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1 Introduction

Let us consider in RV*! the domain @ defined by
Q={(z,t):2€Q,0<t<T}

where (0,7 is a finite interval, ; € C%! (here, C%! is a set of all bounded domains in RY whose
boundary can be locally described by functions belonging to C%*(A), where A € RY~! is a cube;
see [6]) and for every ¢,s € (0,7),t < s,

0+#QyCQ CQ CQp.

Let t € [0,7] and p > 1, let
Vi = Wy ()
be the Sobolev space and let V;* be its dual space. We denote by (-, -); the duality between V;* and

Vi, and (-, -); denotes the inner product in Ly(€;).
We will solve the parabolic variational inequality

u(t) € K, - (dz(tt) o u(t)) H(Au(t), v — u(t))

>(f(t),v—u(t)), for all vekK;

(1.1)

for t € (0,T), where K is a closed convex subset of the space V; N Ly(2;). The norm of the space
Vi N Ly(€Y) is defined by
I inza@o = - llve + 11 lzagn-

Moreover, let A be a nonlinear differential operator of order 2k (k € Z. ) of the form:

(Au)(x) = Y (=1)"0*(aa(z, b))

o<k
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for x € Qrp, where 6, u = {85u}|5|§k and

aﬁu(x) = dPlu(x)

B de . daly

B = (p,..., fn) is amultiindex, i.e., f; € NU{0},7=1,2,..., N, and | 5| = B1+...4+8n. The coefficients
{aa (-, 0k u)}iaj<k of the operator A and the function f are defined in Q7 and @, respectively. Together
with (1.1) we consider the initial condition

u(0) = 0. (1.2)

In the special case, when () is a cylinder, there are a number of works where even more generalized
versions of variational inequality (1.1) — (1.2) have been solved by the so-called Rothe’s method, see
e.g. [1], [5], [14] and [15]. The method of Rothe (also called the method of lines) was introduced by
E. Rothe in 1930. It has been developed and applied to numerical study, e.g. of parabolic equations
and the corresponding variational inequalities.

However, in the case when () is a noncylindrical domain the problem of type (1.1) — (1.2) is much
less studied. If K; = V; then the variational inequality is equivalent to the corresponding parabolic
boundary-value problem in noncylindrical domains which was probably first considered in [2]|. Later
on it was studied in [8] by the transformation method which requires sufficient smoothness of the
boundary of the domain () in . Problems of such type even more generalized versions were solved
in 3], [4], [9] and [10] by extended Rothe’s method introduced in [10]|. In this paper we show the
application of extended Rothe’s method to variational inequality (1.1) — (1.2).

The paper is organized as follows: in Section 2 we briefly present an idea of construction of the
extended Rothe method for parabolic variational inequalities. Further, in Section 3 we prove the
existence and uniqueness of solution of (1.1) — (1.2) (see Theorem 3.1). Finally, in the last section
we present further results (see Propositions 4.1 and 4.2) and comments related to the main result.

2 Rothe’s method for noncylindrical domains

In the proof of the main result (Theorem 3.1) we will see that the following assumptions ensure
the existence and uniqueness of the solution of problem (1.1) — (1.2) in the sense of Definition 1 below.

Assumptions. The coefficients of the operator A satisfy the following conditions:

(A1) The Carathéodory condition, i.e. aq(x;-) is continuous on R™ for a.e. x € Qp and a,(+;¢)
is measurable on Qp for every ¢ € R™, where m is the number of all multiindices of length
la| < k,ie,m=1+ N+ N?+ ..+ NE

(A2) The growth condition

laa(2;€)] < Co | galz) + Z €571 for a.e. x € Qp
1BI<k

for all £ € R™, where C,, is a given positive constant and g, is a given function in L, (Q2r), p’ =
p

p—1°
(A3) The monotonicity condition
Z [aa(x; &) — an(x;n)](€a — 1) >0 for ae. x € Qp
jal<h

and every £,n € R™, & #n.
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(A4) The coercivity condition

Z ao(7;€)E0 > o Z |€aP for ae. € Qp

loo| <k || <k
for every ¢ € R™ with a suitable constant ¢y > 0.
(A5) The symmetry condition a.s(z;€) = ago(x;€) for a.e. x € Qp and for all £ € R™.

