ISSN (Print): 2077-9879
ISSN (Online): 2617-2658

Eurasian
Mathematical
Journal

2019, Volume 10, Number 2

Founded in 2010 by
the L.N. Gumilyov Eurasian National University
in cooperation with
the M.V. Lomonosov Moscow State University
the Peoples” Friendship University of Russia (RUDN University)
the University of Padua

Starting with 2018 co-funded
by the L.N. Gumilyov Eurasian National University
and
the Peoples’ Friendship University of Russia (RUDN University)

Supported by the ISAAC
(International Society for Analysis, its Applications and Computation)
and
by the Kazakhstan Mathematical Society

Published by

the L.N. Gumilyov Eurasian National University
Nur-Sultan, Kazakhstan



EURASIAN MATHEMATICAL JOURNAL
Editorial Board

Editors—in—Chief
V.I. Burenkov, M. Otelbaev, V.A. Sadovnichy
Vice—-Editors—in—Chief
K.N. Ospanov, T.V. Tararykova

Editors

Sh.A. Alimov (Uzbekistan), H. Begehr (Germany), T. Bekjan (China), O.V. Besov (Russia),
N.A. Bokayev (Kazakhstan), A.A. Borubaev (Kyrgyzstan), G. Bourdaud (France), A. Cae-
tano (Portugal), M. Carro (Spain), A.D.R. Choudary (Pakistan), V.N. Chubarikov (Russia),
A.S. Dzumadildaev (Kazakhstan), V.M. Filippov (Russia), H. Ghazaryan (Armenia), M.L. Gold-
man (Russia), V. Goldshtein (Israel), V. Guliyev (Azerbaijan), D.D. Haroske (Germany),
A. Hasanoglu (Turkey), M. Huxley (Great Britain), P. Jain (India), T.Sh. Kalmenov (Kaza-
khstan), B.E. Kangyzhin (Kazakhstan), K.K. Kenzhibaev (Kazakhstan), S.N. Kharin (Kaza-
khstan), E. Kissin (Great Britain), V. Kokilashvili (Georgia), V.I. Korzyuk (Belarus), A. Kufner
(Czech Republic), L.K. Kussainova (Kazakhstan), P.D. Lamberti (Italy), M. Lanza de Cristo-
foris (Italy), V.G. Maz'ya (Sweden), E.D. Nursultanov (Kazakhstan), R. Oinarov (Kazakhstan),
L.N. Parasidis (Greece), J. Pecari¢ (Croatia), S.A. Plaksa (Ukraine), L.-E. Persson (Sweden),
E.L. Presman (Russia), M.A. Ragusa (Italy), M.D. Ramazanov (Russia), M. Reissig (Ger-
many), M. Ruzhansky (Great Britain), M.A. Sadybekov (Kazakhstan) S. Sagitov (Sweden),
T.O. Shaposhnikova (Sweden), A.A. Shkalikov (Russia), V.A. Skvortsov (Poland), G. Sinna-
mon (Canada), E.S. Smailov (Kazakhstan), V.D. Stepanov (Russia), Ya.T. Sultanaev (Russia),
D. Suragan (Kazakhstan), I.A. Taimanov (Russia), J.A. Tussupov (Kazakhstan), U.U. Umir-
baev (Kazakhstan), Z.D. Usmanov (Tajikistan), N. Vasilevski (Mexico), Dachun Yang (China),
B.T. Zhumagulov (Kazakhstan)

Managing Editor
A.M. Temirkhanova

(© The L.N. Gumilyov Eurasian National University



Aims and Scope

The Eurasian Mathematical Journal (EMJ) publishes carefully selected original research
papers in all areas of mathematics written by mathematicians, principally from Europe and
Asia. However papers by mathematicians from other continents are also welcome.

From time to time the EMJ publishes survey papers.

The EMJ publishes 4 issues in a year.

The language of the paper must be English only.

The contents of EMJ are indexed in Scopus, Web of Science (ESCI), Mathematical Reviews,
MathSciNet, Zentralblatt Math (ZMATH), Referativnyi Zhurnal — Matematika, Math-Net.Ru.

The EMJ is included in the list of journals recommended by the Committee for Control of
Education and Science (Ministry of Education and Science of the Republic of Kazakhstan) and in
the list of journals recommended by the Higher Attestation Commission (Ministry of Education
and Science of the Russian Federation).

Information for the Authors

Submission. Manuscripts should be written in LaTeX and should be submitted electronically
in DVI, PostScript or PDF format to the EMJ Editorial Office through the provided web interface
(www.enu.kz).

When the paper is accepted, the authors will be asked to send the tex-file of the paper to
the Editorial Office.

