions vanishing at infinity.

Take the linear operator A : D(A) C X — X with domain D(A) which is a generator of a
strongly continuous operator semigroup U : R, — End X.

Consider the differential equation

() — Ax(t) = ¥(t), t € I, ¥ € F(J, X). (6.1)

Refer as a classical solution to differential equation (6.1) to a differentiable function = : J — X
such that z(t) € D(A) for every t € J satisfying (6.1) for all ¢ € J.
Let us state two definitions of a mild solution to (6.1) with ¢ € #(J, X).

Definition 22. A continuous function =z : J — X is called a mild solution to the differential
t

equation (6.1) whenever a function z : J — X of the form z(¢t) = [ z(s)ds for t € J has the following
0

properties:
1) z(t) € D(A) for every t € J;
t

2) x(t) — x(0) = Az(t) + [¢(s)ds for t € J.

Definition 23. A function = : J — X is called a mild solution to (6.1) whenever

t

ﬂﬂ_U@—QdQ+/U@—ﬂwﬂm- (6.2)

s

for all s,t € J such that s <t.

For continuous functions the equivalence of these definitions of a mild solution to (6.1) is proved
in [2, Chapter 3|.
In the Banach space .# = .% (R, X) consider the linear operator
d
L= p7ie A:DL)yc ZF(R, X) = Z(R,X).
Definition 24. A function x € .# (R, X) lies in the domain D(L) of the operator £ whenever there
exists a function ¢ € Z (R, X) such that equation (6.2) holds for all s < ¢ in R.

For x € D(L) put Lx = 1 provided that x and v satisty (6.2). For .# (R, X) = C,,(R, X) this
definition of the operator £ appeared for the first time in [4, 5] (see also [21, 9, 14]).

By S(f) : Z(R,X) — ZF(R, X) we denote the operator S(f)x = f * x of convolution of x €
Z (R, X) with f € L'(R). The following commutation theorem was established in [14].

Theorem 6.1. For every f from L*(R) and every x from D(L) the function S(f)x belongs to D(L)
and satisfies the condition LS(f)x = S(f)Lx.

Remark 4. Given ¢ € AP (Ry, X; Fia) every its extension @i on R satisfying the conditions
1)-5) of Definition 2 with the property tlim 1(t) = 0 lies in the space APy F (R, X; Fia). It
——00

follows from the inclusions Fo(J, X) C Fnia(J, X), £Qx(p,€) C Qoo(p1,€), where e > 0.



20 A.G. Baskakov, V.E. Strukov, LI. Strukova

The following result is of great importance for the derivation of a spectral criterion for almost
periodicity at infinity of mild solutions to differential equation (6.1).

Theorem 6.2. For every mild solution v € F (J, X) to differential equation (6.1) with ¢ € F(J, X)
we have

Ao, Fria) © (i720(A) NR) U Ao (¥, Frmia). (6.3)

Proof. To start with assume that J = R. Choose a number )y so that i)y lies outside A = (g(A) N
(iR)) U Ao (¥, Zpnia). Consider f in L'(R) such that f()\g) # 0 and supp f N A = (). Theorem 6.1
implies that f * x lies in the domain D(L) of the operator £ = —% + A and

L(fxx)=f*Lx=fx1. (6.4)

Inclusion (6.3) implies that the resolvent of A is defined in some neighbourhood iV C iR of i),
furthermore, Vo N Aso (¥, Fnia) = 0. Then from the definition of Ay (v, Frnia) it follows that the
function ¢y = f*1 belongs to the subspace %,,;5. Choose a number 6y > 0 so that [Ag—do; Ao+ o] C
Vo.

Consider an infinitely differentiable function @y : R — C such that pg(Ag) # 0 and supp @y C
[Ao — do; Ao + do]. It is the Fourier transform of some function ¢y € L'(R), while

F

(\) = PoR(iA, A), A € [Ao — do; Ao + dol,
0, A ¢ [)\0 — 50;)\0 + (50],

is the Fourier transform of a summable function F': R — End 2.
Equation (6.4) implies that

FxL(yxz)=goxx=Fxpxt)p € Fpia(R, X).

Since po(Ao) # 0 it follows that g lies outside the set Ay (z, Fniq). Thus, inclusion (6.3) is proved
for functions defined on R.