(A6) The function f satisfies the following condition: there exists a function F' € C(I, Ly(27)) N
VI(I, Ly(927)) such that

F(z,t) = f(x,t) for all (x,t) €@

and we extend the function f to the set Qr x [0,7] as

_ )@t (@) €,
fla.t) = {o, Qr x [0,7]\ Q.

(A7) The sets K; (t € (0,T)) satisfy the following condition: if we denote by K; (¢ € [0,77]) the set
of all elements of K; extended by zero to the whole domain r, i.e.

K;={ue Ky, ut)

c K, ult —0 ae in I},
o ¢ U()QT\Qt a.e. in I}

then Ko ¢ K; C K, C K.

We apply the idea of Rothe in the following way.

We divide the interval I = [0,7] into n subintervals Iy, I, ..., I, (I; = [t;—1,t;], 7 = 1,2,...,n)
of length h = L. According to initial condition (1.2) we put zo(z) = 0, z € Qp, for t, = 0 and
successively for j = 1,2,...,n we define functions z;(z) as the solutions of the following variational
inequalities:

2.

2y — Zj)e, + (Azj,v — zj>tj

z € Ky, (h

(2.1)

2z
> (f; + JTl,v —z;), for all vekK,.

We obtain problems (2.1) if in (1.1) we replace the derivative 4% by the differential quotient 2—2=
in the points t = ¢; and put z;_; = 0on Q,; \ Qy,_,, j=1,2,...,n.

Inequality (2.1) can be rewritten in the form
z € Ky, (Apzj, v —zj)e, > (f; + %,v —zj)y, for all ve K, (2.2)

where (Apu,v); = (%,v); + (Au,v);. The operator A + 31 : Ky — (Vi Lao(%))" = Vi + Lo() is
bounded, continuous, strictly monotone and coercive. Hence, due to [6, Theorem 43.2| there exists
a unique solution z; € Ky, of (2.2), which implies (2.1).

We solve problem (2.2) in the following way: first we consider (2.2) for j = 1, which takes the
form

7 € Ky, (%,v —21)yy + (Az1, v —21)y, > (fi + Z—}S,v —2z) for all wve K,
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then we extend the obtained solution by 0:

2 (), x €y,
Zi(v) =
0, S QT \ Qtl

and we get z; € K.
Repeating the above procedure for j = 2,3, ...,n we get functions

Z1,%9, 0y Zn € KT.

Next we construct the function u,(x,t), called Rothe’s function, and defined on Q7 x I by putting

un,8) = 2 () + 2 (55(0) = 254 (2) (23)

fort e l;,7=1,2,...,n, and x € Q. Below we shall write z; instead of Z;.

In this way we get the sequence {u,(x,t)}>°, which is called Rothe’s sequence of approximate
solutions of problem (1.1) — (1.2).

In the next section we prove that this sequence in fact converges to the (unique) solution of our
problem.

3 Existence and uniqueness results

The notion of a solution of the problem introduced above will be given now. Let us first define the
following set:

KQ = {U < Lg([, VT N LQ(QT>), U(t) € Ft}
By the definition of K, it follows that the set K¢ is also a convex closed set in Lo(I, Vi N Ly(Q7)).

Definition 1. A function u is called a weak solution of problem (1.1) — (1.2) if the following conditions

are fulfilled:
1) ue KQ,

)
2) u € AC(I, L(Qr)),
3) ' € Ly(I, Ly(Qr)),
4) u(0) =
5) f0T<Au<t>, o() = () rdt + [y (u (1), o(t) = ult))rdt

> [T(f,0(t) —u(t)rdt  for all v € Kq.

Our main result in this section reads as follows.

Theorem 3.1. Assume that Assumptions A1-A7 hold. Then there exists exactly one solution of
problem (1.1) — (1.2) in the sense of Definition 1, i.e. exactly one function which is a weak (strong)
limit of the sequence of Rothe’s functions u,(t) in the space Lo(1, Vi N La(Qr)) (C(I, L2(Q2r1))).
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Proof. Uniqueness. Let u be a solution of problem (1.1) — (1.2). Let a € R be arbitrary and let
_Jw(t), 0<t<a,
v(t) = { u(t), a<t<T,

where w(t) € K, for t € (0,a). Putting this function into integral inequality 5) (of Definition 1) we
get that

/Oa(Au(t), w(t) —u(t))rdt + /Oa(u/(t),w(t) — u(t))rdt > /Oa(f(t),w(t) — u(t))rdt.

