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Abstract. For a given completely regular Newton polyhedron R, and a given vector N € R",
we give conditions under which a weakly hyperbolic polynomial (with respect to the vector N)
P(§) = P(&, ..., &) is R—hyperbolic (with respect to the vector N). For polynomials of two variables,
the largest number s > 0 is determined for which an R—hyperbolic (with respect to the vector N)
polynomial is s—hyperbolic.
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1 Introduction

We use the following standard notation: N denotes the set of all natural numbers, Ny = N U {0},
Nf = Ng x ... x N is the set of all n- dimensional multi-indices, i.e. points a = (a1, ..., ;) : @; € Ny
j=1,...,n, R" and E" are the n-dimensional Euclidean spaces of points (vectors) & = (&1, ...,&,)
and z = (x1,...,z,) respectively, R»" :={{ e R" ¢ >0, j=1,...,n} C"=R" x iR

For {,&mme R (€ C o € NP and v € R™T we put (§,7) := & + oo + &, €] =
VET 18, (= TGP TIGE, €0 = €0, ¢ i (GGl and [o] = 13+ +
Vn.

Let A := o', ...,a™ be a finite set of points in R™*. By the Newton polyhedron of the set 2
we mean the minimal convex polyhedron ® = R(2) C R™" containing all points of AU {0} (see,
for instance, [18], [12], [5]). A polyhedron $ C R™" with vertices in R™" is said to be complete
(see [18]) if R has a vertex at the origin and (distinct from the origin) on each coordinate axis of R”.
A complete polyhedron R is called regular (completely regular), if all coordinates of the outward
(relative to R) normals (futher R —normals ) to its noncoordinate (n — 1)— dimensional faces are
non - negative (postive) ([5 | and [11 |).

For a completely regular polyhedron 8 C R™* we denote

1) RO— the set of its vertices,

2) A(R)— the set of its R— normals of (n — 1)—dimensional noncoordinate faces {\ =

(A1,-., An)}, normalized so that min \; = 1,
1<j<n

3) p(R) := max|v|,

4d(R) := max A
) ( ) VG?R,)\aéA(ER)( 71/)7
5

) he(¢) == > I¢”], CeC™

veRo
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By 9B, (B, respectively) we denote the set of completely regular polyhedrons ® C R™*, for
which p(R) <1 (d(R) < 1 respectively). It is obvious that B, C B,,.

First we give examples of polyhedrons both belonging and not belonging to the sets %B,, or 9B .
Example 1. Let n = 2, and let R be the Newton polyhedron with vertices
{(0,0),(2,0)(2,1),(0,2)}. Then A(R) = {(2,1),(L, )}, p(R) = 1, d(R) = 2, therefore R € B,
C Bs.

Example 2. Let n = 2, and let R be the Newton polyhedron with vertices
{(0,0),(2,0),(3,3),(0,2))}. Then A(R) = {(3,1),(1,2)}, p(R) = 3, d(R) = 2, therefore R € B,
and R ¢ B,.

Let n > 2 and let 9 be a completely regular polyhedron. Then for any ¥ € (0,-==) the

polyhedron R := Y9 € B . Moreover if p(M) < d(IM), then for any ¥ € (4=, —i=) we have

’ d(Mm? p(M)
that p(R) <1, and d(R) > 1 therefore R :=0I.9M ¢ B, . but N € B,,.
For ® € B, by R* we denote the Newton polyhedron of the set

{(0,...,0, max (A, v)

.0,...,0)}"
VER,AEAR) A )

j=1"
It is obvious that $® C ®* € B, and p(R*) = d(R*) = d(R) for any R € B, Then (see [15])
there exists a number ¢ = ¢(R) > 0 such that

he(C+n) < c[hn(C) + h(n)] V¢, n € C™ (1.1)

Since ®* € B, for R € B, then p(R*) < 1. Therefore, from (1.1) it follows that for any ¢ > 0
there is a number c¢. > 0 such that

he(C+mn) < cc he(Q) +eln| V(,neC™ (1.1)
Let P(§) = > 7a&™ be a polynomial, where the sum is taken over a finite set of multi-indices

(P) = {a € Nj,7a # 0} and m := maxae(p)|a|. We represent the polynomial P as sum of
homogeneous polynomials

P(&) =Y Pi(&) =) D 7t E€R™ (1.2)

j=0 J=0 lal=j

Definition 1. (see [6] or |7] Definition 12.3.3 and Theorem 12.4.1) An operator P(D) (a polynomlal
P(¢)) is called hyperbolic (by Garding), with respect to the vector N € R", if P, (N) #

(see representation (1.2)) and there exists a number 75 > 0 such that P({ +i7N) # 0 for all
(&,7) e R™™ and |7| > 7.