Now we assume that J = R, . Consider a continuously differentiable function ¢ : R — R with
the properties supp ¢ C [1,00) and ¢ = 1 on [2,00). By ¢x we denote the function equal to zero on
(—00,0] and the product of ¢ and = on R,. Then px € D(L) and L(px) = $x + p1b, where pi) is
regarded as the identical zero on R_. Since ¢z € %,,;4(R, X) and ¢ = 0 on (—o0, 0], we have

AOO(w7 ymid(R+7X)) = Aw(@d’a ymid(Ra X))v

Aoo<x7ymid(R+>X)) = Aoo

where Z,,,4(R, X) is the subspace of functions in %
Fmiad( Ry, X) to (—o0, 0] with the property tlim y1(t)
——00

—~

2 ymzd(RaX)%

x?
,X), which are extensions of functions in
for every extension y; of y. m

I

Theorem 6.3. Assume that a function ¢ in (6.1) belongs to AP (I, X; Fmia) and the set

lacks limit points on R. Then each bounded mild solution x to (6.1) is almost periodic at infinity
with respect t0 Fpia(J, X) (v € AP F (I, X5 Finia) )-

The statement of Theorem 6.3 immediately follows from Theorem 6.2 and the spectral criterion
of almost periodicity at infinity (Theorem 5.2).
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Theorem 6.4. Assume that a function ¥ in (6.1) belongs to Fmia = FmiaJ,X) and the set
o(A) N (iR) lacks limit points on iR. Then each bounded mild solution x to (6.1) belongs to
AP, ?(J X Finia) and for each e > 0 we can find numbers iy, ..., i\, € c(A)N(IR) and functions

L1y .oy T 0 (Fid)si,co SUch that

m

sup [[o(t) = Y wp(t)e™| <,

te] =1
furthermore, x(t) = > a1 (1), t € R, whenever o(A) N (iR) = {i\1,...,i\n} is a finite set.
k=1

Proof. Since z belongs to Z,,;4(J, X) we have Ay (v, #iq) = 0. Therefore,
Ao (2, Fnia) C (i o (A)) NR.

Suppose that Ao (2, Finia) = {A1, A2, ... } is a countable set. Then lim |\,| = co. Regarding the
n—oo
quotient space 2" = F(J, X)/Fmia(J, X) as a Banach L'(R)-module, the definition of A (%, Fnia)
directly implies that A(z, S) = {A1, A2, ... }. Theorem 5.2 yields that the equivalence class * € 2" is
an almost periodic vector in the L'(R)-module (27, S).

Lemma 5.2 implies that the bounded approximation of the identity (f,), n > 1, specified in (5.2)
satisfies the condition

)\k
nh_{go 17 — Z fo xk” =0. (6.5)
[Ak|<n

Since A(7x) = {\x}, it follows (see the proof of Theorem 5.1) that we can represent each function
zp as xp(t) = 2 (t)e™ for t € J, where 29 € (Fmia)sio and |A| < n. Therefore, (6.5) implies the
existence of some sequence (y,) in .%,,;4 such that

~ /\
lim sup ||z(t) Z YR ()e™ — ya (1)) = 0.

It remains to note that by property 3) of the subspace %4 (see Definition 5) we can represent
each function y,,, n > 1, in the form y,,(t) = 29 . (t)e”" for t € J, where |\y| < nand 29, € Frnig. [

Corollary 6.1. Consider a finite-dimensional Banach space X, an operator A in End X and a
function ¥ € Fpia(J, X). Then every bounded solution x : J — X to differential equation (6.1)
belongs to APy F (I, X; Fmia) and can be represented in the form

m

x(t) = Zxk(t)ewt, Ty € (Fmid)sioor t €,
k=1

provided that o(A) N (IR) = {i\y, ..., i\, }.

Thus, our results are of some interest even for systems of ordinary differential equations.

7 Asymptotically finite-dimensional operator semigroups

Let us consider a bounded strongly continuous operator semigroup 7' : R, — End X and a subspace
of vanishing at infinity functions .%#,,,s = Znia(R4, X) (see Definition 5.)
By Xo = Xo(T; Znia) we denote a closed subspace of X defined by

Xo(T; Fnia) = {xo € X : a function t — T(t)x : Ry — X belongs to Zia(Ry, X)}.
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Definition 25. The semigroup T is called asymptotically finite-dimensional with respect to the
subspace Zia(Ry, X), if the quotient space X/Xo(T; Fniq) is finite-dimensional.

Asymptotically finite-dimensional semigroups were defined and studied in [19, 25].