The author who submitted an article for publication will be considered as a corresponding
author. Authors may nominate a member of the Editorial Board whom they consider appropriate
for the article. However, assignment to that particular editor is not guaranteed.

Copyright. When the paper is accepted, the copyright is automatically transferred to the
EMJ. Manuscripts are accepted for review on the understanding that the same work has not
been already published (except in the form of an abstract), that it is not under consideration
for publication elsewhere, and that it has been approved by all authors.

Title page. The title page should start with the title of the paper and authors’ names (no
degrees). It should contain the Keywords (no more than 10), the Subject Classification (AMS
Mathematics Subject Classification (2010) with primary (and secondary) subject classification
codes), and the Abstract (no more than 150 words with minimal use of mathematical symbols).

Figures. Figures should be prepared in a digital form which is suitable for direct reproduction.

References. Bibliographical references should be listed alphabetically at the end of the article.
The authors should consult the Mathematical Reviews for the standard abbreviations of journals’
names.

Authors’ data. The authors’ affiliations, addresses and e-mail addresses should be placed
after the References.

Proofs. The authors will receive proofs only once. The late return of proofs may result in
the paper being published in a later issue.

Offprints. The authors will receive offprints in electronic form.




Publication Ethics and Publication Malpractice

For information on Ethics in publishing and Ethical guidelines for journal publi-
cation see http://www.elsevier.com/publishingethics and http://www.elsevier.com/journal-
authors/ethics.

Submission of an article to the EMJ implies that the work described has not been published
previously (except in the form of an abstract or as part of a published lecture or academic
thesis or as an electronic preprint, see http://www.elsevier.com/postingpolicy), that it is not
under consideration for publication elsewhere, that its publication is approved by all authors
and tacitly or explicitly by the responsible authorities where the work was carried out, and
that, if accepted, it will not be published elsewhere in the same form, in English or in any
other language, including electronically without the written consent of the copyright-holder. In
particular, translations into English of papers already published in another language are not
accepted.

No other forms of scientific misconduct are allowed, such as plagiarism, falsi-
fication, fraudulent data, incorrect interpretation of other works, incorrect citations,
etc. The EMJ follows the Code of Conduct of the Committee on Publication
Ethics (COPE), and follows the COPE Flowcharts for Resolving Cases of Suspected
Misconduct (http : //publicationethics.org/files/u2/Newcode.pdf). To verify origi-
nality, your article may be checked by the originality detection service CrossCheck
http: //www.elsevier.com/editors/plagdetect.

The authors are obliged to participate in peer review process and be ready to provide correc-
tions, clarifications, retractions and apologies when needed. All authors of a paper should have
significantly contributed to the research.

The reviewers should provide objective judgments and should point out relevant published
works which are not yet cited. Reviewed articles should be treated confidentially. The reviewers
will be chosen in such a way that there is no conflict of interests with respect to the research,
the authors and/or the research funders.

The editors have complete responsibility and authority to reject or accept a paper, and they
will only accept a paper when reasonably certain. They will preserve anonymity of reviewers
and promote publication of corrections, clarifications, retractions and apologies when needed.
The acceptance of a paper automatically implies the copyright transfer to the EMJ.

The Editorial Board of the EMJ will monitor and safeguard publishing ethics.



The procedure of reviewing a manuscript, established
by the Editorial Board of the Eurasian Mathematical Journal

1. Reviewing procedure

1.1. All research papers received by the Eurasian Mathematical Journal (EMJ) are subject
to mandatory reviewing.

1.2. The Managing Editor of the journal determines whether a paper fits to the scope of the
EMJ and satisfies the rules of writing papers for the EMJ, and directs it for a preliminary review
to one of the Editors-in-chief who checks the scientific content of the manuscript and assigns a
specialist for reviewing the manuscript.

1.3. Reviewers of manuscripts are selected from highly qualified scientists and specialists of
the L.N. Gumilyov Eurasian National University (doctors of sciences, professors), other univer-
sities of the Republic of Kazakhstan and foreign countries. An author of a paper cannot be its
reviewer.

1.4. Duration of reviewing in each case is determined by the Managing Editor aiming at
creating conditions for the most rapid publication of the paper.

1.5. Reviewing is confidential. Information about a reviewer is anonymous to the authors and
is available only for the Editorial Board and the Control Committee in the Field of Education
and Science of the Ministry of Education and Science of the Republic of Kazakhstan (CCFES).
The author has the right to read the text of the review.

1.6. If required, the review is sent to the author by e-mail.

1.7. A positive review is not a sufficient basis for publication of the paper.

1.8. If a reviewer overall approves the paper, but has observations, the review is confidentially
sent to the author. A revised version of the paper in which the comments of the reviewer are
taken into account is sent to the same reviewer for additional reviewing.