It is easy to verify that the polynomial Pis hyperbolic with respect to vector N € R™ if and
only if P, (N) # 0, and there exists a number 79 > 0 such that P({ + it N) # Ofor all £ € R”,
7€ C and |Ret| > 0.

A polynomial P is called weakly hyperbolic with respect to the vector N € R" (see, for
instance, [13], [19] or [9], [10]) if P, (NN) # 0 and zeros of the polynomial P,,({ + 7 N) with respect
to 7 are real for any point £ € R™, while there are multiple roots among them.

A polynomial P is called s—hyperbolic (1 < s < 00) (see. [13] or [19]) with respect to vector
N € R™ if P,(N) # 0 and there exists a number ¢ > 0 such that P({ +i7N) # 0 for all
(& 7) € R, 1] > c(1+[¢["°).

It was proved in [13] that the polynomial P is s- hyperbolic with respect to vector N if and
only if P,,(N) # 0 and there exists a number ¢ > 0 such that P(§+i7N)#0forall e R", 7€ C
and |Ret| > c (1 + [€]Y9).
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A function g¢, defined on R", is called a weight of hyperbolicity (see [14] or [16]), if
8) g(€) > ko > 0 VE € R,
b) g(§)/1€] = 0 as [§] = oo

Definition 2. A polynomial P is called hyperbolic with weight g, (further g—hyperbolic)
with respect to the vector 0 # N € R" if P,,(N) # 0 and there exists a number ¢ > 0 such that

PE+iTN)#0 VEe€eR" 7€ C,|Ret| > cyg(f).

In [6] (see also 7], Theorem 12.5.6) it was proved that for hyperbolic by Garding (with respect
to any vector N) operators, the non - characteristic Cauchy problem has one and only one solution
from a certain class of smooth functions. Similar results (when N = (1,0,...,0)) for s-hyperbolic
operators were obtained in [13] by E. Larsson, and for 8=—hyperbolic operators in [1] by D. Calvo. In
[14] - [16] (see also [17]), similar results were obtained for R—hyperbolic operators for more general
Newton polyhedrons R and for arbitrary vectors V.

It follows from the definition of a function hg that for any polyhedron R € 9B, the function
hy is a weight of hyperbolisity. Therefore, further, if % € %8 and the polynomial P is hyperbolic
with weight hg, then, for brevity we call the polynomial P R-hyperbolic.

Remark 1. It is easy to see that any R- hyberbolic (R € B,) polynomialis s := 1/p(%)—hyberbolic
and any s:=1/ . gleral% . |v|—hyperbolic polynomial is f#—hyberbolic.

It is known that

1) if the function ¢ is bounded on R™, then the ¢g—hyperbolic with respect to the vector
0 # N € R™ polynomial P is hyperbolic (by Gérding) with respect to the same vector. In addition,
for an arbitrary function f € C§° with supp f C Qu := {z, (z,N) > 0} equation P(D)u = f has
a solution u € C* with suppu C Qy (see |7], Theorems 12.4.5 and 12.5.4);

2) any weakly hyperbolic polynomial is s := -*5— hyperbolic, where r is the maximal multi-
plicity of the zeros of the polynomial P,,(§ +7 N) (with respect to 7) (see.[19] or [1]);

3) each s— or R—hyperbolic polynomial (if R € 9B) is weakly hyperbolic. In addition, the
equation P(D)u = f for f € G% with suppf C Qy has a solution u € G* such that suppu C
Qn  (see [13]), where G* := G*(R™) is an isotropic Gevrey space (see [4] or [8], paragraph 8.4 ),
and G%* := G* N C§° with the appropriate topology (see [13], [19], [3] or [21]);

4) for the R—hyperbolic operator P (if ® € 9B,) and for any function f € GO%(Qy) the
equation P(D)u = f has a solution u € G® with suppu C Qy, where G® is an anisotropic Gevrey
space (see [14]).

