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1 Introduction

The notion of amenability for groups was defined by Von Neumann [22] for discrete groups and by
Day |[5] for locally compact groups. Amenability for Banach algebras was introduced and studied
by Johnson in [11]. He proved that a locally compact group G is amenable if and only if the group
algebra L'(G) is amenable as a Banach algebra.

After the pioneering work of Johnson, several modifications of the original concept of amenability
of Banach algebras were investigated. One of the most important modifications was suggested in
[12], where the authors introduced a notion of amenability more suitable for von Neumann algebras.
It modifies the original definition in the sense that it takes into account the dual space structure of
a von Neumann algebra. Like the amenable Banach algebras, the Connes amenable von Neumann
algebras allow for an intrinsic characterization in terms of a diagonal type elements: a von Neumann
algebra is Connes amenable if and only if it has a normal, virtual diagonal [7]. It is not true in
general. For example, if G is an amenable [SIN]-group that fails to be compact, the dual Banach
algebra W AP(G)* is Connes amenable, but has no normal, virtual diagonal [16], where W AP(G)
denotes the weakly almost periodic functions on G. However, the concept of Connes amenability
is different from amenability. Examples of dual Banach algebras (besides von Neumann algebras)
include the measure algebra M (G) and the Fourier-Stieltjes algebra B(G) of a locally compact group
G. In particular, Runde showed that a locally compact group G is amenable if and only if its measure
algebra M (G) is Connes amenable [19]. This result sounds more interesting, when compared to a
deep results of Dales, Ghahramani, and Helemskii, showing that M (G) is amenable if and only if G
is discrete and amenable [3].

The concept of ideal amenability of Banach algebras was introduced by Gordji and Yazdanpanah
in [8]. They related this notion to weak amenability of Banach algebras, and by means of some
examples showed that the ideal amenability is different from the amenability and weak amenability.
For example, all C*-algebras are ideally amenable while they are amenable if and only if they are
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nuclear [6]. Approximate Connes amenability was introduced by Esslamzadeh and Shojaee in [9].
The concept of ideal Connes amenability of dual Banach algebras was introduced by Minapoor,
Bodaghi and Ebrahimi Bagh in [14]. In this paper, we define and study the notion of an approximate
ideal Connes amenability for the dual Banach algebras. We show that every approximately Connes
amenable dual Banach algebra is an approximate ideally Connes amenable dual Banach algebra and
every ideally Connes amenable dual Banach algebra is approximate ideally Connes amenable, but
the converse is not necessarily true. We also study ideal Connes amenability of weighted discrete
group algebras.

2 Main results

We first recall some definitions in the Banach algebras settings. Let A be a Banach algebra, and let
X be a Banach A-bimodule. A bounded linear map D : A — X is called a derivation if

D(ab) = D(a) -b+a- D(b) (a,b € A).
For each x € X, we define the map D, : A — X by
D.(a)=a-x—x-a (a e A).

It is easily seen that D, is a derivation. Derivations of this form are called inner derivations.
Z( A, X) is the space of all continuous derivations from A into X, N'*(A, X) is the space of all inner
derivations from A into X, and the first Hochschild cohomology group of A with coefficients in X is
the quotient space

HY A X) = ZH A X)/NYA X).

Let X be a A-bimodule. In the following by (f,z) we mean f(x). The dual space X* of X is also a
Banach A-bimodule by the following module actions:

<a-f,x):<f,x'a>, <f'CL,LL’>:<f,CL'I>, ((ZGA,J?EX,fEX*).

With the above notations, a Banach algebra A is called amenable if H'(A, X*) = {0} for every
Banach A-bimodule X, and weakly amenable if H'(A, A*) = {0}. Let n € N. Then, A is called
n-weakly amenable if H'(A, A™) = {0}, where A™ is n-th dual of A. A is said to be n-ideally
amenable if H'(A,Z™) = {0} for every closed two sided ideal Z in A.

