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Abstract. We give the well-posedness conditions in Ly (—oo, +00) for the following differential
equation

—y" +p@)y +q(x)y = f(z),

where p and ¢ are continuously differentiable and continuous functions, respectively, and f €
Lo(R). Moreover, we prove for the solution y of this equation the following maximal regularity
estimate:

1y ll2 + llpy'll2 + llgyll2 < ClLF 12

(here || - ||, is the norm in Ly (—o0, +00)). We assume that the intermediate coefficient p is fast
oscillating and not controlled by the coefficient ¢. The sufficient conditions obtained by us are
close to necessary ones. We give similar results for the fourth-order differential equation with
singular intermediate coefficients.

DOI: https://doi.org/10.32523/2077-9879-2019-10-2-65-74

1 Introduction

In this paper we consider the solvability and smoothness properties for a solution of the following
linear third-order differential equation

Ly=—y"+px)y +q(x)y = f(r) (1.1)

where © € R = (—o00, +00), p, ¢ and f are real-valued functions and f € Ly(R). We assume
that p is a continuously differentiable function and ¢ is a continuous function. Important repre-
sentatives of such equations are the stationary Korteweg-de Vries equation and its modifications,
arising in the theory of distribution of long waves of small finite amplitudes (see, for example,
[5] and the references therein), as well as the composite type equations used in the hydrodynam-
ics and hydromechanics (see [6]). Moreover, the more general third-order equations are often
reduced to form (1.1).

The smoothness problems for solutions of equation (1.1) are of great interest. The case
of bounded domains and smooth coefficients is well understood and sufficiently well described
in the literature. In the case of unbounded domains, although the solution of the odd-order
equation (1.1) is smooth, it may not belong to any Sobolev space. Of course, this fact causes
some difficulties for study of (1.1).
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For such equations the study of separability or, in other words, the maximal regularity
problem is important. We recall that if for some C' > 0 the following inequality

”y///”2 + ||py/||2 + ||qy||2 < O(IILy||2 + ||y||2)

holds for every y € D(L), then the operator Ly = —y"” + py’ + qy (corresponding to equation
(1.1) ) is said to be separable in Ly (R) [11, 18] (in this case, the authors [9] say that the operator
L is Ly - maximally regular). Here and in the sequel we denote by C', C;, C_, C; (j =0, 1, 2, ...)
positive constants, which, in general, are different in different places. Solving of the maximal
regularity problem allows us to show the optimal smoothness of a solution and its behavior at
infinity. In addition, the maximal regularity makes it possible to apply the linearization method
based on the fixed point theorems to the study of nonlinear differential equations |3, 10]. In the
case p = 0 the maximal regularity problem for equation (1.1) and its quasilinear generalizations
was investigated in |2, 3, 10, 11]. Moreover, in these works the existence and uniqueness of a
solution was proved, and the important spectral and approximate properties of the resolvent L1
were given. By perturbation theorems, these results easily can be extended to the case p # 0,
when the growth of p at infinity is controlled by the coefficient q.

The main purpose of our paper is to find sufficient conditions for Ls-maximal regularity of
the operator L, when the intermediate coefficient p changes independently (for example, it does
not obey the potential ¢). For example, this is the case for a generalized stationary Korteweg-de
Vries equation. We study also the correct solvability problem for (1.1). Along with the case of
growing coefficient p, we will consider the case of the strongly oscillating p.

In Section 5 of the paper we consider the fourth-order differential equation with unbounded
coefficients and give one result on the solvability and maximal regularity of the solution.

According to the methods of investigation, this work is close to [14, 15, 16, 17].

Definition 1 A function y € Ly(R) is called a solution of (1.1), if there exists a sequence
{yn}ro, C C J(R) (the set of thrice continuously differentiable functions with compact support)
such that Hyn yll2 — 0 and || Ly, — f|l2 = 0 as n — 0.

We denote by L the closure in Ly(R) of the differential expression Ly = —y" +p (z) ' +q(x)y
defined on Cég)(R). By the definition of a closed operator, a function y € Lo(R) is a solution of
equation (1.1) if and only if y € D(L) and Ly = f.