Searches for the widest possible classes of linear partial differential equations for which the Cauchy
problem can be posed correctly (necessary and sufficient conditions) led to the concept of the hyper-
bolicity of the equation (operator, polynomial). These searches continue to this day. Thus, hyperbolic
equations are distinguished from the general class of equations by the fact that the Cauchy problem
for such equations can be posed correctly.

However, the correctness of the Cauchy problem depends not only on the type of equation, but
also on the functional space where this problem is studied.

The process of finding suitable function spaces where the Cauchy problem for a weakly hyperbolic
operator is posed correctly led to the Gevrey classes (see [4]). These classes are intermediate between
classes of infinitely differentiable and real analytic functions. The condition of strict hyperbolicity is
sufficient for the correctness of the Cauchy problem in C*°, generally speaking, this problem can be
posed incorrectly for weakly hyperbolic equations. This can be easily verified even with the example
of the heat conduction operator, for which the Cauchy problem can be posed incorrectly in the
Gevrey class G* for s > 2 as well in C™ (see, for instance, [2] or [19], Section 4.2]).
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Searches for the widest possible classes of linear partial differential equations for which the Cauchy
problem can be posed correctly (nacessary and sufficient conditions) led to the concept of the hyper-
bolicity of the equation (operator, polynomial). These searches continue to this day. Thus, hyperbolic
equations are distinguished from the general class of equations by the fact that the Cauchy problem
for such equations can be posed correctly.

In [6] (see also 7], Theorem 12.5.6) it was proved that for hyperbolic by Garding (with respect
to any vector N) operators, the non-characteristic Cauchy problem has one and only one solution
from a certain class of smooth functions. Similar results (when N = (1,0,...,0)) for s-hyperbolic
operators were obtained in [13] by E. Larsson, and for 8=—hyperbolic operators in [1] by D. Calvo. In
[14] - [16] (see also [17]), similar results were obtained for R—hyperbolic operators for more general
Newton polyhedrons R and for arbitrary vectors V.

The present work is devoted to finding conditions under which a given polinomial is hyperbolic
and to a comparison of hyperbolic polynomials of different types. In partcular,

1) necessary and sufficient conditions are obtained for ft—hyperbolicity of polynomials in n > 2
variables (Theorem 2.2),

2) conditions are obtained under which a R—hyperbolic, with respect to a nonzero vector N°
polynomial is $t—hyperbolic with respect to any vector N in a neighborhood of the vector N°
(Theorem 2.3),

3) for polynomials in two variables conditions are obtained under which an R—hyperbolic poly-
nomial is s—hyperbolic, where the number s is uniquely determined by the polyhedron R (Theorem
3.1).

2 Polynomials in n > 2 variables

Let C - (Cl’(/) = (Cluc% '-'7Cn)7 f - (5175/) = (517§27"-;£n)7 NO - (170/) and P(f) = P(&héj)
is a polynomial, represented in form (1.2), for which P, (N°) # 0. For any ' € C*!, we denote

D(P, () = {¢ = ¢(¢) € C,P(C¢) = 0} and by A(C') we denote an element in the set D(P, ('),
for which |A(¢)| = maxe, yen(p,¢'y |G| (if there are several of them, then we will take any one of
them.). Let polynomial (1.2) be represented as follows

P(&) =) Q)= Z Z Vg, (€

=0 J=0 (ja)e(P)
= Yomo) E + Z & Q). (1.2
j=0

Theorem 2.1. Let ® € B,_1 and P be a polynomial of degree m of form (1.2') such that
P.(N®) #£ 0. Then the following conditions are equivalent:
1) there ezists a number ko = ko(R, P) > 0 such that for all j=0,1,....m —1

1Q(€N)] = | Z Yo, (€)1 < ko hy (€), € R, (2.1)

(J,a")e(P)
2) there exists a number k1 >0 such that
A < mhw(¢), ¢ €T, (22)

Proof. We show that (2.1) implies (2.2). Since {o/ € NJ™', (j,a') € (P)} C (m — j)R, when (2.1)
is fulfilled, hence, by the definition of the function hg, relation (2.1) is equivalent to the fact that
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there exists a constant &, > 0 such that
Qi) < Ko hig(¢), C€C™ j=01,...m—1. (2.1).