A Banach algebra A is said to be dual if there is a closed submodule A, of A* such that A = (A.)*.
One can see that a Banach algebra which is also a dual space is a dual Banach algebra if and only if
the multiplication map is separately w*-continuous [17]. Examples of dual Banach algebras include
all von Neumann algebras, the algebra B(E) = (E®E*)* of all bounded operators on a reflexive
Banach space F, the measure algebra M(G) = Cy(G)*, the Fourier-Stieljes algebra B(G) = C*(G)*,
and the second dual B** of an Arens regular Banach algebra B.

Let A be a Banach algebra. A dual Banach A-bimodule X is called normal if for each x € X the
maps a — a-x and b — z-b from A into X are w*-continuous, and Connes amenable if for every normal
dual Banach A-bimodule X, every w*-continuous derivation D : A — X is inner [17]. We denote by
ZL. (A, X*) the w*-continuous derivations from A into X* and H1. (A, X*) = Z1. (A, X*)/BY(A, X*).

Let A be a dual Banach algebra and Z be a weak*-closed two-sided ideal of A. A dual Banach
algebra A is Z—Connes amenable if H..(A,Z) = {0} and A is ideally Connes amenable if it is
Z-Connes amenable for every weak*-closed two-sided ideal Z in A [14].

A derivation D : A — X is approximately inner if there exists a net (z,) C X such that for
every a € A; D(a) = limy(a.z, — 4.a), the limit being with respect to the norm.
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Let A be a dual Banach algebra. A is approximately Connes amenable, if for each normal dual
Banach A-bimodule X, every w*-continuous derivation D € Z'(A, X) is approximately inner [9].

Let A be a dual Banach algebra and Z be a weak*-closed two-sided ideal of A. We say that
A is approximately Z—Connes amenable if every weak*-continuous derivation D € Z}.(A,Z) is
approximately inner. We say that A is approximately ideally Connes amenable if for every weak*-
closed two-sided ideal Z of A it is approximately Z—Connes amenable. Let Z be an arbitrary
weak*-closed two-sided ideal of A. If in the definition of the approximate Connes amenability we
replace X by Z, then it is obvious that every approximate Connes amenable dual Banach algebra
is approximately ideally Connes amenable. Since every inner derivation is approximately inner so it
is obvious that every ideally Connes amenable dual Banach algebra is approximate ideally Connes
amenable, but not every approximately ideally Connes amenable dual Banach algebra is ideally
Connes amenable. In Example 2 we will introduce such a dual Banach algebra.

Definition 1. Let (A,)* = A be a dual Banach algebra, and (Z.)* = Z be a w*-closed two-sided ideal
in A and Z be the centre of A. We say that Z has the dual approximate trace extension property
if for each A € Z NZ, there is a net (7,)o € A, (o € A), such that 7,|z. = A|z., i.e., coincide as
functionals on Z, and for each a € A, we have a - 7, — 7, - a — 0 with respect to the net a € A.

Let X be a Banach space, M be a subspace of X, and N be a subspace of X*. Then, the
annihilators M+ and + N are defined as follows:

ML ={fecXx*:(f x)=0foralrec M}

N ={zecXx:(fz)=0foralfecN}

It is well-known that M~ and *N are weak*-closed subspaces and the norm-closed subspaces of X'*
and X, respectively. Moreover, +(M™) is the norm-closure of M and (*N)* is the weak*-closure of

N.

Lemma 2.1. Let A = (A,)* be a dual Banach algebra and T be a weak*-closed two-sided ideal of
A. Then, T and A/T are dual Banach algebras.

Proof. T is a dual Banach space with predual Z, = A, /*Z. Indeed, Z is the weak*-closed of A and
so (Z.)* = (A1) = (*I)* = I. Moreover, Z, is a submodule of A*/Z+ = I*. Thus, T is a dual
Banach algebra. Once more, 17 is a submodule of Z+ = (A/Z)" and (*I)* = (A,)*/(*1)* = A/T.
Thus, A/Z is a dual Banach space. On the other hand, multiplication in A and A/Z is separately
weak*-continuous and therefore A/Z is a dual Banach algebra. ]

Theorem 2.1. Let A be an ideally Connes amenable dual Banach algebra, and I be w*-closed two-
sided ideal in A with the dual approrimate trace extension property. Then A/T is an approrimate
1deally Connes amenable dual Banach algebra.