1.9. In the case of a negative review the text of the review is confidentially sent to the author.

1.10. If the author sends a well reasoned response to the comments of the reviewer, the paper
should be considered by a commission, consisting of three members of the Editorial Board.

1.11. The final decision on publication of the paper is made by the Editorial Board and is
recorded in the minutes of the meeting of the Editorial Board.

1.12. After the paper is accepted for publication by the Editorial Board the Managing Editor
informs the author about this and about the date of publication.

1.13. Originals reviews are stored in the Editorial Office for three years from the date of
publication and are provided on request of the CCFES.

1.14. No fee for reviewing papers will be charged.

2. Requirements for the content of a review

2.1. In the title of a review there should be indicated the author(s) and the title of a paper.

2.2. A review should include a qualified analysis of the material of a paper, objective assess-
ment and reasoned recommendations.

2.3. A review should cover the following topics:

- compliance of the paper with the scope of the EMJ;

- compliance of the title of the paper to its content;

- compliance of the paper to the rules of writing papers for the EMJ (abstract, key words
and phrases, bibliography etc.);

- a general description and assessment of the content of the paper (subject, focus, actuality
of the topic, importance and actuality of the obtained results, possible applications);

- content of the paper (the originality of the material, survey of previously published studies
on the topic of the paper, erroneous statements (if any), controversial issues (if any), and so on);



- exposition of the paper (clarity, conciseness, completeness of proofs, completeness of bibli-
ographic references, typographical quality of the text);

- possibility of reducing the volume of the paper, without harming the content and under-
standing of the presented scientific results;

- description of positive aspects of the paper, as well as of drawbacks, recommendations for
corrections and complements to the text.

2.4. The final part of the review should contain an overall opinion of a reviewer on the
paper and a clear recommendation on whether the paper can be published in the Eurasian
Mathematical Journal, should be sent back to the author for revision or cannot be published.



Web-page

The web-page of EMJ is www.emj.enu.kz. One can enter the web-page by typing FEurasian
Mathematical Journal in any search engine (Google, Yandex, etc.). The archive of the web-page
contains all papers published in EMJ (free access).

Subscription
For Institutions

e US$ 200 (or equivalent) for one volume (4 issues)
e USS$ 60 (or equivalent) for one issue

For Individuals

e US$ 160 (or equivalent) for one volume (4 issues)
e US$ 50 (or equivalent) for one issue.

The price includes handling and postage.
The Subscription Form for subscribers can be obtained by e-mail:

eurasianmj@yandex.kz

The Eurasian Mathematical Journal (EMJ)

The Nur-Sultan Editorial Office

The L.N. Gumilyov FEurasian National University
Building no. 3

Room 306a

Tel.: +7-7172-709500 extension 33312

13 Kazhymukan St

010008 Nur-Sultan, Kazakhstan

The Moscow Editorial Office

The Peoples’ Friendship University of Russia
(RUDN University)

Room 515

Tel.: +7-495-9550968

3 Ordzonikidze St

117198 Moscow, Russia



EURASIAN MATHEMATICAL JOURNAL
ISSN 2077-9879
Volume 10, Number 2 (2019), 08 — 29

CRITERIA FOR EMBEDDING OF GENERALIZED BESSEL AND RIESZ
POTENTIAL SPACES IN REARRANGEMENT INVARIANT SPACES

N.A. Bokayev, M.L. Goldman, G.Zh. Karshygina

Communicated by V.I. Burenkov

Key words: functional norm, cones of functions with monotonicity conditions, embedding of
potential spaces in rearrangement-invariant spaces, generalized Bessel and Riesz potentials.

AMS Mathematics Subject Classification: 46E30, 42A16.

Abstract. We consider the spaces of generalized Bessel and Riesz potentials and establish
criteria for the embedding of these spaces in rearrangements invariant spaces. To do this we ob-
tain constructive equivalent descriptions for the cones of decreasing rearrangement of potentials.
Covering and equivalence of cones are studied with respect to order relations which allows to
weaken substantially the assumptions on the kernels of potentials.