Therefore, it suffices to prove that, under the conditions of the theorem, (2.1") implies (2.2). Assume
the converse that if (2.1) holds, there exists a sequence {(¢’)*}2°, € C"~! such that for k — oo

A/ hr((C)F) = oo (2.3)
Since hy(¢’) > 1 V¢ € C*!, this implies that for k& — oo we get
A

(
On the other hand, due to the fact that A((¢)*) € D(P, (¢)*) (k = 1.2....) and P, (N°) # 0, by
virtue of inequality (2.1) and relations (2.3) - (2.4) we have

)R = 0. (2.4)

[airy

m—
/

0= [PA(C)), ()N = [rmon (AC))™ + YIS Qi(¢HY)]

Jj=0

> IPm(NO)HA(C')'“)\m—Z_I (W 1R = 1PN M)

m—1

—ro > AP B () = [Ba(NOHAC™ 1 + o(1)] = o0
§=0

as k — oo.

The obtained contradiction proves, that under the conditions of the theorem, estimate (2.2)
follows from estimate (2.1).

Now, let us prove the converse, namely, that estimate (2.1) follows from estimate (2.2). Since
P,.(N°) # 0, for any fixed point ¢’ € C"! the polynomial (with respect to 7) P(7,¢’) has m
roots : 71(¢’), ..., Tm(¢"). Then for all ¢’ € C"! we have

m—1 m
= mQi(¢) + Pu(N®) 7 H (r —75(C
j=0
Since, by virtue of the Vieta theorem

Qi) =(=D"7 > (), (), (€CT j=0,1,.,m—1,

1<r<m,
by virtue of the definition of A(¢') from estimate (2.2) we have

1Q; ()] < ki C IR V¢ e CV L =0,1,...,m — 1,

where {Cp77} are the binomial coefficients. Denoting by #{ the maximum of {r; Cj=7}75! we
obtain (2.17). O

Theorem 2.2. Let 0# N € R", a polynomial P of degree m, represented in form (1.2) such that
P,(N)#0 and ® € B,,. Then the polynomial P is R—hiperbolic with respect to the vector N
if and only if there exists a constand ¢ > 0 such that

PE+iTN)#0 € R", 71€C, |Ret| > cgp n(§), (2.5)
where gy, v(€) = inf o€~ ).
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Remark 2. It is easy to verify that for #® € B the function gn, ~N is a weight of hyperbolicity.

Proof. Neccessity Let a polynomial P be R—hyperbolic with respect to a vector N. Let us
prove that for some constant ¢ > 0 relation (2.5) holds. By the definition of R—hyperbolicity
of the polynomial P (with respect to N) there exists a number ¢; > 0 such that for all pairs
(&,7) € R" x C for which P(§ +i7 N) =0 the following inequaliy holds

|ReT| < c1 hg(§). (2.6)

Since for any ¢ € R' for the mentioned pairs {£,7} the relation P(§ — ¢ N + i (1 — it) N)
= P(§+i7 N) holds, then, by estimate (2.6), for such pairs {{,7} we have that for such pairs
P(+iTN)=0and |Ret|=|Re(r—it)] <cihg(§—tN) forany t € R. Since ¢ is arbitrary, it
follows that for all £ € R” and 7 € C such that P(§+i7 N) =0 the inequality |Re7| < ¢1 gx v ()
holds.

From here, in turn, it follows that P(§ +i7 N) # 0 for all pairs (£,7) € R" x C such that
|ReT| > c¢1 gn, n(€). Relation (2.5) is proved.

Sufficiency. Let relation (2.5) be satisfied. Let us prove that the polynomial P is
R—hyperbolic. Since hg(§) > gp n(§) for all £ € R”, it follows from (2.5) that P(+i7N) # 0
for all £ € R™ and 7 € C such that |Re7| > chg(§). From this and the condition P,,(N) # 0 of
the theorem it follows that the polynomial P is R—hyperbolic with respect to N. O]

We will use the following proposition in the proof of Theorem 2.3
Pr0p051t10n 2.1 Let M C B, ,, and R € R»* be the Newton polyhedron of the set {(0,2/) :
Ve MO} u{(d(M),0")}. Then R € B, and p(R) = d(R) = d(M) (= p(IM*).

Proof. For any X' € A(9) we denote dy (M) := max,coqn(N', '), then d(IM) = mazyeaomdy (IN).
Since ® = {v € R™" (v, (L, N)) < dyp(0N) VXN € A(Dﬁ)}, then A(R) = {(1,N), N € A(ON)}.
Recall that by the definition of the set A(OM), mins<j<,A; = 1, YN € A(M), therefore R =
{v e R®T (\,v) < dy(O)} VA = (1,)) € A(R), where N € A(M)}. It immediately follows that
d(é}%) = HlaX/\/eA d)\/(m) = d(gﬁ)

Since M € ‘Bn 1, then d(9M) < 1, therefore d(R) < 1.