Proof. Let J /T be a w*-closed two-sided ideal in A/Z. Then J is a w*-closed two-sided ideal in A,
so *7 is predual of A/Z. We know that L7 is a closed A-submodule of J,. Let 7, : J. —* T be the
natural projection A-bimodule morphism and ¢ : A — A/Z be the natural quotient map and (m,)*
be the adjoint of m,. Let D : A/Z — J /T be a w*-continuous derivation, then d = (7,)* o Do g :
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A — J is a w*-continuous derivation, if j, € J, then we have

(Ju,d(ab)) = (ju, (m.)"(D o q(ab)))
(Jur (m)"(D(a + Z)(b + I)))
(Jus (m)*((a+TI) - D(b+I)+ D(a+I) (b+1))
(m.(js), (a+Z)-Db+TI)+ D(a+I)- (b+1))
= (m(Js) - (a+I),D(b+I)) +((b+I) m(j), D(a+ 1))
= (m(Js) @, D(b+ 1)) + (b m.(ji), D(a + 1))
= (m(ju - @), Db+ 1)) + (m(b- ji), D(a + 1))
(Ju - a, (m)" (DO +I))) + (b ju, ()" (D(a + I)))
= (Ju,a - (m)" (D oq(d)) + (m)" (D og(a)) - b)
= (js,a-d(b) + d(a) - b

So there is an element A € J such that d(a) =a-A— X-a (a € A). Let m be the restriction of A on
Z., then m € 7 and for 7, € Z, we have

Qe @ — @~ iy, m)

— Uy, \)

(is,a-m—m-a) =

(i), D(a + 1)) = 0.

The reason for the last equality is that 7, is the projection on +Z, so if i, € Z, and since Z, = A, / 17,
i, is not in 17 so m,.(i.) = 0. Therefore a-m = m - a for each (a € A). Hence by the assumption,
there exists a net (kq)a 7. =mand limya-kq — Ko -a =0
(a € A). Let 7, be the restriction of k, on J., for every a. Then (7,), € J and A — 7, = 0 on Z,.
Therefore A — 1, € J/Z.

Now let « be in (J/Z).. Then there is a j, € J, such that 7,(j.) = x, so we have

(x,D(a+71)) = (m(Ju), D(a+I)) = (Ju,a- A —limy(a-Toy — Ta-a) — X-a)
=limg(Ju,a - X\ —a Ty + 7o -a—\-a)
= limg(Ju,a- (AN —To) — (A —74) - @)
= (s, limaa - (A — 7o) — (A —74) - a).

If j, € T then by definition of 7, we have 7,(j.) = j., and if j, is not in *Z then =,(j,) = 0. In
the first case we have

(Jeslimga - (A —74) — (A = To) - a) = (m(Ju), limaa - (A — 7o) — (A —74) - @)
= (z,limga - (A —74) — (A —74) - a).

Hence
D(a+7Z)=limpa- (A—7a) — (A —T74) - a.

This means that D is an approximate inner derivation. In the second case D is also an approximately
inner derivation. So we conclude that A/Z is approximately ideally Connes amenable. O]
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Theorem 2.2. Let A be a dual Banach algebra and I be a w*-closed two-sided ideal in A. If A is
an approzimate I-Connes amenable then H..(Z,Z) = {0}.

Proof. Let D : T — T be a w*-continuous derivation and J : A — Z be natural projection A-
bimodule morphism. Then Do J : A — T is a w*-continuous derivation. Since A is approximate Z-
Connes amenable, Do.J is approximately inner, therefore D is approximately inner, thus H!.(Z,Z) =

{0}. O
Similarly to (|8] Theorem 1.6 ) we can state the following theorem for dual Banach algebras.

Theorem 2.3. Let A be dual Banach algebra and (X.)* = X be a dual Banach A-bimodule and
(Y)* =Y be a w*-closed submodule of X. If every derivation from A to Y, and every derivation
from A to (X./Y.)* are approzimately inner, then every deriation from A to X is approzimately
nner.