We present the main results. Let

ag,h,th—(t) = ”g|’L2(07t)Hl/hHLz(t*5+7+00) (t > O)?

B, 6= (1) = 9l 2. 0) 11/ Pl 2200, 7+5-)

t>0

<0),
Yg.h. 6,6 = MAxX (sup Qg n,o, (1), sup Bg,h, 5 )
>

Here g and h # 0 are given continuous functions, and 6, > 0, §_ 0. For a non-negative

continuous function v(x) we define

z+d/2

v (z) =supd:d > / v(t)dt

z—d/2

and
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where x € R. For the first time such functions were introduced by M. Otelbaev in [1, 12, 18|.
Theorem 1.1. Let p > 1 be a continuously differentiable function, and q be a continuous
function and assume that the following conditions are satisfied:

(a) Y1, (yp);,0,0 < OO;
(b) for a>1 and b > 0 the following estimates hold:

1 b b
Lo, VnG(m——ﬂ@%x+—ﬁ@0,xeR;

p*(n) 2 2
1
Z+p*ix) 2
3
(¢) A(p,p*) = sup pAt)det | - (p*(z))2 | < oo
T€ER mip*i:v)

< 00, where

(4) pa.p = max | SUP [1g] (0. (P3)° | Latr(e). +20) SUP N1 25,0 [|(05)7 ] 2 o0, ncs)

(o) = max (5.0 = 8 sup(s; ) )

>0

and

0(s) =min (3,54 8515 (9).

s<0

Then for any f € Lo(R) there exists a unique solution y of equation (1.1). Moreover, there
exists C' > 0 such that for any such f and y the following estimate holds:

15" 12 + [lpy'll2 + llgyll2 < ClIfl2- (1.2)

Remark 1. Conditions (a) and (¢) of Theorem 1.1 are close to being necessary. In fact:
i) if ¢ = 0 and condition (a) is not satisfied, then for p, satisfying the condition

max (Sglg HpIH%Q(_OO,T‘FJ—) ”pTHZS(—oo,T)’ Sli% HPIH%2(Z+5+,+OO) ”py{HZf(w»‘*‘OO) < +OO’
T T

equation (1.1) does not have a solution in Lo(R), therefore, the assigned problem loses its
meaning. This follows from Lemma 2.5;
ii) if ¢ = 0, and for some C' > 0 and for all f and y described above estimate (1.2) holds,
then (¢) holds. This fact follows from [12, Chapter 7, Theorem 3].
Example 1. Let us consider the following equation with unbounded and fast oscillating coeffi-
cients:
—y" 4+ (1+ 20eV1+7 gin? & Y+ 2?" cos’ 5r y = f(2), f € Ly(R), (1.3)

It is easy to verify that all conditions of Theorem 1.1 are satisfied. Therefore, equation (1.3) for
any f € Lo(R) has a unique solution y € Ly(R) and for some C' > 0, for all such f and y holds
the following maximal regularity estimate:

Iyl + [[(1 4+ 20 sin® &)/ || + [|2”" cos” 5z ylla < C|f]lo-

2 Some integral inequalities

We denote by C™ [0, +00) (respectively C™ (—o0, 0]) a set of the m times (m € N) con-
tinuously differentiable on [0, +00) (respectively (—oo, 0]) functions with compact support in
[0, 4+00) (respectively in (—oo, 0]). Lemmas 2.1 and 2.2 follow from [12, Chapter 3, Theorem §]
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and [12, Chapter 3, Theorem 9], respectively, by the same way as in Lemma 2.1 [17]. Theorems
8 and 9 from [12] are proved using results of [7, 13].
Lemma 2.1. Assume thatn =1 orn =2, and h > 0 and g are continuous functions such that

Qg px 5, < OO0 (2.1)

for some 6, > 0. Then for each y € c® [0, +00) the following estimate holds:

+00 % 400 %
/ PROTROL IR / D) @)+ Ry )] de | (2.2)

and C < Cag px 5, . Conversely, if (2.2) holds with some constant C.., then ag px o < 00 and
Cy = Coag, s, 0, where Cy > 0 does not depend on g and h.