Theorem 7.1. Let T : Ry — End X be an asymptotic finite-dimensional semigroup of operators
with respect to the subspace Fpia(Ry, X) of vanishing at infinity functions. Then each function
t—Tt)r: Ry — X, x € X, can be represented as

m

T(t)r = wx(t)e™, t € Ry,

k=1
where Ty € (Fmid)sioos kb =1,...,m, and {i), ... i\, } C o(A) N (IR).

Proof. The subspace Xo = Xo(T'; % nq) is closed and invariant under 7'(t) for ¢ > 0. Therefore, the
quotient group of operators

—_——

T:R, — End 2, T(t) =T(t)z, T =z + X,

is well defined, where 2" = X/X,. The quotient space 2" is finite-dimensional, and therefore the
operators T(t) for t > 0 are invertible. The boundedness of the semigroup 7" implies the uniform
boundedness of the semigroup of inverse operators T(t) =T (t)~! for t < 0. Its generator A belongs
to End 2, while its spectrum o(A) = {iX1,...,i\n} C (iR) N o(A) is a finite set of cardinality m
not exceeding dim 2.

Since 7T is a bounded operator group acting in the finite-dimensional space 2, for any vector

x € X and the equivalence class T € 2 containing x there exist vectors xy,...,z, € X such that

T(t)F =Y Fpe™, t >0,
k=1
T(t) 7 = ™' a), t >0, 1 <k <m.

Consequently, the inclusion T'(t)x, — ez, € Xj holds for any ¢t > 0. Hence, the function
s+ T(t 4 )z — ey, - Ry — X belongs to Zpiqa(Ry, X) for all ¢ > 0.
Put z(s) = T(s)xy for s > 0 and k = 1,...,m. with x¢(s) = T'(s)x for s > 0 we infer that the

function zo(s) = z(s) — Y. zx(s)e?** for s > 0 belongs to Za(R, X). O
k=1

Acknowledgments

The research was supported by the Russian Foundation for Basic Research (project 19-01-00732 A).



1

2]

3]

4]

[5]

16]

7]

18]

191

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

Almost periodic at infinity solutions to differential equations 23

References

W. Arendt, C.J.K. Batty, Asymptotically almost periodic solutions of inhomogeneous Cauchy problems on the
half-line, Bull. London Math. Soc. 31 (1999), 291-304.

W. Arendt, C.J.K. Batty, M. Hieber, F. Neubrander, Vector-valued Laplace transforms and Cauchy problems,
Birkhduser Verlag, Monographs in Mathematics, Basel, 2011 (Monogr. Math.; vol. 96).

B. Basit, Harmonic analysis and asymptotic behavior of solutions to the abstract Cauchy problem, Semigroup
Forum 54 (1994), no. 1, 58-74.

A.G. Baskakov, Some problems of the theory of vector almost periodic functions, Diss. Kand. Fiz.-Mat. Nauk,
Voronezh, 1973 (in Russian).

A.G. Baskakov, Spectral tests for the almost periodicity of the solutions of functional equations, Matem. Zametki
24 (1978), no. 2, 195-206 (in Russian). English translation: Math. Notes, 24 (1978), no. 2, 606-612.

A.G. Baskakov, Harmonic analysis of cosine and exponential operator-valued functions, Matem. Sbornik 124
(1984), no. 1, 68-95 (in Russian). English translation in Math. of the USSR - Sbornik 52 (1985), no. 1, 63-90.

A.G. Baskakov, Representation theory for Banach algebras, Abelian groups, and semigroups in the spectral analy-
sis of linear operators, Contemporary mathematics. Fundamental directions 9 (2004), 3-151 (in Russian). English
translation in J. Math. Sci. 137 (2006), no. 4, 4885-5036.

A.G. Baskakov, Harmonic analysis in Banach modules and the spectral theory of linear operators, Publishing
house of Voronezh State University, Voronezh, 2016 (in Russian).

A.G. Baskakov, Analysis of linear differential equations by methods of the spectral theory of difference operators
and linear relations, Uspekhi Matem. Nauk 68 (2013), no. 1, 77-128 (in Russian). English translation: Russian
Math. Surveys 68 (2013), no. 1, 69-116.

A.G. Baskakov, Harmonic and spectral analysis of power bounded operators and bounded semigroups of operators
on Banach spaces, Matem. Zametki 97 (2015), no. 2, 174-190 (in Russian). English translation: Math. Notes 97
(2015), no. 2, 164-178.