Assume that u; and uy are solutions of problem (1.1) — (1.2). Replacing u, w in the last inequality
for by uy, wus, respectively, and then u, w by us, u1, respectively, and adding the resulting inequalities
we obtain that

_ /0 *(Aun(t) — Auy(t), us(t) — 1wy (8))pdt — /0 "y (t) — v, (1), un(t) — ua (1) )relt > 0.

From this and from (A3) we get that

/Oa<u’2(t) — (1), us(t) — wr ())7dt < 0.

Taking into account that

“ 1 [*d
[0 = 0w = a0t = 5 [ S = a0
1 2 1 2 1 2
= 5 lluz(a) = w(a)lz,er) = 5llu2(0) = wi(0)Z,r) = Flluz(a) —wila)lz,qn),
we find that
luz(a) — ur(a)l|7,p) = 0.

Hence uy = uy, since a was arbitrary. The proof of the uniqueness is complete.

Existence. Let us consider the inequality

<AZj,’U — Zj>tj + (%

Choose v = z;_; in (3.1); by the properties of z; we can extend the integrals in (3.1) to the whole
domain Q7 and we have that

U —25)e; > (fj,0 —25)y, for allve K. (3.1)

Zi — Zi_
(Azj, 2 — zj—1)r + (]le

Adding the resulting inequalities in both sides from j = 1 to i we get that

2 — zj—)r < (f5, 2 — zj-1)T-

(2

1 7 7
D (Azj 2 =z ) + 5 Y E—zinz—z0r <Y (2 — o)
j=1 j=1

J=1

If we denote

SE=> (Az, 2 — 2 1)r,

Jj=1

1
1
2
S; = E (25 — 2j-1,2 — 2j-1)1)
=1

7

S? :Z(fj’ Zj — 2j-1)T,

j=1
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then we can rewrite the last inequality as
S+ 57 <83 (3.2)

According to (A5) of assumptions we find that

1 7
Sll — 5 E {2<A2j, Zj>T — 2<A2j717 Zj>T}
Jj=1

1 7
= oAz, z)r + > Az, )1 — 2(Azi 1, 2)1 + Az, 2-1)1)}

Jj=1

1 7
= §{<AZZ, zi>T + Z(A,Zj — Aijl, Z]' — Zj71>T}-

Jj=1

From this and from (A4) and (A6) of assumptions we obtain that

1
S} > §<Azi72i>T > OHZiH};Vk,p(QT)» (3.3)
1 7
S; = 7 > Nz = 21l s (3.4)
=1

SP<Y M illma@n 125 = 2l mar) < B > il @n + o > Iz = zi-allia
j=1 j=1 j=1

1 1
LVt 33 STV + 557,

where

{t:

V(£) = s lf )llza@n + SuggZ 1f(t:) = F{tia) | Lo r),
i=1

for all finite partitions {¢;} of the interval [0, 7).
From this and from (3.2) — (3.4) it follows that

S2 < 83 < TV(f)? + 252

27
and, consequently,
St <2TV(f)*,

ie. '

1 7

7 Z 12 = 21l 7,00 < C (3.5)

j=1

and

52 < 2TV (f)2
According to (3.2) and (3.3) we find that

[zillwer @y < C. (3.6)
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The estimate
12l Ly0m) < C (3.7)

follows from the following calculation:

A 9 7
il < (D012 = zitlliaen ) <03 12 = 21100
j=1 Jj=1

= ihS? < T?V(f)%

Now we consider the Rothe sequence {u,(t)}32, given by (2.3). From (3.6) and (3.7) it follows
that

ti—1
un () [VenLa o) = l12j-1 + L hj (27 — zj—1)[venLa(om)
t—1ti_4 t—1t:_1
< (1 - hJ )HZJ'*1HVT0L2(QT) + h] HZJ'”VTﬂLz(QT) <C

foreveryt€e I andn=1,2,....
Thus, we get that

T
el o) = / lan(®)2, pacmydt < C°T

for n = 1,2, .... From this and from the reflexivity of the space Lo(I, VN Lo(27)) it follows that
the Rothe sequence {u,}2%, has a subsequence {u,, }7°,, which converges weakly to some function
u e L2(I7 VT N LQ(QT>>, i.e

