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1 Introduction with preliminaries

The concept of complex-valued metric spaces was introduced and studied by Azam et al. [1]
and Rouzkard et al. [5]. Naturally, this new idea can be utilized to define complex-valued
normed spaces and complex-valued inner product spaces, which in turn, offer a wide scope for
further investigations. Though complex-valued metric spaces form a special class of cone metric
spaces, they are intended to define rational expressions which are not meaningful in cone metric
spaces, and thus many results of analysis cannot be generalized to cone metric spaces. Indeed,
the definition of a cone metric space is based on the underlying Banach space which is not a
division ring. However, in complex-valued metric spaces we can study improvements of a lot of
results of analysis involving divisions.

In this paper, we prove coincidence points and common fixed points theorems involving two
pairs of weakly compatible mappings satisfying certain inequalities in a complex-valued metric
space.

To begin with, we collect some definitions and basic facts on complex-valued metric spaces,
which will be needed in the sequel.
Let C be the set of all complex numbers and 27, 2o € C. Define the partial order = on C as
follows:
21 3 2z if and only if Re(z1) < Re(z2), Im(z1) < Im(z2).

Consequently, one can infer that z; = 25 if one of the following conditions is satisfied:
(i) Re(z1) = Re(z2),Im(z1) < Im(za),
(ii) Re(z1) < Re(za), Im(z1) = Im(zq)
(iii) Re(z1) < Re(z3),Im(z1) < Im(zy),
(iv) Re(z1) = Re(z2), Im(z1) = I'm(z2).
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In particular, we write z; 3 22 if 21 # 2 and one of (i), (ii), and (iii) is satisfied and
we write 21 < 2z if only (iii) is satisfied. Notice that 0 3 21 T 22 = |z1] < |2/, and

21 :j Z9,%9 = 23 = 21 < 23.
We denote by C the following set
Ci={2€C:03z}

Definition 1. [5]) Let X be a nonempty set. Suppose that the mapping d : X x X — C,
satisfies the following conditions:

(dy) 0 2d(z,y) z,y € X and d(x,y) = 0 if and only if = = y;

(dQ) d(l‘,y) = d(y,l‘) T,y € X;

(d3) d(z,y) S d(x,2) +d(z,y) z,y,z € X.
Then d is called a complex-valued metric on X, and (X, d) is called a complex-valued metric
space.

Example 1. Let X = X; U X5 where
X;={2€C:Re(z) >0 and Im(z) =0} and Xy ={z€ C: Re(z) =0 and Im(z) > 0}.
Define d : X x X — C, as follows

§|x1—x2|+%|x1—az2| if 21,29 € Xy
slyr — vol + Elyr — o if 21,25 € Xo;
(B21 + 2yo) +i(501 + 512)  if 21 € X1, 20 € Xo;
(301 + 322) +i(5u1 + 522) if 21 € Xo, 29 € Xy

d(Zl, 22) =

where z; = 1 + iy1, 20 = X2 + iy € X. Then (X, d) is a complex-valued metric space.

Definition 2. Let (X, d) be a complex-valued metric space and B C X. We recall the following
definitions:

(i) b € B is called an interior point of the set B whenever there is 0 < r € C such that
N(br) € B,
where N(b,r) ={y € X : d(b,y) < r}.
(ii) A point x € X is called a limit point of B whenever for every 0 < r € C,
N(x,7) N (B\X) # 0.
(iii) A subset A C X is called open whenever each element of A is an interior point of A.

(iv) A subset B C X is called closed whenever each limit point of B belongs to B.
The family F' = {N(z,r) : © € X,0 < r} is a sub-basis for a topology on X. We denote this
complex topology by 7.. Note that, the topology 7. is Hausdorff.

Definition 3. Let (X,d) be a complex-valued metric space and {z,},>1 be a sequence in X
and x € X. We say that



Common fixed point theorems for two pairs of self-mappings 77

(i) the sequence{x,},>1 converges to z if for every ¢ € C with 0 < ¢ there is ng € N such
that for all n > ng, d(z,,z) < ¢. We denote this by lim, z, = x, or x,, — x, as n — oo,

(ii) the sequence{x,},>1 is a Cauchy sequence if for every ¢ € C with 0 < ¢ there is ny € N
such that for all n > ng and m € N, d(z,,, Tp1m) < ¢,

(iii) the metric space (X,d) is a complete complex-valued metric space if every Cauchy
sequence is convergent.