A.G. Baskakov, N.S. Kaluzhina, Beurling theorem for functions with essential spectrum from homogeneous spaces
and stabilization of solutions of parabolic equations, Matem. Zametki 92 (2012), no. 5, 643-661 (in Russian).
English translation: Math. Notes 92 (2012), no. 5, 587-605.

A.G. Baskakov, N.S. Kaluzhina, D.M. Polyakov, Operator semigroups slowly varying at infinity, Izvestiya Vuzov
, Matematika 7 (2014), 3-14 (in Russian). English translation: Russian Math. (Iz. VUZ), 58 (2014), no. 7, 1-10.

A.G. Baskakov, I.A. Krishtal, Harmonic analysis of causal operators and their spectral properties, Izvestiya Vuzov
, Matematika 69 (2005), no. 3, 3-54 (in Russian). English translation: Izv. Math. 69 (2005), no. 3, 439-486.

A.G. Baskakov, I.A. Krishtal, Spectral analysis of abstract parabolic operators in homogeneous function spaces,
Mediterranean Journal of Mathematics 13 (2016), no. 5, 2443-2462.

A. Baskakov, 1. Strukova, Harmonic analysis of functions periodic at infinity, Furasian Math. J. 7 (2016), no. 4,
9-29.

A.G. Baskakov, L.I. Strukova, [.A. Trishina, Solutions almost periodic at infinity to differential equations with
unbounded operator coefficients, Sib. Matem. J. 59 (2018), no. 2, 293-308 (in Russian). English translation: Sib.
Math. J. 59 (2018), no. 2, 231-242.

S. Bochner, J.V. Neumann, Almost periodic functions in groups. II. Trans. Amer. Math. Soc. 37 (1935), no. 1,
21-50.

Y. Domar , Harmonic analysis based on certain commutative Banach algebras, Acta Math. 96 (1956), 1-66.

E.Yu. Emel’yanov, Non-spectral asymptotic analysis of one-parameter operator semigroups, Birkhduser Verlag,
Basel, 2007.



24 A.G. Baskakov, V.E. Strukov, L.I. Strukova

[20] E. Hewitt, K.A. Ross, Abstract harmonic analysis. Vol. II. Springer-Verlag, New York, 1994.

[21] B.M. Levitan, V.V. Zhikov, Almost-periodic functions and differential equations, Publishing House of Moscow
State University, Moscow, 1978 (in Russian).

[22] Yu. Lyubich, Q.Ph. Vu, Asymptotic stability of linear differential equations in Banach spaces, Studia Math. 88
(1988), no. 1, 37-42.

[23] H. Reiter, Classical harmonic analysis and locally compact groups, Clarendon Press, Oxford, 1968.

[24] S.L. Sobolev, On almost periodicity for solutions of a wave equation. I-III, Dokl. Akad. Nauk SSSR, I: 48 (1945),
no. 8, 570-573; II: 48 (1945), no. 9, 646-648; I1L: 49 (1945), no. 1, 12-15 (in Russian).

.V. Storozhuk, condition for asymptotic finite-dimenstonality of an operator semigroup, Sib. Matem. J.
25| K.V. S huk, A dition f ic finite-di ionality of ; Sib. M J. 52
(2011), no. 6, 1389-1393 (in Russian). English translation: Sib. Math. J. 52 (2011), no. 6, 1104-1107.

[26] V.E. Strukov, LI. Strukova, About slowly varying and periodic at infinity functions from homogeneous spaces
and harmonic distributions, News of Voronezh State University, ser. Fizika. Matematika 4 (2018), 195-205 (in
Russian).

[27] LI. Strukova, On Wiener’s theorem for functions periodic at infinity, Sib. Matem. J. 57 (2016), no. 1, 186-198
(in Russian). English translation: Sib. Math. J. 57 (2016), no. 1, 145-154.

Anatoly Grigorievich Baskakov

Department of Mathematics and Computer Science
North Ossetian State University after K.L. Khetagurov
44-46, Vatutina St

362025 North Ossetia - Alania, Vladikavkaz, Russia
E-mails: anatbaskakov@yandex.ru

Viktor Evgenievich Strukov, Irina Igorevna Strukova

Department of Applied Mathematics, Mechanics and Informatics

Voronezh State University

1 Universitetskaya Sq,

394036 Voronezh, Russia

E-mails: anatbaskakov@yandex.ru, sv.post.of.chaos@gmail.com, irina.k.post@yandex.ru

Received: 03.04.2019