Proof. Let D : A — X be a w*-continuous derivation, and i : Y, —> X, be the natural embedding
A-bimodule morphism, then i*o D : A — Y is a w*-continuous derivation. Due to the assumption
there is a net (£,)o C Y such that i* o D(a) = limya - &, — &, - a. Set Dy(a) = a- &, — &, - a,
therefore i* o D = lim,D,. Without loss of generality we can suppose that ({,) C X. Now define
d: A— (Y,)* by d = D — lim,D,, therefore d is a w*-continuous derivation and so there is a
net (nz) C (Vi)* = (X./Y.)* C X, such that d(a) = a-ng —ns - a. Set &,5 = &, + 13, such that
limalimgpéa g = lima&, + limgnz. Now by using suitable subnets and by using the iterated limit[13],
there is a net (&), € X such that lim,&, = limylimgé, g. Since D = d + lim,D,, we have

D(a) = d(a) + limyDy(a)
:lim[ga-ng—n3~a+limaa'fa—§a'a
= limylimga - (g +&a) — (Mg + &) - @
= limglimpa - o p — Eap - a

= limya - & — & - a.
[

Corollary 2.1. Let A be a dual Banach algebra and Z,J be w*-closed two-sided ideals in A such
that 7 C Z. If A is approximate J-Connes amenable and every derivation from A into (Z./J.)* is
approzimately inner, then A is approximately T-Connes amenable.

Corollary 2.2. Let A be a dual Banach algebra and I be a w*-closed two-sided ideal in A. If every
derivation from A into (A, /T.)" = (Z.)* is approzimately inner, then every w*-continuous derivation
from A to A is approximately inner.

Theorem 2.4. Let A be Arens reqular dual Banach algebra and T be a w*-closed two-sided ideal
i A. If every derivation from T into T is approximately inner, then A is approximately Z-Connes
amenable.

Proof. Let D : A — T be a w*-continuous derivation and 7 : Z — A be an embedding map. Then
Doi:Z — T is a w*-continuous derivation, so there is a net (£,), C Z such that

Doi(a) =limaa - &, — &, - a, a€ A

Since every derivation from Z into Z is approximately inner, therefore by [9], Z has an approximate
identity. Let (eg)s be its approximate identity, and i, € Z, then limges - i, = i, and limgi, - €5 = i,.
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So we get

(i, D(a)) = lims(i. - €5, D(a))
= limg(ix, D(ega) — D(ep) - a)
= limglimq ((is, epa - o — € - €ga) — (@ - ix,e5 - Eo — Ea - €3))
= limylimg((isega, &) — (aies, Eq))
=lima((ix,a - & — & - a)).
Since A is Arens regular we can change the order of limits. Therefore D(a) = lima(a - &, — &a - a)

for all a € A.
Hence A is approximately Z-Connes amenable. O

Theorem 2.5. Let A be dual Banach algebra and Z be a w*-closed two-sided ideal in A with a bounded
approximate identity. Suppose A is approximate ideally Connes amenable, then T is approrimate
1deally Connes amenable.

Proof. Assume that J is a weak*-closed two-sided ideal of Z. Then, J is an ideal of A which is dual.
Let D : Z — J be a w*-w*-continuous derivation. Let (e,), be approximate identity for Z. Due
to |18, Proposition 2.1.6], there exists a unique extension of D to a derivation D : A — J;a +—

w* — lim, (D(ae,) —aD(ey)). Let ag “ 01in A. For j, € J., we get

(D). ) = lim(D(ayeq) = aDlea), j2) = im(D(axea), jo) — lim{aD(ea), 7.

Since D is w*-w*-continuous and a;D(e,) = 3 0, the right-hand side of the last equality tends to zero.
Hence, D is w*-continuous. Since A is approximately ideally Connes amenable, D and so D is an
approximately inner derivation. Therefore 7 is approximately ideally Connes amenable. ]

Let A be a non-unital Banach algebra. Then A% = A@C, the unitization of A, is a unital Banach
algebra which contains A as a closed ideal. Our next proposition is an analogue of |8, Proposition
1.14|, whose proof carries over almost verbatim.