DOI: https://doi.org/10.32523/2077-9879-2019-10-2-08-29

1 Introduction

We study the potential space HS = HE(R™) on the n-dimensional Euclidean space R"
HER") ={u=Gx*[:feER")}, (1.1)

where E(R") is a rearrangement-invariant space (RIS) in the axiomatics of the book C. Bennet,
R. Sharpley [1]. The kernel G is called admissible if

G e Li(R") + E'(RY), (1.2)

where E'(R™) is the associated space for an RIS E(R"), that is, £'(R™) consists of all measurable
functions g for which

ol =sup{ | [gfdul : 1€ BR). fllan <1 ¢ < o (13)

n

For Banach spaces of measurable functions on R™ the sum of spaces Ay + A; (as in (1.2)) is
determined in the following way:

A+ A ={f=fo+fi: focA, fieA} (1.4)

with

o+4, = inf o+ 0, 1.5
Flagens = mE {1 ollao + [illas} (1.5

where the infimum is taken over all representations f = fo + fi, fi € A;; @ = 0,1 (see [1]).
Two types of conditions on admissible kernels will be considered that lead to the spaces of the
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generalized Bessel and Riesz potentials. These constructions generalize both classical Bessel and
Riesz potentials, studied in the books of S.M. Nikolskii [9], E.M. Stein [11], and V.G. Maz’ya
[8], as well as their generalizations, considered in [5, 6] by M.L. Goldman and in [7] by A.
Gogatishvili, H. Neves and B. Opitz.

In this paper, we develop the results obtained in our work [2]. In the general case, represen-
tation (1.1) for the potential u € HE(R™) may not be unique, so the norm of u is defined by the
formula

lullpg = inf{llflle: fe€ER"), Gxf=u} (1.6)
where the infimum is taken over all representations of form (1.1) for a given potential u (factor
norm). Here the convolution G * f is defined in a standard way as the integral

(@ 1)) = [ Gl = )1y (17)
R
Theorem 1.1. (|5; Theorem 2.1]). Let G be an admissible kernel. Then, integral (1.7) converges
for almost all x € R™. Furthermore, HE(R") is a Banach space,

HE(R™) C E(R") + Loo(R"), (1.8)
lullprre < NGllzisplullag,  u e HE. (1.9)
For the case of admissible kernels, we consider the decreasing rearrangements u* of potentials

u with respect to the Lebesque measure in R”, and
t

w*(t) =t7" /u*(T)dT, teR, =(0,00).

We introduce the following cones of decreasing rearrangements on (0,7") with 7" € (0, <]
equipped with positively homogeneous functionals:

M(T) = ME(T) = {h(t) =u*(t), tc(0,T): wuec HZR™}, (1.10)
pacry(h) = nf{||ull g : u € HE(R™); w'(t) = h(t), te(0,7)} (1.11)
and
M(T) = ME(T) = {h(t) =u™(t), t€(0,T): uec HGR"?}, (1.12)
prrery(h) = nf{[Jullgg : we HFR"); w**(t) = h(t), te(0,7)}. (1.13)

The cones ME(T) and MS(T) define local (for T € R, ) or global (for T = o) integral properties
of potentials u € H and of their maximal functions Mu by using the relation (Mu)* = u**, see
[1]. Thus, for RIS X (R™) with 7" = oo

HE(R™) € X(R") & MS(c0) — X (R,). (1.14)

Here X (R,) is the Luxemburg representation for the RIS X (R") (see [1]). The embedding of
the cones in a RIS: )

ME(T) — X(0,7) (1.15)
means that h € MZ(T) = h € X(0,T) and there is a constant d = d(E,G,T,X) € R, such
that

1Pl 20y < dpaaery(h), b€ ME(T). (1.16)

It should be noted that the cones of decreasing rearrangements for potentials are very com-
plicated. Therefore, the problem of their equivalent descriptions in more transparent terms, and
the equivalent constructive conditions for embeddings of type (1.15) is of particular interest.
This work is devoted to this problem.
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2 On the covering of cones of monotonic functions on the positive
semi-axis

Let T € (0, 00]. We denote by Q(T') the set of functions ¢ on Ry = (0, 00) with the properties

1) 0<e(t) L. <p(t+0)=90(t),0ftsod§<oo, te(0.7),

(2.1)
2) if T <oo,then ¢(t) =0, te[T,00).
For n € N, p € Q(T) we introduce the functions
o(t), 0<7<t,
tr) = tor)) = 2.9
folt, ) = plmaxt,7}) {M’ oI 22)
% ©(2"), 0<7<t,
tr) = ont o)) = 2.3
Jolt,7) = plmaxd ) {@(2”7), t<T<o0; (23)
1 t
~ < [&)de, 0<71<t,
Fan =47 2.0)
o(r), t<T1<o00.
We note that if T < oo then
fo(t,7)=0, t>T, 7eRy; j;(t,T) =0, t>27"T, TeR,. (2.5)
Let E(R.) be RIS with the norm || - (Y E/(R.) be the associated RIS, and
ER)={ge BR,): 0<gli gt+0)=g(t), teR,}, (2.6
and if T < oo 3 )
BH0,T) = {g e BHR,): g(t)=0, te|T, oo)}. (2.7)
We introduce the following cones of non-negative functions on Ry :
K(T) = K, p(1) = S b)) = hgit) = [ e riglr)dr: g BO.T) G (28)
0
R(T) = K o) = {10 = b0 = [ Llergtrir: ge B0 (29)
0
R(T) = B, (1) = {h) = hgio) = [ Ler)gnar: ge B0 (@210)
0
equipped respectively with the positive homogeneous functionals
o) =int {lgls, 0 g€ BO.T): hg)=h(), teR} @)

w0 =inf {lall g, © 9 € BXO.T): h@n) =h(t), teR}  (212)
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o)) = inf {35y §€ BHO.T): han) =h(e), teR}.  (213)