Lemma 2.2. Assume thatn =1 orn =2, and h > 0 and g are continuous functions such that
for some 64 > 0 condition (2.1) and

+o0 +o0 -1
sup / e (1)) dt / B ™ dn | < oo (2.3)
r—04 T

are fulfilled. Then inequality (2.2) holds if and only if oy s o < 00, and the minimal constant
Cy in (2.2) satisfies the following estimates:

Coag px0 < O < Csag, pe o, (2.4)

where Cy, C3 > 0 are independent of g and h.
Using Lemmas 2.1 and 2.2, we prove the following Lemmas 2.3 and 2.4, respectively.
Lemma 2.3. Assume thatn =1 orn =2, and h > 0 and g are continuous functions such that

By hx, 5. < 00 (2.5)

for some 6_ > 0. Then for each y € C® (—o0, 0] the following estimate holds:

[ o) <c | [ ™) o+ ewro]) (26)

where C_ < é’ﬁg,h;,d,- Conversely, if (2.6) holds with some constant C_, then 3y p: o < 00
and C_ > C\ By, nx.0, where Cy > 0 does not depend on g and h.

Lemma 2.4. Assume thatn =1 orn =2, and h > 0 and g are continuous functions such that
for some §_ > 0 the conditions (2.5) and

T+6— T -1
sup [ orae | [ o) <o .)

are fulfilled. Then inequality (2.6) holds if and only if By nx o < 00, and the minimal constant
C_ in (2.6) satisfies the following estimates:

CaBy nz,0 < C_ < CsBy ne o0, (2.8)
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where Cy, Cs5 > 0 are independent of g and h.
Lemma 2.5. Assume thatn =1 orn = 2, and h > 0 and g are continuous functions such
that for some 04 > 0 and §_ > 0 conditions (2.1), (2.3), (2.5) and (2.7) are fulfilled. Then for

y € CSQ)(R) the inequality

Yoo 1/2 +oo 1/2
[eoewa) <c| [[om) o+roio)d] w-12 e

holds if and only if 7g nx 0,0 < 00, and the minimal constant C' in (2.9) satisfies the following
estimates:
C67g,nz,0,0 < C < Cryg 0,0, (2.10)

where Cg, C7 > 0 are independent of g and h.
Proof. By Lemmas 2.2 and 2.4 and estimates (2.2) and (2.6), for y € C{"™ (R) we have

D2 1/2
lo @y ()l < €3 6) B0 (19N oy + 1B OV )

(n+1) |2 2 s
+C () g, nz,0 (Hy HL2(0,+oo) R ®)y HLQ(O’JFOO))

1/2

< C ) .00 (v V5 + 18 @) y'17)

Then, assuming C' = C () 71, 5+ 0,0, We obtain (2.9). Inequalities (2.4) and (2.8) imply estimates
(2.10). O

3 On the two-term differential equation

We denote by [ the closure in the Ly(R) of the differential expression loy = —y"” +p (z) v’ defined
on the set CSS)(R). We consider the following degenerate differential equation

ly=—y"+px)y = f. (3.1)

Definition 2. A function y € Ls(R) is called a solution of (3.1), if there exists a sequence
{yn}oo, C Cég)(R) such that ||y, — y|l, — 0and |loy, — f|l, = 0asn — oo.
It is clear that a function y € Ly(R) is a solution of equation (3.1) if and only if y € D(I)
and ly = f.
Lemma 3.1. Let p be such that
peCL (R),p>1, (3.2)

loc

and
V1, (VB)t, 64,6 < 0 (33)
for some 6, > 0 and 6_ > 0. Then for each f € Lo (R) there exists a unique solution y of

equation (3.1) and there exists C' > 0 such that for any such p, 04, d_, f and y the following
estimate holds:

1911y + /By ll, + Iyl < ¢3 (1422 (55 ) ISz (3.4)
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Proof. Assuming g = 1 and h = /p in Lemmas 2.1 and 2.3, for y € Cég) (R) we have

0 % +o0o %
lyll, < C- / [y” +p(t)y’2} dt| +C. / [y” + p(t)yﬂ} dt
— 00 0
< Cy,pnsee W17+ lp(@)y[1?]2 - (3.5)

Further

"

Iy, o) = (=" +p@)y,y) = (=" ¥) + (p(x)y,y)

- / " d + / ply'\ dx = / "5+ / plyPde =y + |VayIF.  (3.6)
R R R R

Taking into account condition (3.2), by the Holder inequality, we obtain

Uy, o)) < \ Iyl
2

W
=Y
VP
This inequality and (3.6) imply that ||y"||5 + H\/ﬁy’Hi < |llyll3. By (3.5), we obtain estimate
(3.4).