Definition 4. 2] Two families of self-mappings {7;}/", and {S;}7_; (i.e {T;},{Si} : X — X)
are said to be pairwise commuting if:

(i) BTy = )T, i,j € {1,2,...m}.
(11) SVS’J = SjSZ’, Z,j S {1,2, 77,}

(iii) 7,8, = S;T;, i € {1,2,..m}, j € {1,2,..n}.

Definition 5. [3] Let S and I be self-mappings of a set X. If w = Sz = Iz for some z € X

then x is called a point of coincidence of S and I, and w is called a point of coincidence of S
and [.

Definition 6. [4] Let S and T" be two self-mappings defined on a set X. S and T" are said to be
weakly compatible if they commute at their coincidence points.

In [1], Azam et al. established the following two lemmas.

Lemma 1.1. [1] Let (X,d) be a complex-valued metric space and let {x,} be a sequence in X.
Then {x,} converges to x if and only if |d(z,,x)] — 0 as n — oo.

Lemma 1.2. [1] Let (X,d) be a complex-valued metric space and let {z,} be a sequence in X.
Then {x,} is a Cauchy sequence if and only if |d(x,, Tpim)| = 0 as m,n — oco.

2 Main result

In this section, we give the unique point of coincidence and unique common fixed point theorems
in complex-valued metric spaces.
Our first main result is the following theorem.

Theorem 2.1. Let S,T,1 and J be self-mappings defined on a complex-valued metric space
(X,d) satisfying TX CI1X,SX C JX and

d(Jy, Sz)d(Iz,Ty)

\(Sz, Ty) < Ad(Iz, Jy) + B

(2.1)

for all x,y € X, where A, A;B € Cy and0 < A+ B < \. If one of SX, TX,IX or JX is a
complete subspace of X, then

(a) both pairs {S, I} and {T,J} have a unique point of coincidence in X,

(b) if both pairs {S,I} and {T,J} are weakly compatible, then S,T,I and J have a unique
common fized point in X.
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Proof. Let zy be an arbitrary point in X. Since SX C JX, we find a point z; in X such that
Sxg = Jxy. Also, since TX C IX, we choose a point x5 with T'zy = Ix,. Thus, in general, for
the point x5,_5 one can find a point x,,_; such that Sxs,_o = Jr9,_1 and then a point x,, with

Txo, 1 = Ixs, for n = 1,2,.... Repeating such arguments one can construct sequences {z,}
and {y,} in X such that,

Yon—1 = STan—2 = Jx2n1, Yon = T2p 1 = lx9p, n=12,...
Using inequality (2.1), we have

)\d(Sl'zn,Tl'an) ,5 Ad(1$2najx2n+l)
d(JCCQn—I—h Sx2n>d(lx2na Tl‘2n+1)

+B
1+ d(].TQn, J$2n+1) + d(]ac2n, Slfgn) + d(JIQn_H, szn_l'_l)
or
/\d(y2n+1,y2n+2) ﬁ Ad(yzmanH)
B d(y2n+1, y2n+1)d(y2m y2n+2)
1+ d(Yan, Yon+1) + d(Y2ns Y2nt1) + d(Y2nt1, Yoni2)
so that
|)“ |d(y2n+17 y2n+2)| S ‘A’ |d(y2n7 y2n+1)‘7
therefore

A
|d<y2n+1ay2n+2)| < |X||d(y2nay2n+l)|'
We rewrite this in the form

|d(Y2n+1, Yant2)| < hald(Yon, Yoni1)], (2.2)

where hy = |4].
Since A, A € C; and 0 < A < X then by = |4| < 1.

Again, using inequality (2.1),

M(STon, Txon—1) T Ad(Ixo,, JTom_1)
d(Jx2nfla SZCZn)d([iCQm TﬁCanl)

+B ,
1+ d(Izon, JTon—1) + d({ 22y, STon) + d(JTon—1, TT2p—1)
or
)‘d(y2n+1a yZn) ;5 Ad(y2n> y2n—1)
B d(y2n717 y2n+1)d(y2n, yzn)
1+ d(Yan, Y2n—1) + d(Y2n, Y2n+1) + d(Y2n-1, Y2n)’
therefore,

|d(Yon+1, Y2n)| < hald(yon, Yon—1)] (2.3)

where hy = |4].
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Combining (2.2) and (2.3), we have

|d(Yon+1, Yant2)| < h|d(Yon, Yon—1)]s

where h = h?.