In functional (2.11), the lower bound is taken over all functions g € E*(0,7), such that the
function h(g;t) in the form of integral (2.8) coincides with a given function h € K(T'). The same
refers to functionals (2.12), (2.13).

The positive homogeneity of the functionals means that h € K(T), « > 0= pgn)(ah) =

apr(r)(h); similarly for pg ) and PR(T)-

Remark 1. For ¢ € Q(T) the following inequalities hold:

o@D <oty w7 [ e ek 214
Therefore, ) )
fot,7) < fo(t, 1) < fo(t,7), t,TeR,. (2.15)
Remark 2. Everywhere in this paper we require that for any ¢t € R
folt,:) € E'Ry),  folt,) € E'(Ry).  folt,) € E'(Ry). (2.16)

In the case T < oo conditions (2.16) hold for any ¢ € Q(T') and for any RIS E(R,), since
in this case 0 < f,(t,7), f,(t,7), fo(t,7) are bounded decreasing functions of the variable 7
with a compact support. Such functions belong to L; (R, )N Ly (R, ), and, therefore, to any RIS
E'(R.).

In the case T' = oo each conditions in (2.16) is equivalent to the fact that for t € R

P )X (1) () € E'(RY). (2.17)
Conditions (2.16) imply the following estimates for ¢t € R :

0 <h(t) <l fo(t:) |,y Pr@)(R), h e K(T); (2.18)
0 < ht) <[l fot.) lpey) Prry(R), 7€ K(T); (2.19)
0 < h(t) <|| folt,) lze,) picery(h), h € K(T). (2.20)

Indeed, for h € K(T') by the Holder inequality from representation (2.8) it follows that

0 < h(t) <Il folt,) la@oll 9 5@, Y9 € EXO,T).

Passing to the lower bound over all g € E*(0,T) for which h(g;t) = h(t), we obtain, by (2.11),
inequality (2.18). Similarly, inequalities (2.19) and (2.20) are derived.

Remark 3. From estimates (2.18), (2.19), (2.20) it follows the non-degeneracy of functionals
(2.11), (2.12), (2.13). Indeed, if for h € K(T') we have pg(r)(h) = 0, then from (2.18) it follows
that h(t) = 0, t € R,. Similarly, for h € K(T) and h € K(T).

Suppose that on a subset £ C Ld (R, ) we introduce a partial order relation <, subordinate to
a pointwise estimate almost everywhere: hy, hy € £, hy < hy a.e. on R, implies that hy < hs.
Let K, M C £ be some cones, equipped with non-degenerate positively homogeneous functionals
pk and py.
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Definition 1. A cone M covers a cone K with respect to the order < with covering constants
co € (0,00), ¢ € [0,00), if for any hy € K there is hy € M, such that
pM(hz) < CopK(hl); h1 =< hg + C1pK(h1). (221)

In the case when the order relation is determined by a pointwise estimate, we consider a pointwise
covering of cones with covering constants ¢y, ¢;.

Notation: K < M means that a cone M covers a cone K; K ~ M < K < M < K means
that equivalence of cones.

Pointwise covering: K < M, pointwise equivalence: K = M.

In the case of a pointwise covering, relations (2.21) take the form

pum(h2) < copr(hy), hi(t) < ha(t) + c1pr(hy)(a.e.). (2.21")

For an order relation subordinated to a pointwise estimate, we have

K<M=K<M, KM= K=~ M. (2.22)

We will be interested, first of all, in the order relation equivalent to the pointwise estimate:
for f1, fo € Lg(Ry) we have f; < fo & fi < fo almost everywhere on R, .

We also consider the set £ of all functions f € L (R, ), for which their Lebesgue distribution
functions

Ar(y) = pfz e Ry 2 (2) >y}, y €0,00)

are not identical to infinity, i.e. Jyy € [0,00) : Af(yo) < co. For f € £ we introduce a decreasing
rearrangement f* as a right inverse function of a decreasing function Ay, i.e.

F(t) = infly € [0,00) : As(y) <1},  €R,.
We define the order relation for fi, fo € £(R,) : we say that f; < fo, if

/0 e < /0 Cpndr. teR, (2.93)
It is subordinated to the order with respect to the pointwise estimate:
0<fi<f, ae.on R,= ff<f5 ae on R, = (223).
We give the result on the mutual pointwise covering of cones K (T), K(T), K (T).