We show, that estimate (3.4) is also valid for a solution of equation (3.1). Let {y,},—, be a
sequence in C’é3)(R) such that ||y, —yll, = 0, [[ly, — fll, = 0 (n = 00). By (3.4),

2 2 2 2
1Yol + IVPyally + llgnlly < Cr lllyall; - (3.7)

Moreover, for any n, m € N we have
2 2
e = vmmlls + 1/P Wh = r)lls + 1y = ymllz < C1 1y = tymll; - (3.8)

We denote by VV22 /p(£) the completion of Céz) (R) with respect to the norm

2 1/2 : o .
lylly = (H?/’H% +||lvey' ||, + ||y||§> . According to (3.8), {y,}.—, is a Cauchy sequence in

Wi\/ﬁ(R). Then there exists an element z such that ||y, — z||;;, = 0 (n = 00). By Definition 2
z is a solution of (3.1). For n — oo from inequality (3.7) we obtain

12l < C NSl (3.9)

By (3.9), a solution of equation (3.1) is unique: z = y.
Now, we show that for each f € Ly (R) there exists a solution to equation (3.1). By Definition
2, it suffices to prove that R(l) = Ly (R). Assume the contrary, let R(l) # Lo (R). Then there

exists the non-zero element z € Ly (R) such that zLR(I). So, (ly,z) = 0 for any y € CS¥ (R).
On the other hand

(ly, z) = /y (zm — [p () z],> dr, y e 0(53) (R).
R
So we obtain

2 —pz=Ch. (3.10)

By (3.10), we have that z is a twice continuously differentiable function.
The following two cases are possible.
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1. ¢ # 0. Without loss of generality, we can assume that C; = 1. So,
2" —p(x)z=1, z € R. (3.11)

The solution z of this equation can be written as

z(x) = Cyzy () + Cs2o () + / G (z, t)dt, (3.12)

—00

where G (z,t) is the Green function of the Sturm-Liouville operator, and 2, 2z, are two linearly
independent solutions of the following equation 2" — p(z)z = 0. It is known that, by condition
(3.2) (see, for example [4]), z3 > 0, 29 > 0, liril 2 () = 400, lim z (z) =0,

T—r+00 Tr——00

lim 2z (z) =400, lim 25 (x) =0 and
T—>+00

T—r—00

G (z,t) >0, /G(x,t)dt<oo, r € R.
R

Therefore, by (3.12), we have Cy = 0 and C3 = 0, and (3.11) implies that z”(z) > 1 for any
xz € R. Then there exists £ € R such that 2z ({) =k > 0 and 2/ (§) = m > 0. We have

Taking into account condition (3.2), we obtain z — k > 1/2(z — £)? (z > &). Therefore,
lim z(z) = +o0, s0, z ¢ La (R).

T—+00

2. If C; =0, then by (3.10),
Z"(x) — p(x)z(x) = 0,2 € R. (3.13)

The solution z of (3.13) is represented as z = Cyz; + Cs2o. As mentioned above, z; () — 400,
2y (x) = 0 (x — +00), and 29 () — 400, 21 () — 0 (x — —o0). Consequently, Cy = 0 and
Cs=0. So, z=0.

Contradictions obtained by us show that R(l) = Lo(R). O
Remark 2 The condition p > 1 can be replaced by p > § > 0. To show this, it is enough to
put = §~'/?t in equation (3.1).