On the other hand, by the definition of the polyhedron %, the point (d(9M),0) € R® and
mini<j<nA; = 1, VA € A(R), therefore p(R) = d(R). O

Theorem 2.3. Let M C B, |, N € R™F be the Newton polyhedron of the collection {(0,v): v €
M} U (d(M),0), U be a neighborhood of the vector NP, such that U C {N;|N — N° < 1/2}
and Pp,(N) #0 for any N € U. Let P be a polynomial of degree m, represented in form (1.2'),
for which, with some constant ¢ > 0, the following relation holds

|Q] Z 7]0/) | < Chm j(gl) 5, E]Rn_lv j: ]-7“'7m_ 1.
(J,a")e(P)

Then for any N € U the polynomial P s R—hyperbolic with respect to the vector N.
Proof. Let N € U. Since P,,(N) # 0, for any point & € R" the number of zeros of the polynomial
P +iT N) (with respect to 7 ) is m. Let {7;(§)}jL, be the zeros of the polynomial P({+i71 V)

and ¢ = (¢1,¢) : = (& +i75(§) N1, & +i71;(§) N'). Then from the second statement of Theorem 2.1
(see inequality (2.2)) it follows that |¢1(¢")| < &1 har(¢’), or, which is the same

|£1 +ZTJ(£) Nl‘ S K1 hm(£/+ZTJ(§) N/) 56 Rn, j: 1,...,m
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Hence, by virtue of inequality (1.1), for some constant ko > 0 we have

[ & +175(8) M| < ko [han(€) + han= (T;(§) N')] £ €R™, j=1,....,m.

/

Since p(9M*) = d(OM) by virtue of M* and condition M € B, ;, for some constant k3 > 0 we
obtain

| & +i75(8) M| < ks [han(€) + |75(&) ™)
= iz [hon(€) + |75(E)Y™] VEER", j=1,..,m.

Since N1 > 1/2, for N € U, for some positive constants k4, k5 we have

| & +i75(€) Ni| < ki [hon (&) + |i 75(€) Ny |*O)]

= ki [ho(E) + &1 4+ i 75(€) Ny — & 9]

< ks [hon (&) + | & +1i75(§) led(sm) + |fl|d(m)] VEER", j=1,...,m.

Since d(9M) € (0,1) for M € B, _,, it follows that for any € > 0 there exists a number c. > 0
such that for all j =1,...,m we have

|60 +i7i(6) Nu| < ks [han(€) + & +i15(€) Ni| 4 ¢ + |6]|9™] Ve € R™.

Since hogp(£') > 1 V¢ € R*1, it follows that for x5e = 1/2 and some constant g > 0 we obtain

&1+ i 75(€) Ni| < kg [han(€) + 1617PV] VEER™, j=1,...,m.

By the definition of the polyhedrons ® and 9 we have ho(€&') + |&|* ™) = hg(¢) for € € R™
Therefore,

[§1+i75(8) Ni| < ke hg(§) VE€R™, j=1,....,m.
Bearing in mind that N; > 1/2, we obtain

|ReTj(&)| < 2kghp(§) VEER™, j=1,...,m. (2.7)

So, we have proved that for any root 7(§) of the polynomial P(£+4i7 N) (in variable 7) inequality
(2.7) holds, i.e. P({+iTN)#0 for £ € R", |Ret| > 2kghp(§). This means that the polynomial
P is R—hyperbolic with respect to vector N. O

We give an example of a polynomial that is not hyperbolic by Garding, but is J—hyperbolic for
a certain completely regular polyhedron %.

Example 3. Let n =3, P(§) = {° + &G & +6° (6 + &) +& & +6 + &

Here m =15, P(&) = Pi5(§) + P1a(§) + Pi3(§) + Pr2(§) + Po(€), M is the Newton polyhedron of
the set {(0,3/5,0), (0,0,3/5), (0,2/5,2/5)}, d(9) =4/5, R € R™T—Newton polyhedron of the set
{(0,0) : v/ € M} U{(d(M),0")} = {(0,3/5,0), (0,0,3/5), (0,2/5,2/5), (4/5,0,0)}, & = (&,¢),
¢ = (&, &), Simple calculations show that hop (&) = han(&, &) = 14+ [E5 + &0 4 &0 |&]#/°
and @o<§'> — S+, Q) =00 =1,..9), Qul€) — EE+E+E, Q) =0(j=
11,...,14).