Theorem 2.6. Let A be dual Banach algebra. Then A is approximately ideally Connes amenable if
and only if A* is approzimately ideally Connes amenable.

3 Ideal Connes amenability of discrete Beurling algebras

Let G be a locally compact group and w be a Borel measurable function w : G — [1, 00) such that
w(s+1t) <w(s)w(t) and w(e) = 1, where e is the identity element of G. Then w is called a weight
function on G. The Beurling algebra (weighted group algebra) L'(G,w) is defined as the set of all
(equivalence classes of) measurable functions f : G — C such that

nmwzzgf@nw@mx<m_

Let w be a weight on discrete group G, then M (G, w) = I*(G, w), so I*(G,w) is dual Banach algebra
with the predual Cy(G, 1/w). We say that w is diagonaly bounded if sup{w(g)w(g™'): g € G} < oo.

Theorem 3.1. [4] Let G be a discrete group and w be a weight on G, and let A = I'(G,w). Then
the following are equivalent

(i) A is Connes amenable, with respect to the predual Co(G,1/w);
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(ii) A is amenable.

Theorem 3.2. [10] Let G be a discrete group and w be a weight on G. Then I'(G,w) is amenable if
and only if G is amenable group and w is diagonally bounded.

As a result of two previous theorems ['(G, w) is Connes amenable if and only if G is an amenable
group and w is diagonally bounded. In this section we want to study an ideal Connes amenability of

NG, w).

Theorem 3.3. Let G be a discrete group and w be a diagonally bounded weight on G. Then every
w*-continuous deriwation from ['(G,w) to itself is inner.

Proof. Let §, € I'(G,w) be the point mass at g € G. Due to (|20, Proposition 7.4 ) we have
D(0,) = pu* 6y — 0y * 1 pe (G, w).

Let f € I'(G,w). Using ([20], Lemma 2.3) we can find a net {f,}aca from lin{d, : g € G}, such
that f, — f in a strong operator topology. Then for each f,

D(fa)zﬂ*foz_.fa*ﬂ'
If we show that D(f,) — D(f) in w*-topology and
H*fa—fa*ﬂﬁﬂ*f—f*#,

in w*-topology, then we are done. Since f, — f in a strong operator topology, so for each h €
IY(G,w) we have f, * h — f * h in the norm topology, so fo * h — f * h in w*-topology. Let e
be the identity element of G. If we replace h by o, then we have f, — f in w*-topology. On the
other hand since f, — f in a strong operator topology, then p* f, — p* f in the norm topology,
hence p * f, — p* f in w*-topology. In a similar manner we can show that f, «x u — f* u in
w*-topology. So

N*fa_fa*uﬁﬂ*f_f*ﬂ7

in w*-topology. Since D is w*-continuous if f, — f in w*-topology we conclude that D(f,) —
D(f) in w*-topology, and the proof is completed. H

Lemma 3.1. Let G be a discrete group, and w be a weight on G. Suppose that the map D from
{02 }zec to NG, w) = (Co(G,1/w))* has the following properties

D(8yy) = D(62) % 0y + 05 % D(0,) (z,y € G), (3.1)
[1D(0:)]] < Cw(z)  (x€G),
where C > 0 is a constant. Then D can be extended to a bounded derivation from I'(G,w) to I'(G,w).

Proof. We first extend D to the linear span of {J,},cc by linearity. The linear mapping D(f * g)
satisfies the derivation relation

D(f*g)=D(f)*g+ f*D(g)

for f, g from the generating set {J. }.cc by (3.1). So the relation still holds for all f, g € lin{d, }cq-
By Theorem 3.3 we conclude that lin{d, }.cq is w*-dense in ['(G,w), so we can extend D to D on
I'(G,w), which is still a derivation. O
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Theorem 3.4. Let G be a discrete group, and w be a weight on G. If there exist a function,
VU :G — R, and xg € G such that w is bounded away from zero on the conjugacy class {y‘lxaly}yeg
with the following properties

Z W (yz™) = U(z71y)| < o0 (3.2)
z,yeG
supyec| ¥ (y ™z 'y)lw(y 2 'y) = oo, (3.3)

then I1(G,w) is not ideally Connes amenable.
Proof. As usual, to show that ll(G w) is not ideally Connes amenable, we construct a non-inner
w*-continuous derivation D : ['(G,w) — [*(G,w). We first define the operator D : {0, }.ec —
I'(G,w), in the following way

D(82)(y) = W(yz ™) = U(zly) = (¥ 62)(y) — (0 # V)(v) (w,y € G).