Theorem 2.1. 1. In the notation and under assumptions (2.1) - (2.16) the pointwise coverings

(A): K(T) < K(T); K(T)< K(T) (2.24)

hold with the covering constants: co(A) =14 ¢, Ve > 0; ¢,(A) = 0.
2. Suppose that the assumptions of Part 1 are satisfied and there is also a constant
c €[l,00), such that
o(t) < cp(2™t), te(0,27"T). (2.25)

If T = oo, then (2.25) holds for any t € R,. Then the covering

(B): K(T) < K(T) (2.26)
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takes place with the constants of covering co(B) = 2" || o9n ||,
c(B)=0, if T'=o0; a(B)=|f2"T,)lpw, f T <oo. (2.27)

Here for a >0, (0a9)(7) = g(aT), T € Ry is an stretching operator, || o9n || is the norm of
this operator ogn : E(R,) — E(R,).
3. Let the assumptions of Part 1 be satisfied and moreover

t

fgpdT
A, = A, (T) = sup 2 < 00. 2.28
v 90( ) t€(0,T) to(t) ( )

Then, we have the covering
(D) : K(T) < K(T) (2.29)
with the covering constants

co(D) = (14+¢)A,, Ve>0; (2.30)
a(D)=0, if T=o00; e(D)=|foT,) lpug,) if T <oc. (2.31)

Remark 4. Under the assumptions of Part 3 of Theorem 2.1, estimate (2.25) holds with ¢ =
2" A, and, correspondingly, there is covering (2.26) with the covering constants co(B) = A,2*" ||
o9n || and ¢;(B) of form (2.27).

Next, we give the result on the order covering of the cones K (T'), K(T), K(T).

Theorem 2.2. 1. In the notation and under assumptions, (2.1) - (2.16), the order covering
(E): K(T) < K(T) (2.32)
is valid with respect to order relation (2.23) with the constants of covering
co(E) =2""" | oon |l; a1(E) =0. (2.33)
2. Suppose that the assumptions of Part 1 are satisfied and
t
[ pdr
= B,(T) := sup to— < 00. (2.34)
e01) %OfQO(T)’TdT

Then, the order covering

(F): K(T) < K(T) (2.35)
is valid with respect to order relation (2.23) with the constants of covering
co(F) =2(B,+1)(2B2+1); «(F)=0. (2.36)

Corollary 2.1. Under the assumptions of Part 3 of Theorem 2.1, there is a pointwise equivalence

of the cones
K(T) = K(T) = K(T). (2.37)

Indeed, taking into account, Remark 4, we have the coverings

K(T) < K(T) < K(T),
which together with covering (2.24) give equivalences (2.37).
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Corollary 2.2. Under the assumptions of Part 2 of Theorem 2.1, there is a pointwise equivalence
of the cones

K(T) = K(T). (2.38)
This follows from coverings (2.24) and (2.26).

Corollary 2.3. Under the assumptions of Part 1 of Theorem 2.2. there is an order equivalence
of the cones

K(T) =~ K(T) (2.39)
with respect to order relation (2.23).
This follows from the pointwise covering K (7T') < K(T) and order covering (2.32).

Corollary 2.4. Under the assumptions of Theorem 2.2, Part 2 an ordinal equivalence of the
cones

K(T) =~ K(T) (2.40)
holds with respect to order relation (2.23).

This follows from the pointwise covering K (7)) < K(T') and order covering (2.35).

3 Proofs of the results of Section 2

3.1 Proof of Theorem 2.1, Part 1

We prove the first covering property in (2.24). For h € K(T) for any constant ¢ > 1 we find a
function g € E+(0,T), such that

h(t) = h(g;t), t € Ry
and

19 | 5@ < cpier (),
(see (2.9), (2.12)). We set h(t) := h(g;t), i.e.

) = [ ol ar)dr € K(D): preen () <1 6 e
0
(see (2.8), (2.11)). Thus, (2.15) implies the inequality

(1) = / Fo(t,)a(r)dr < / " (b T)a(r)dr = h(t).t € R,

and moreover,

pr)(h) <[l 9 | pwn < o) (h)-

These estimates prove the covering K (T') < K (T') with the following covering constants: any
co(A)>1; ¢(A)=0.