Continuing this process, we get

|d(Yon+1, Yons2)| < hald(yr, y2)]- (2.4)

By using inequality (2.1), we have

A
|d(Yon+3, Yont2)| < ’X||d(y2n+27y2n+l)| = hi|d(Yan+t2, Y2nt1)]- (2.5)
Combining (2.4) and (2.5), we have

|d<y2n+27 y2n+3)’ < h%nJrl‘d(yla yQ)‘ (26)
From (2.4) and (2.6), we get

max{1, hs}

2 hild(yr, yo2)|, for n=2,3, ...
1

‘d(ym yn+1)| S

Since 0 < hy < 1, for m,n(m > n), we have

hy"

|d(Yn, ym)| < [m

Jmax{1, b1 }d(y1,92)] = 0 as m,n — oco.

In view of Lemma 1.2, the sequence {y,} is a Cauchy sequence in (X, d). Now suppose I X is a
complete subspace of X, then the subsequence vy, = Txs,_1 = I, converges to some u in I.X.
That is,

Yo = Ix9,, = Tx9,_1 —u as n — o0o. (2.7)

As {y,} is a Cauchy sequence which contains a convergent subsequence {ys,}, we can find v € X
such that

Iv =u. (2.8)
We claim that Sv = u. Using inequalities (2.1) and (2.8), we have

A(Sv,yan) = Md(Sv, Txe, 1) = Ad(lv,Jxe, 1)

d(Jzon—1,Sv)d(Iv, Txo,_1)
1+ d(ITv, Jra,_1) + d(Iv, Sv) + d(Jxon_1, Txo, 1)
d(yan—1, Sv)d(u, y2n)

1+ d(u, Yan—1) + d(u, Sv) + d(Yan—1, Yon)

+B

= Ad(“? y2n—1) + B

Letting n — oo in the above inequality, using (2.7), we have
Ad(Sv,u) 2 0.
since 0 < A\, this implies that d(Sv,u) = 0, that is,

Sv = u. (2.9)
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Now, combining (2.8) and (2.9), we have
Iv = Sv =u,

that is, u is a point of coincidence of I and S.

Since u = Sv € SX C JX, there exists w € X such that
u=Jw. (2.10)

We claim that Tw = u. Using inequality (2.1), we have

d(Jw, Sv)d(Iv, Tw)

M(u, Tw) = Ad Tw) 2 Ad(I B
(v, Tw) (Sv, Tw) 3 Ad(lv, Jw) + 1+ d(Iv, Jw) + d(Iv, Sv) + d(Jw, Tw)’

or
Ad(u, Tw) 30,
which, by using 0 < A, implies that d(u, Tw) = 0, that is
u="Tw. (2.11)
Combining (2.10) and (2.11), we have
u=Jw="Tw,

that is, u is a point of coincidence of J and T.
Now, suppose that u' is another point of coincidence of I and S, that is,

u = 1Iv = Sv,
for some v' € X. Using inequality (2.1), we have

d(Jw, SV )d(Iv', Tw)
1+ d(Iv', Jw) + d(Iv', Sv') + d(Jw, Tw)’

MU' u) = Md(SV', Tw) 3 Ad(IV', Jw) + B

~v

which implies (by using 0 < \) that d(u',u) = 0, that is, v’ = u. Therefore, we proved that u is
a unique point of coincidence of {I, S} and {J,T}.

Now, we prove that S, T, I and J have a unique common fixed point.

Since {1, S} and {J, T} are weakly compatible, and u = [v = Sv = Jw = Tw, we can write
Su = S(Iv) =I(Sv) = Iu=w; (say)

and
Tu=T(Jw)=J(Tw) = Ju=wy (say).
By using inequality (2.1), we get
d(Ju, Su)d(lu, Tu)
14 d(ITu, Ju) + d(Tu, Su) + d(Ju, Tu)’

Ad(wy, we) = Ad(Su, Tu) = Ad(Iu, Ju) + B

which implies (by using 0 < \) that w; = w,, that is,
Su=Iu=Tu=Ju,
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which by using inequality (2.1) implies that

d(Ju, Sv)d(Iv, Tu)

<
Ad(Sv,Tu) = Ad(Iva']u>+B1+d(]U7Ju)—|—d(IU,SU)+d(JU7Tu).