It is easy to see that D really ranges in I}(G,w) because

1 D) ey = Y 1D(E:) () (y)

yeG
<Y [W(yzt) = U y)|w(y)
yeG
< supyeqw(y Z U (yr™) — U (zy)| < oo.

yeG

By Lemma 3.1, D can be extended to a bounded derivation from I'(G,w) to I'(G,w) . Let 4,,
be a net in {d,}.cc such that 6,, — 0 in w*-topology. Then for every g € Cy(G,1/w) we have
g(x;) — 0. If we show that D(d,,) — 0 in w*-topology, then the proof of w*-continuity of D
is completed. If I'(G,w) is a dual Banach algebra and multiplication in dual Banach algebra is
separately w*-continuous, and if d,, — 0 in w*-topology, then ¥ x J,. and J,, * ¥ tend to zero in
w*-topology. Thus D(J, ) — 0, in w*-topology. Now we show that D has propery (3.1). Indeed
,we have

D(04)(t) = Uty 'a™!) — W(y~'a™'t)
= (U(ty™'a™h) = (a7 ty ™)) + (U2 ty ™) = Uy '))
D(6,)(ty™") + D(8,)(x~"t)
= (D(0a) * 6,)(t) + (02 * D(6y))(t) (z,y,t € G).

So D can be extended in the desired way. To finish the proof we only need to show that the
extended derivation D is not inner. Suppose the contrary, that D is inner. Then there exists a
function ¢ € I*(G,w) such that D(h) = ¢ * h — h x ¢, for h € [*(G,w). In particular,

D(6:)(y) = (%) (y) — (0. xd) () = Pp(yz™!) —p(z7'y) (x,y € G). On the other hand, by the
definition of D we have D(6,)(y) = ¥(yx~) — U(z~'y). Taking x = 'y, we obtain
U(rg') = Uy '2g'y) = D(0,-1,)(y) = d(z5") — oy 'ag'y)  (y € G),

which implies ¢(y 1z 'y) = V(y tag'y) +d(zy') —¥(z5")  (y € G). Then using (3.3) and the fact
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that in feqw(ytzy'y) > 0, we have

16 e = Y 19@)lw(z) = Y 1oy a5 y)lwly " 5'y)

zeG yeG

= Wy g y) + (g t) = Wlag ) wly o y)
yeG

> Uy g y)w(y g y) + D 16(agt) = W lw(y ey ty) =
yeG yeq

which contradicts to ¢ € ['(G,w). This proves that D is not inner, and hence ' (G, w) is not ideally
Connes amenable. ]

The idea of the following theorem is similar to (|23] Theorem 3.1 ).

Theorem 3.5. Let G be a discrete Abelian group and w be a weight on G. Then I1(G,w) is ideally
Connes amenable if and only if there does not exist a non-zero continuous group homomorphism
¢ : G — C such that supsec|o(t)|w(t™) < co.

Proof. 1f I'(G, w) is not ideally Connes amenable, then there is a non-zero w*-continuous derivation
D : NG, w) — I}(G,w). Define
o(t) = (0i-1, D(61))

Since I'(G,w) = (Co(G,1/w)*, and §;-1 € Cy(G,1/w) , so ¢(t) is well defined. Let e be the identity
element of G, then ¢(e) = 0, also

¢(ab) = (S(apy-1, D(dap))
= (5b_1a_1, D(éa * (55))
= (01 * Og—1, 0q * D(0p) + D(04) * Op)
= <5b*1 * 6a71,6a * D( )> <5b 1%k 5a 1 D(5 ) * 51,)
= (0p-1, D(d)) + (001, D(da))
= ¢(b) + ¢(a).