Similarly, we prove the second covering in (2.24): K(T) < K(T) with the same covering
constants (we use the second inequality in (2.15)).
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3.2 Proof of Theorem 2.1, Part 2
Let h € K(T). Then

3g € EX0,T) : h(t) = h(g:t), || 9 | gy < 200 (h)-

We introduce )
g(1) = c2"g(2"7) € E*(0,27"T). (3.1)

Here ¢ € [1,00) is the constant from condition (2.25).
We have, by (2.8)

he K(T)= h(t) = /fw(t,T)g(T)dT = /f (27", 27" 1) g(T)dT =
o / (277, 5)g(2"s)ds = % / (27, 5)3(s)ds. (3.2)
We define .
h(t) = / ;(t,s)g(s)ds € K(T), (3.3)

then, by (3.1)
picry(h) <1 9 g = 2" | o2:(9) l e,
<2 || oo (Il 9 llz@)< 2 | oo || prery (B). (3-4)

Here ogn : EN(RJr) — ER,) is a bounded operator: | ogn || < co. Thus, for any h € K(T') we
found h € K(T'), such that pg (k) < coprr)(h), where

co = 2" || oo [|€ Ry
Further, it follows from (3.2) and (3.3) that
17 )
h(t): —/ 27", 8)g(s)ds, VteR,,
c
0
le.
1.
Eh<t) = h(2"t) = /fcp(2"t,7')g(7')d7', t € R;. (3.5)

We show that for ¢t € (0,27"T) the following estimate holds for all 7 € R,

1
(2", 1) > Ef@(t,T). (3.6)
Indeed, if t € (0,27"T") we have

2"t), 0< 71 <2 Lot), 0<7 <27t 1
f(p(2nt77—) — SO( )7 T 2 CgO( )7 T > 2 _fgo(t,T)-
(1), T > 2" o(r), T>2"t c



16 N. A. Bokayev, M.L. Goldman, G.Zh. Karshygina

It follows from (3.5) and (3.6) that

/@tf 1mw

1.e.

h(t) < h(t),t € (0,27"T). (3.7)
If ' = oo this inequality is true for all £ € Ry. Now, let " < co. If t € 27T, T) we have
h(t) = 0 (since f,(t,7) = 0,7 € Ry), and, by virtue of (2.18), for all t € R, ,

h(t) < h(2_nT) SH f¢(2_”T, ) ||E’(]R+) pK(T)(h> = h(t) + ClpK(T)(h)‘ (3-8)
Inequalities (3.7) with 7" = oo or (3.8) with 7" < oo together with (3.4) prove (2.26)-(2.27).

3.3 Proof of Theorem 2.1, Part 3
Let h € K(T). According to (2.10), (2.13), for any £ > 0 there exists § € E*+(0,T), such that

3'2
||
pz

0= [ D3N 15156, < 1+ ogn (R
0

We then define h € K(T') by the formula

MO=M@U=/ﬁﬂﬁmm@MT

Here A, € E%(0,T) and

prm)(h) <l Apd | awo= 46 | § law)< (1 +8)Appir) (). (3.9)

Let us note that A, > 1, by virtue of inequality (2.14), so that from (2.4) we obtain for
€ (0,7)

Pt < Ayp(t), 0<T<Ht, <A e(t), 0<71<t, AL,
v (1), t<71T<o00 le(r), t<r<o0 o

Soif t € (0,7), then

/(@m— M<A/int7(m ). (3.10)

The obtained estimates for T = oo prove the covering K(oo) < K(oo) with the covering
constants ¢ = (1 + ¢)A, (for any ¢ > 0,) ¢ = 0. If T < oo inequality (3.10) must be
supplemented by the corresponding estimate for ¢ € [T,00). For such values of ¢t we have
fo(t, T) =0, ’7' € Ry, so that h(t) = 0,t € [T,00). At the same time, §(7) =0, 7 € [T, 0), so

that A(t f 7)dr. In formula (2.4) with 7 € (0,7), t € [T, 00) we take into account
0
that gp(é) 0, 5 [T t] so that
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T

T
. 1 1 .
Foter) =4 [ oo < 5. [ o) = 27 = o) < WD),
0 0
From this and (2.20) it follows that for ¢ € [T, 00)

h(t) <| f (T, ) [P PR(T)(E) = h(t)+ || fo(T,") 5 ®,) Pf((T)(il)'
Together with inequality (3.10), this gives

h(t) < RO+ | Fo(T,) iy Picery ().t € Ry (3.11)
From (3.9) and (3.11) follows covering (2.29) with covering constants (2.30), (2.31).

3.4 Proof of Theorem 2.2, Part 1
For any h € K(T) we find g € E4(0,T), such that (see (2.8), (2.11))

hgst) = h(t),t € Ris | g | gy < 200y (B). (3.12)

We set .
§(r) = 22°g(2"7), T € Ry h(t) = h(g / i, ) (3.13)

0

Then, 0 < g(7) 4, g(7 +0) = g(7), 7 € R;9(7) = 0,7 € 27T, 00) (the latter if T' < o), and

| g ”E(R+): 22 | g9(2") ||E(R+)§ 22" | oo ||| 9 ”E(M)S 22t | o2n || prc(y(h).