Hence, we deduce (by using 0 < \) that Sv = T'u, that is, u = T'u. This implies that
u=Su=1Iu=Tu=Ju.

So, u is a unique common fixed point of S, I, J and T". The proofs for the cases in which SX, JX
and T'X are complete are similar, and are omitted. O

Putting [ = J = Iy, where [y is the identity mapping from X into X in Theorem 2.1, we
get the following corollary.

Corollary 2.1. Let S, T be self-mappings defined on a complex-valued metric space (X, d) sat-
18fying
d(y, Sx)d(x, Ty)

1+ d(z,y) + d(z, Sz) + d(y, Ty)
for all x,y € X, where A, A,B € C, and 0 < A+ B < \. If one of SX or TX is a complete
subspace of X, then S and T have a unique common fized point in X.

M(Sz, Ty) 3 Ad(z,y) + B

(2.12)

Corollary 2.2. Let {T;}7 {J:}) and {S;}} {L}7 be two finite pairwise commuting families of
self-mappings defined on a complez-valued metric space (X,d) such that the mappings S,T,1
and J (with T =T'1,..T,,, J = J1Js...dy, I = L115...I,, and S = 5155...5;) satisfy TX C IX,
SX C JX and inequality (2.1). If one of TX,SX,IX or JX is a complete subspace of X, then
the component maps of the two families {T;}7" {J;}] and {S;}\,{L;}? have a unique common
fixed point.

Proof. Appealing to the componentwise commutativity of various pairs, one immediately con-
cludes that ST = IS and T'J = JT and, hence, obviously both pairs (S, I) and (T, J) are weakly
compatible. Note that all conditions of Theorem (2.1) (for mappings S, 7T, I and J) are satisfied
ensuring the existence of a unique common fixed point v in X, i.e. Su=Tu = ITu = Ju =u. We
are required to show that u is a common fixed point of all the component maps of the families.
For this, consider

S(Sku) = ((SlsgSl)Sk)u = (815251_1)((Slsk)u)
(Sl...Sl,2>(Sl,18k(Sl’U,)) = (Sl...S172)(SkSlfl(Slu)) = ...
= Slsk(52535’4...51u) = Sk81(525354...slu) = Sk(Su) = Sku

Similarly one can show that

Jou =T Jyu = JJpu, Spu = ISpu = SSu,

which implies that (for every k) Syu, Tyu, Iyu and Jyu are other fixed points of S, T, I and J.
By using the uniqueness of a common fixed point for S, 7', I and J, we can write Syu = Tpu =

Iyu = Jyu = u (for every k) which shows that u is a common fixed point of the families {7;}7",
1S}, {L}Y] and {J;}7. This completes the proof of the theorem. O
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Theorem 2.2. Let S,T,1 and J be self-mappings defined on complez-valued metric space (X, d)
satisfying TX C IX,SX C JX and

d(Iz,Sx)d(Jy, Ty)

Ty) S A

(2.13)

for all x,y € X, where A, A€ C, and 0 < A < \. If one of SX,TX,IX or JX is a complete
subspace of X, then

(a) both pairs {S,1} and {T, J} have a unique point of coincidence in X,

(b) if both pairs {S,I} and {T,J} are weakly compatible, then S,T,I and J have a unique
common fized point in X.

Proof. The proof of this theorem is identical to that of Theorem 2.1. m

Corollary 2.3. Let {T;}7 {J:} and {S;} {L;}} be two pairwise commuting families of self-
mappings defined on a complex-valued metric space (X, d) such that the mappings S, T, I and
J (with T = T'T,..T,,, J = J1Js...dy, I = Li15..1, and S = 515,...5;) satisfy TX C IX,
SX C JX and inequality (2.13). If one of TX,SX,IX or JX is a complete subspace of X,
then the component maps of the two families {T;}7 {J;}] and {S;}} {L;}} have a unique common
fixed point.

Proof. The proof of this Corollary is identical to that of Corollary 2.2. O
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