Since D is w*-continuous, ¢ is a continuous group homomorphism from G to C, and

|@(@)] = {61, D(6:))]|
<l D(8e) Nl - I 01 lewi@asin I D) i@y -1/w(t™).
So we have sup,cq [0(t)|w(t™) <[] D(6;) [l (G w)< 0.
To prove the converse, we assume ¢ : G — C is a continuous non-zero group homomorphism

that satisfies sup,c¢ |¢(t)|w(t™1) < m, for some m < co.
Let B be a finite set containing e in G. For each h € ['(G,w), we define

D(h)(t) = X ¢cp O(EE)N(LE).
The map D ranges in I1(G,w),

ID() ()l Gy = D D S(EE)R(tE)w

teG ¢€B

< 33 Gt (et )l ).

teG ¢€B
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Since supiec|o(t)|w(t™) < oo, we get supiec|d(t)| < supieg|o(t)|w(t™) < m, for some m > 0.
Let A = maz{w(s™!);s € B}, then we have HD(}Z)(t)|’ll(G7w) < mA[h||i (G-

Let h, be a net in I'(G,w) that tends to zero in w*-topology of I'(G,w). Then for every g €
Co(G, 1/w), we have g(ha) — 0, so for every t € G, 6y(ha) —> 0 and so 3 6¢(y)(ha)(y) — 0. It
means that h,(t) — 0. If we prove that D(h,) — 0 in w*-topology, then it leads to w*-continuity
of D.

Indecd, g(D(ha)) (1) = ¥yec 00) D)) = Syeq 0(0) Sees S1€)hali€) — 0, 50 D(be) —
0, in w*-topology.

Let f,g € I'(G,w), then we have

D(fg)(t) =Y S(tE)(f * g)(tE)

= §¢ (t6) ZGf y )

_ ngX;f i’ y ) + o(y))gly~te)

_ gezayezBf(y) L) gy HE) + ZC;ZB Fy)o(y)g(y~'te)
- E j”e(y)D(g)(y_lt) +) D(f)(ze)g(gye‘lt)

_ jfefD(g)(t) + D(f) * ;(Gt();

= (f*D(g)+ D(f)xg)t)  (teq)
Therefore D(f * g) = f * D(g) + D(f) * g , for all f,g € I'(G,w); ie. D:IG w)— I1G,w),

is a non-zero w*-continuous derivation. Thus [!(G,w) is not ideally Connes amenable. [

Example 1. Let G = Z (where Z is the discrete additive group of all integers). All group homo-
morphisms from Z to C are of the form ¢(n) = ncy where ¢ € C,n € Z. Therefore for any weight
won Z, IY(Z,w) is ideally Connes amenable if and only if sup,cnxnw(—n) = oo.

For example w,(n) = (1 + |n|)® is a weight on Z if & > 0. Then
SUppennw(—n) = oo.
Thus, we conclude that I'(Z,w,) is ideally Connes amenable if and only if « > 0.

Theorem 3.6. Let G be a discrete Abelian group and w be a weight on G. Then I1(G,w) is ideally
Connes amenable if and only if there does not exist a mon-zero continuous group homomorphism
¢ : G —> R such that

suprec|(t)|w(t™) < oo. (3.4)
Proof. The necessity is trivial. For the sufficiency, suppose that ['(G,w) is not ideally Connes
amenable. Then by theorem 3.5, there is a continuous complex-valued non-zero homomorphism ¢
such that (3.4), holds. The real part ¢, and the imaginary part ¢; of ¢ are both still continuous
group homomorphisms, they satisfy the same inequality (3.4), and they are real-valued. If ¢ # 0,
then at least one of ¢, and ¢; is non-zero. Therefore, there exists a non-zero continuous real-valued
group homomorphism such that (3.4) holds. O