Since the polynomial Pj5 is not stronger (according to L. Hormander) (see |7], Definition 10.3.4)
than (for example) polynomial Py, it follows from the Svensson theorem on the necessary conditions
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for hyperbolicity by Garding (see [20]) that the polynomial P is not hyperbolic by Garding with
respect to the vector N° = (1,0,0).

Now we show that the polynomial P is R—hyperbolic with respect to any vector N € R? :
|IN — N°| < 1/2. Obviously Pi5(N) # 0 for the indicated N. Verification of the existence of ¢ > 0
for which the inequality

Qi(EN| < chyy 7€) V& €R?, j=1,..,14

is satisfied, reduces to proving the following easily verified estimates for all (&, &3) € R?

S +E+8681< 1+ |§2|3/5 + |§3|3/5 + |§2|2/5 |§3|2/5)5;

165 + &5+ €565 < (1416 + (&> + [&* 1&5*°)",
Thus, by Theorem 2.3, the considered polynomial is R —hyperbolic.

3 Polynomials in n =2 variables

In this section, we find conditions under which an R—hyperbolic polynomial of two variables is
s—hyperbolic. We preliminarly prove several propositions that we will need to prove the main
theorem of this section (Theorem 3.1). In this case, we use the notation hg n () := infiers hg(§—t N).

Lemma 3.1. Let n =2, R€B,, (61,0) and (0,05) are nonzero vertices of the polyhedron R,
lying on the coordinate axes R*>T, s := 1/min{oy,09}, N = (N1,Ny) € R*, Ny Ny # 0. Then
there exists a number c¢ > 0 such that for all € € R? we have

(L4 Ny & — N &|Y*) < hgn(€) < c(L+|No& — N1 &| V). (3.1)
Proof. 1t is obvious that for all ¢ € R?
N N
ha(€) < ha(E — z% N) = hal6s — 3 .0) =1+ 16— 3 &)
and ¢ N N
han(€) < hp(§ — FllN) = hy(0, & — ﬁ&) =1+[&— ijl’ag,

where the right-hand side of inequality (3.1) with any constant ¢ > maz{l,|Ny|,|Na|} follows
immediately.

Let us prove the left-hand side of estimate (3.1). By the definition of the function hg and the
property hg(n) > 1Vn € R? for arbitrary ¢t € R! and £ € R?, we have

N
1+|51_]£\f_22N1|1/S:1+|§1_N1t+ ﬁ;[(Nzt—fz)Hl/s§1+|51—N175|1/5
N N
]S YR e — Not | Vo <24 |6 — Nyt 4| 0 |5 [1+ | & — Not|2)
N2 N2

N N
< L b6 = Nt 0) 4+ | 17 b0, = Not) < 1 (14 | ) hal€ = NY)
2 2

< 2+ hal = NO).

Hence, due to the arbitrariness of the number ¢ € R!, we obtain the left hand side of estimate
(3.1). O
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_ For apolynomial R(§) = R(&, ..., §,) and anumber 7 € R! we denote (L. Hormander’s function):
R(& ) = |R@(€)] |7|l*l and introduce the following comparison relation (with weight) of two
polynomials

Definition 3. Let g be a weight of hyperbolicity. We say that polynomial P is g—stronger than
a polynomial @ (a polynomial @ is g—weaker than a polynomial P) and write: @ <9 P if, for
some constant ¢ > 0

Q& g(€)) < c P& g(€)) VEER™
This definition directly implies

Lemma 3.2. Let g; and go be weights of hyperbolicity such that g1(§) > cgo(§) VE € R™ for
some constant ¢ > 0. If Q <92 P, then @Q <9 P.

Lemma 3.3. Let g1 and g2 be weights of hyperbolicity and g := g1 + go. Then QQ <9 P, if and
only if Q<% P (j=1,2).