—u in LQ(I, VTﬂLQ(QT)) (38)

Unp,,

ijijl

We will show that the function u is the desired solution. Denote Z; = . Then we can write

(2.3) in the form
up(t) =z + Z;(t —tj—1) in I =[tj_1,t], j=1,2,..,n
Now we define the functions U, : t — Ly(Qr), (n =1,2,...) by
zZr, t=0,

Un(t) =

Zj, t e (tj—latj]a ] = ]_,2, N

From (3.5) it follows that the sequence {U,}°, is bounded, because

[ZA T / 102,00 Z / 12,12, 00 d
i — RZi—1
- Z || ! ] HLQ(QT ( j Z ||Z] z] 1||L2 QT —

Hence, we can choose a subsequence {U,,, }32, converging Weakly to some function U € Lo(I, Lo(Qr)),
ie.

Unk = U in LQ(I7 LQ(QT)) (39)
Thus, there exists w defined by
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According to (3.8), (3.9) and the relation

/Ot Up, (T)dT = up, (1)

we find that
w = u.

(To obtain the last equality we apply Lebesgue’s dominated convergence theorem.) Then we get that
u e AC(I, Ly (Qr)),

u'(t)=U(t) ae in I,

ie.,

and

u(0) = 0.

Now we claim that the Rothe sequence converges uniformly to the solution w, i.e.
Up, = u in C(I, L(Q7)). (3.10)

In view of 8“:;—’;(” =U,,(t) a.e. in [Iandfrom Lemma A6 of [11] it follows that the Rothe sequence
{u, ()}, is equicontinuous, i.e. the first condition of Lemma A5 of [11] is satisfied. The second

condition in the lemma holds according to the fact that
WHP(Qr) N Ly (Qr) <> La(Qr),

which is well-known, where << denotes the compact embedding of the spaces, see e.g. [7|. Hence,
our claim follows from Lemma A5, see [11].
From the above considerations and from Lemma A3 of [11] it follows that

UEKQ,

which implies that the sequence {u,}>°,, defined by

ﬂn(t) _ {Zo, t - [to, t1]7

zZj—1, tE€ (tj_l, tj], 7 =23, ..,n,

is a subset of the set K¢ and this set is a convex, closed set in Lo(I, Vr N La(2r)). (Here, we apply
Theorem 25.2 in [6], stating that every convex, closed set in a reflexive Banach space is weakly
closed.)

Thus, we have proved that the function u satisfies conditions 1) — 4) of Definition 1. Now, we
will show that this function satisfies also integral inequality 5). We consider integral inequality (3.1)
written for ny, i.e.

Zj — Zj—1
h

Jg=1,2,...,ng Let v € Ko N Loo(I, Vpr N La(Q27)) be arbitrary. We can rewrite the last inequality
in the form

(Azj,v — 2j)y, + ( U= 25), > (fj0 = 25), for allve Ky,

(At (1), 0(t) =ty () 7+ (Uny (8), 0(8) = G () 2 (frg (£), 0(8) = iy (8)) 7 (3.11)
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for almost all ¢t € I, where U, (t) is defined as above and

20, = 07
U, (t) =
Zj, te (tj717tj]7 j = 1727 ey Mgy
and
fi, t=20,
fr(8) =

fja t e (tj—latj]y j = 1,2, ey N

From the uniform convergence of the Rothe sequence and from the fact that

C
o (1) — Uy, (t < —
[ (6) = i (1) ) < -

it follows that the sequence {uy, }32, also converges uniformly to the solution u. Moreover, it can be
shown (by using Lemma A6) that for this sequence also the following estimate holds:

%, (&) = i, ()L 00y < CIE =1, (3.12)
By the limiting process we get that
lu(t) = w(t)Z 00 < Clt =1 (3.13)

From (3.12) — (3.13) and from the boundedness of the sequence {U,,, }?; in the space Lo(I, Lo(§2r))
it follows that the sequence