Corollary 3.1. Let G be a discrete Abelian group and w be a weight on G. If for each t € G we have
Ssuppenw(t™")n = oo, (3.5)

then I1(G,w) is ideally Connes amenable.
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Proof. Let ¢ : G — R be a non-zero group homomorphism and let s € G be such that ¢(s) # 0.
We have ¢(s") = no(s), for n € N. If (3.5) holds for ¢ = s, then

supec|d(t)|w(t™") = supnen|d(s")|w(s™) = supnen|@(s)Inw(s™) = oo,

So (3.4) does not hold for any non-zero homomorphism ¢. By Theorem 3.6, I'(G, w) is ideally Connes
amenable. ]

In this section we use notations and definitions of [1]. Let A be a Banach algebra and E be
an A-bimodule. 4WAP4(E) is the set of all elements x € E for which the maps R? : A — E,
a— a-zand L7 : A — E, a — x - a, are both weakly compact. 4WAP4(FE) is a closed
sub-bimodule of E.

Given a Banach algebra A and an A-bimodule X, we write F4(X), for the A-bimodule
AW AP4(X™), where X* is equiped with the usual bimodule action induced by X. We define F4(X)
to be the dual A-bimodule (F4(X).)*. In the special case where X = A, regarded as an A-bimodule
in the canonical way, we shall usually omit the subscripts, and simply use the notation F'(A).

We denote by ny : X — F4(X) the map obtained by composing the canonical inclusion of X
in its second dual with the adjoint of the inclusion map 4WAP4(X*) < X*. Observe that nx is a
norm-continuous A-bimodule map, as it is the composition of two such maps. 74 : A — F(A) is a
norm-continuous homomorphism with w*-dense range. (F4(A).)* = F(A) is actually a dual Banach
algebra.

Let A be a dual Banach algebra and Z be a w*-closed two-sided ideal of A. Then F4(Z) is a
w*-closed two-sided ideal of F(A).

Lemma 3.2. Let A be a dual Banach algebra and T be a w*-closed two-sided ideal of A, and
D A— T bea w*-continuous derivation. Then there exists a unique w*-continuous derivation
D : F(A) — FA(Z) such that Dy = nzD.

Proof. 1t is obvious by (1] Theorem 4.4). O

Lemma 3.3. Let A be dual Banach algebra. If A is not ideally Connes amenable, then F(A) is not
1deally Connes amenable

Proof. Assume the contrary that F'(A) is ideally Connes amenable. Let Z be a w*-closed two-sided
ideal of A, and D : A — 7 be a w*-continuous derivation. Then by lemma 3.2 there exists a unique
w*-continuous derivation D : F(A) — F4(Z) such that Dn4 = nzD. Since F(A) is ideally Connes
amenable then there exists £ € F4(T) such that D(n4(a)) = n4(a)JE — EOny(a). Since the range
of nr is w*-dense in F(Z), there is a bounded net (i), in Z such that w* — limnz(i,) = E.

Let t € F(Z)., then by definition of n4 we have (n4(a),t) = (t,a) for all a € A. For a,s € A we
have

<77A(a) -t S> = <77A(a)7t ) S>

We get

(t, D(a)) = (nz(D(a),t) = (na(a)DE — EOna(a),t)
= (na(a), E-t) — (E,na(a) - t)
=(F-t,a) — (E,a-t)

771(7:04> -1, a> - <77.I(ia)7 a- t))
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Let w*—lim i, = i. Then we have (t, D(a)) = (t,a -7 —i-a), so we conclude that D is inner, that is
contradiction, so F'(A) is not ideally Connes amenable O

Theorem 3.7. [15] Suppose that w is a weight function on locally compact group G such that w > 1
and diagonally bounded. Then G is amenable if and only if L'(G,w) is approzimately amenable.

Example 2. Let w be a diagonally bounded weight function and G be an amenable discrete group.
If there is a non-zero group homomorphism ¢ : G — R such that

suprec|®(2)|.w(z ) < o,

then by Theorem 3.5, A = I'(G,w) is not ideally Connes amenable, but it is approximate amenable
by Theorem 3.7.

Now as a corollary of (|21], Lemma 2.2), F(A) is approximately Connes amenable, so it is ap-
proximately ideally Connes amenable. Now by Lemma 3.3, F'(\A) is not ideally Connes amenable.
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