Proof. The proof immediately follows from Lemma 3.2 and the following easily verified inequality
for any k€N

gH(&) + g5 (&) < gF(€) < 2% (g (&) + g (&) VE e R™
Il

Lemma 3.4. Let N° = (1,0), R € B,, (0,02) be a nonzero vertex of the polyhedron R, lying
on the aris 0, A € (0,1), 9Ma be the Newton polyhedron of points {(A,0),(0,09)} and P
be a R—hyperbolic polynomial with respect to a vector N°. Then P is 1)9a—hyperbolic and
2) s1 := 1/0y—hyperbolic polynomial with respect to the vector NY.

Proof. To prove part one, it suffices to note that under the conditions of the lemma hgy, n(§) =
1+ |&2|7? = infyeps hp(§ —t N) for any A € (0,1). Part 2) follows directly from Part 1). O

Lemma 3.5. Let R € B, (01,0) and (0,05) be vertices of the polyhedron R, lying on the coordi-
nate azes R? s:=1/min{oy,02}, N = (N, Ny) € R?, Ny Ny #0, and P be an R—hyperbolic
polynomial with respect to the vector N. Then P is s—hyperbolic with respect to the same vector.

Proof. We need to prove that there exists a number xy > 0 such that
P(E+iTN)#£0 V(E 7) €R? X C: |Rer| > ko (1 + |€]7). (3.2)
It is obvious that for any ¢ > 0 there exists a constant x; = k() > 0 such that

L+ ]EF > ki (14 N2 & — N1 &), € e R

On the other hand, by virtue of Lemma 3.1 there exists a number k9 > 0 such that

h N(§) < ko (14 |No& — Ny €2|1/3) Vé € R2
From the last two relations we obtain with some constant k3 > 0
L+ [€]* > ks ha n(€) VE € R (3.3)

Since the polynomial P is R—hyperbolic with respect to the vector N, i.e. for some constant
k4 > 0 we have the relation

PE+iTN)#A0VE TER* X C: |Ret| > ky hy, v (€),

then this and (3.3) imply relation (3,2) with the constant kg = k4/k3. This proves that the polyno-
mial P is s—hyperbolic with respect to the vector N. O
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Theorem 3.1. Let N° = (1,0), and let U = U(N°) be a neighbourhood of the vector N°, such
that U C {N;|N — N°| < 1/2}.

Let R € By, (01,0) and (0,09) be nonzero vertices of the polyhedron R, lying on the coordinat
aves of R*>T, s:=1/min{oy,00}, P, be a homogeneous polynomial of degree m, hyperbolic (by
Garding) with respect to the vector N°, P, (N) # 0 for N € U(NY). and Q be a polynomial of
degree less than m.

1) If there exists a vector N' € U = U(NV) that is not collinear to the vector N° such that
Q <"»~xi P (j=0,1), then the polynomial P,,+Q is s, := 1/oo—hyperbolic with respect to any
vector N € U(NY).

2) If there are noncollinear vectors N' N? € U(N°), all of which coordinates are nonzero and
such that Q <"»~i P, (j = 1,2), then the polynomial P,, + Q 1is s—hyperbolic with respect to
any vector N € U(NY).

Proof. Statement 1). From the assumption of part one it follows that @ <Mexothent P Since
the vectors N° and N' are not collinear, then (see Lemma 3.1) there exists a number c¢; > 0
such that

(L4 16]Y5 +16172) < hawo(€) + hani (€) < 7t (1+ [&]Y° +1&]72), € e R?,

consequently .
9(§) =1+ ¢ > 501_1 [heno (€) + hpni (§)], € € R,

Therefore, by Lemma 3.2, we obtain @ <9 P,,. Since the polynomial P,, is hyperbolic ( by Garding
) with respect to any vector N € U(NV), (see [6] or |7], theorems 12.4.4 and 12.4.2 ), by virtue of
Theorem 3.3 of [16] for any N € U(N?), there exists a number ¢, > 0 such that

(Pm+Q)(E+iTN)#0, (§,7) € R || > c29(8),

i.e. the polynomial P, + Q is 1/0y—hyperbolic with respect to any vector N € U(N°) (see the
definition of s - hyperbolicity).

Statement 2). From the conditions on the vectors N', N? and from Lemma 3.1, we have for
some constant c3 > 0

P (L+ DY < hpai (&) + hane(6) < ez (1+[E)YV5, € € R

Carrying out calculations similar to those performed in the proof of part 1, we obtain that the
polynomial P,, + @Q is s—hyperbolic with respect to any vector N € U(NY). O
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