Lemma 3.2. Assume that p > 1 is continuously differentiable and satisfies conditions (a), (b)
and (c) of Theorem 1.1. Then there exists C' > 0 such that for the solution y of equation (3.1)
the following estimate holds:

1™ 1l + [lpy'll, < CHIFI, - (3.14)

"

Proof. By (3.4), we have y, v’ € Ly (R). Assume, that ¢y’ = z, then the expression ly = —y" +py/’
will take the form Vz = —2" + pz (2 € La (R)). By [12, Chapter 7, Theorem 3|, there exists
Cy > 0 such that for any z € D (V) the following inequality holds:

12l + [lp=1l, < Cal[V2lly -

Then, by Lemma 2.5 and Definition 2, we obtain the proof of lemma. O
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4 Proof of Theorem 1.1

Proof. We put x = at in equation (1.1), where a > 0. If we introduce the notations
§(t) =y(at), Po(t) = plat), 4o (t) = q(at), f(t) = a’f (at),
then (1.1) can be written in the following form:
Ly =—3" + a*podf + a*qoi = f(1). (4.1)

We denote by I, the closure in Lo(R) of the differential operator lo,j = —§"” + a*po(t)y’ defined

on C’és) (R). Since a?|po (t)] > a®, by Lemma 3.1 and Remark 2, the operator I, is continuously
invertible and holds the following estimate:

13”11, + (|||, < Cu IHadll, V5 € D (1), (4.2)

where Cj, does not depend on . Taking into account condition (d), by (4.2) and [1, Theorem
6.3], we have

||a3cjog]H2 < @ pg,pCl, a9l - (4.3)

By (4.1), L = I, + d®GE. If we choose a = [2p, ,Cy,] ~%, then (4.3) implies that the following
estimate holds

a*q0d], < a [ILagll, (4.4)
where o € (07 %} By the known perturbation theorem (see, for example, [8, Chapter 4, Theorem
1.16]) there exists the inverse operator (I, + a*GE) " and the equality R (I, + a3§oE) = Ly (R)

is true. So, there exists the solution 7 of equation (4.1) and it is unique. By inequalities (4.2)
and (4.4), we obtain

1
51+ o, + o'l < (343 ) Ml (4.5
Taking into account (4.4), we get

laglly < |[(la + a*@E) g, + [[a*@dll, < [|(la + @@ E) 3], + 5 gl

that implies
1agll, <2 || (la + @®GE) g, - (4.6)
By (4.5) and (4.6), we obtain that

15"l + 2o [, + la*@3ll, < € || . € = 1+ 261,
Putting t = a~'x, we get the estimate (1.2). O
5 On the well-posedness and maximal regularity of solution of the

fourth-order differential equation

In this section we announce one result on the correct solvability and maximal regularity of the
following equation:
—y W p(@)y +s(2)y +0(x)y=F (5.1)

where © € R = (—00, +00), and F' € Ly(R).
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We denote by M the closure of the operator Moy = —y™® +p (2) 3"+ s (z)y' +0 (x) y defined

on the set 054)(1%) of four times continuously differentiable functions with compact support. We
say that y is a solution of (5.1), if y € D(M) and My = F. We define

1/2

t 1/2 +00
Vs, (1) = / 2()de / en2©de | (¢ 0),
0 h
0 1/2 T+ 1/2

o (7) = / Q)¢ /gh—%odc (r <0),

T

and

W, h, 5,6 = Max (sup Vg h,o, (L), SUD g n,s_ (7’)) .
t>0 7<0

Teorem 5.1. Let p > 1 be a twice continuously differentiable function that satisfies conditions
(b) and (c) of Theorem 1.1 and w, (vp)' 0.0 < +o0. Assume that s is a continuously differentiable
b 17 b

function, and 0 is a continuous function such that max [u}g’p;,(u’(L,’}/S’pg,§+’57] < 400 for some
0y >0 andd_ > 0. Then for any f € Ly(R) there exists the unique solution y of equation (5.1).
Moreover, the following estimate holds:

Iyl + oyl + syl + 19z < CIF 2,

where C' > 0 does not depend on y.
This theorem is proved similarly to the proof of Theorem 1.1 using Lemma 2.5, [1, Theo-
rem 6.1 (for cases n =2 and k =1, 2) and [12, Theorem 3|.
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