{(Un, (1), u(t) =, (1)) 71750

has a subsequence which converges to zero for all t € I, i.e.
(Un, (t),u(t) — Uy, (t))r = 0 as k — oo, (3.14)

since, by applying Holder’s inequality, we have that

Aummmw—mwmw

T
< /0 1T (Ol Lo [1ut) = o, ()| oy dE < C max [Ju(t) — G, ()l 22@1)-

From this we find that
T
| 0 @000) = el 50 s ko,
0

which implies the existence of a subsequence which converges to zero almost everywhere in I. Finally,
we note that (3.12) and (3.13) imply (3.14).
Putting v(t) = u(¢) in (3.11) we obtain that

<Aank (t)’ ﬁ/nk (t) - u(t»T < (fnk (t)7 ank (t) - u(t))T + (Unk (t)’ u(t> - ank (t))T-
From this and according to (3.14) we have that

lim sup(Aty, (t), tn, (t) — u(t))r dt <O0.

k—o00
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The operator A is pseudomonotone (see [13, Chapter 2|), which implies that
(Au(t),u(t) —v(t))r < kh_)rglo inf(Aty, (t), Uy, (t) — v(t))7. (3.15)
Using the monotonicity of A and the boundedness of @, in Lo (I, Vi N Ly(S27)) we find that
(At (£), i, (1) = 0())7 2 =C[[0]| L1, viriza(er))-

Moreover, according to Fatou’s lemma we get from (3.15) that
T T
/ (Au(t),u(t) — v(t))rdt < klim inf/ (At (t), Uy, (t) — v(t))r dt. (3.16)
0 o0 0

After integrating (3.11) over the interval I, we obtain that

[ A 00:000) = (e [0, 000) = ()
0 0 (3.17)

zl(@@m@—mwmm.

The convergences

lA<mxmv@—ﬂm@ﬁﬁ—g£ommvm—u@ﬁw
and ’ .
tA(h&ﬂﬂm@%—wﬂhﬁ—{l(ﬂﬂw@%—%ﬂhﬁ

as k — oo, follow from (3.8), (3.9), (A6) and Lemma A3 in [11]. By using these facts and (3.16) we
obtain that

/o (Au(t),v(t) — u(t)>Tdt—|—/0 (u'(t), v(t) — u(t))pdt
Zi(ﬂmv@—u@hﬁ-

Moreover, since the set Kg N Lo (I, Vr N La(Qr)) is dense in K¢ and due to the definition of v we
conclude that the function u satisfies integral inequality 5) of Definition 1.

Thus, we have proved that there exists a subsequence {u,, }32, of Rothe’s sequence {u,}>,
which converges to the solution u of problem (1.1) — (1.2). Moreover, from the uniqueness of the

weak solution it follows that not only the subsequence but also the sequence itself converges weakly
(strongly) in Lo(1, Vo N La(Q27)) (C(I, La(S27))) to the solution w.
m

4 Further results and discussion

In this section we present some results which are related to the main result in the previous section.

Proposition 4.1. Let the assumptions of Theorem 3.1 be satisfied except that instead of (A6) the
function f satisfies the Lipschitz condition: for some C' > (0

1F() = £y < Cle—t] for all £, € 1.
Then

=1Q

2
max [|un(t) — u<t)HL2(QT) <
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Remark 1. This result is interesting also from the numerical point of view.

Proof. Let us consider integral inequality (3.17) written for k instead of ny, i.e.,
T T
/ (Aug(t),v(t) — ﬂk(t)>Tdt—|—/ (Ur(t),v(t) — ag(t))rdt
0 0
T
< [ (G000 - wt)rar
0

Putting for kK = m,

and for k = n,

we obtain after adding that

[t )
< [U) = Fn(®):10(8) = ()

From this and (A3) we find that

/ " Qnlt) Zunll) G 1y (1)) < / “Fult) = Fnl0)s (1) — ()t

ot

and

yUn (1) — U (2))pdt

/T(a(un(t) — un(t))
; ot

< [ () = £l 20(8) = )i

- /OT(aw"(t) — un(?)) U (1) — Tp () + U (£) — U (1)) L.

ot
It easy to see that

/T(ﬁ(un(t) — un(t))
; ot

1 /T Ol|un(t) = um ()|, (0y)
0

2 ot

The integrals in the right-hand side in (4.3) can be estimated as follows:

/0 (Falt) = Sl in(t) — o (£))rdt < / ) = Funlaseny i (t) — Gon (8 [ agery it

U () — U (1)) pdt

1 T
dt = 5 un(®) =t Ollzy00) | = Glun(?) = wm(Dllzz0r)-

61

(4.2)

(4.3)
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< [F(T(0) = AT s [ n®) = Ot < C (4 ),

where the functions 7,,(¢) and T,,(t) are defined as

Ti(t) = {to =0

tp te(tiy,t], j=12...k

with £ = n and k = m, respectively. Moreover,

/ (O tnlD) 1) (1) + 1) — (D)

< [P ) [lne) = )y + 10 (8) = 0O

- N 1 1
S ¢ Htlglx [Hun(t) - un(t)HLz(QT) + Hum(t) - um<t)||L2(QT) S C (E + E)
From the above considerations we conclude that
1 1
2
() =t () < €+ ).
By the limiting process in the last estimate when m — oo we get our conclusion. O

Proposition 4.2. Let the assumptions of Theorem 3.1 be satisfied except that instead of Assumptions
A3 and A4 the form (Au,v); is assumed to be strongly monotone, i.e., for some Cy > 0

(Au— Av,v —u)y > Collu —vlfy,. (4.4)
Then Rothe’s sequence {uy,}o2, strongly converges to the solution u in the space Ly(I, V), i.e.,
”un - uHLz(I,VT) —0 as n— oo

Proof. Let us consider integral inequality (4.2) written for 7 =T, i.e.,

[ 400~ A0, 0(0) — D}

w [0 ) — et < [ () = 0, 30(0) = D),

From this and from (4.4) we get that

O [ 1) = i O 0 < [ (Gol0) = o 0,50) = )t

_A (a(un(t)a_t um(t>>,ﬁn(t) . fbm(t))Tdt

The integrals in the right-hand side of this inequality tend to zero as n, m — oo, which follows from
(A6) and from the fact that the Rothe sequence {u,}>°, converges uniformly to the solution u and
that the derivatives of these functions are bounded in Ly(I, Ly(€27)). Hence, we have that

/TH~ (1) — ()2, dt < O(= + 1)
0 Uy Um Vi — n m I

which implies that the Rothe sequence is a fundamental sequence in the space Lo(I, V). By the
limiting procedure in the last estimate as n,m — oo we obtain the conclusion. O
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Finally, we will discuss what the variational inequality really means for some particularly chosen
operators A and sets K; (¢ € I). Let us consider problem (1.1) — (1.2).

e If the set K; = V,, then variational problem (1.1) — (1.2) is equivalent to the following parabolic
boundary value problem:

)
8—1;+Au:f in @,
k—1
u(x,t):%(x,t):...:%(x,t):o O<t<T, z€d,

u(z,0) =0 z € (.

Moreover, if the assumptions hold, then, according to Theorem 3.1, this problem has exactly
one solution in the sense of Definition 1. In this sense the result of the previous section in fact
generalizes the results in [9] and [10].

e Let A be defined by

1,7=1 J
where
g, G; 5 € Loo(Q2r), ai,j(l') = aj7i($)7
n
Z CLL]'(ZL')& gj Z CY|€|2, a.e. n QT,
ij=1
ap(x) > ap >0, ae. in Qp,
and let

K,={vjveV,=W,?(Q), l|gradv(z)| <1 ae. in Q}.

Then, by Theorem 3.1, the corresponding parabolic variational inequality has exactly one
solution, which is also a weak solution of the following boundary value problem:

Ju B _ ,
E%—Au—f in @,

grad,u(z,t) =1 in Q\Q,
u(x,t) =0 0<t<T, x € 0L,
u(z,0) =0 x € €,
where Q' = {(z,t) € Q, |grad, u(z,t)] < 1}.

e Let the operator A be defined by

A“:_iai(’gz

i=1

p=2 Ju

axi

> + ulP~?u

and let
Ko={veV,=W,"(), v(z)>0, ae in Q).
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Then, in view of Theorem 3.1, the corresponding parabolic variational inequality has exactly
one solution, which is also weak solution of the following boundary value problem:

ou .
E+Auff in @,

u(r, 1) >0 in @,
u(x,t) =0 0<t<T, x € 08,
u(z,0) =0 z € Q.
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