Thus, § € E4(0,27"T) and h(t) = h(g;t) € K(T), moreover

o«

picery(h) <N 9 @< 227 | oo || prcery (). (3.14)

Further,

0<hl; h(t+0)=h(t),teR, = h* =h;

0<hl; ht+0)="h(t),teR,= (h) =h.

Therefore, to prove the ordinal covering for relation of order (2.23), it suffices to verify that

/hdg g/ hdé, t € R,. (3.15)
0 0

Together with (3.11) this proves the covering K (T) < K (T') with the covering constants co(E) =
22T || gon ||, c1(F) =0 (see (2.30)).
According to (2.8), for h € K(T)

HIt) = / h(€)de = / t ( / ) f¢<§,r>g<r>d7) e =
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0/ 0/ Fo(2me 2 g(r)dr | de.

We make the substitution A = 27"¢;d¢ = 2"d\ and s = 27"7,d7 = 2"ds. Then, taking into
account equalities (3.10)

27"t oo 27"t oo

//f (\,27"7)g )dT)d)\—22"/ /f (A, 5)g(2"s)ds)d\ =

0

] ([ 20900 / B\

So, for h € K(T) we find h € K(T), such that estimate (3.11) holds and

j h(§)d§ = 7% h(A )d>\</0th(/\)d)\, teR,.

In the last estimate, we took into account that A(\) > 0,A € R,. Thus, inequalities (3.11)
and (3.12) are valid, and for h € K(T), h € K(T) (3.12) coincides with the condition that
h < h with respect to order relation (3.23). Thus, we have proved order covering (2.30) with
the covering constants

y Cl(E) =0.

Remark 5. Theorem 2.2, Part 2, coincides with Theorem 2 of [2]|, where we also give a (non-
trivial) proof of this theorem.

4 On the covering of cones of decreasing rearrangements for potentials

In this section we obtain results on equivalent descriptions for cones of decreasing rearrangements
of potentials u € HE(R™) in terms of the cones studied in Sections 2 and 3: K(T), K(T), K(T).
A summary of these results is given in [2]| (Section 6).

Let R € (0, 00]. We introduce the class I,(R) of all functions ® on R, with the properties:

T

) 0< B b 0= 20): [ B(p) o< ox, 7€ (0.R) (4.1)
0
2) if R<oo, then ®(r)=0, re€[R,00). (4.2)
We denote
T=V,R" ifR<oo; T =00, if R=o00. (4.3)

Here V,, is the volume of the unit ball in R™. We also define

o) = @ ((%)) . tER,. (4.4)

O el (R)=¢ecUT), (4.5)

Then,
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see (2.1).
For a basic RIS E(R") denote its Luxemburg representation by E(R,), (see [1]), i.e. E(R,)
is an RIS on R, such that

I le@y=Il F* |z, f e ERY), (4.6)

where f* is a decreasing rearrangement of the function f with respect to the n -dimensional
Lebesgue measure. Note that the associated RIS E’ (R4) coincides with the Luxemburg repre-
sentation for the RIS E'(R"), associated with the RIS E(R").

Consider the space Hf of potentials (1.1) - (1.3) with admissible kernels G.

Our considerations cover the generalization of the classical Riesz and Bessel potentials intro-
duced in [5, 6]. For some 0 < dy < dp < o0 let

do®(r) < G(z) < d1®(r), r = |z| € (0, R); ® € I,,(R). (4.7)

If here R = 0o, and therefore T' = oo, then, in addition to (4.5), condition (2.17) is assumed
to be satisfied. In this case we call the potentials u € HS(R") generalized Riesz potentials. It
follows from (4.1) and (2.17) that the kernels of generalized Riesz potentials are admissible, that
is, they satisfy the condition (1.2). The classical Riesz potentials correspond to the case

Glx)=r"" r=|z|]eRy; 0 <a<n. (4.8)

For them conditions (4.1), (4.7) are satisfied with ®(r) = r*™", and condition (2.17) has the
form

@

T X(too) () € E'(Ry), tER,. (4.9)
Ifin (47) R<oo, Bp={z € R": |z| < R}, G% = Gxp,,

G}{ = GXR”\BR S E/(Rn) N Ll(Rn), / Gdx 7é 0, (410)

n

then the potentials with such kernels GG are called generalized Bessel potentials. It follows from
(4.1), (4.7) and (4.10) that the kernels of generalized Bessel potentials are admissible. The
classical Bessel potentials correspond to the case

G(z) =cla,n)r K, (r), r=|z|eRy, ae(0,n], v=({n-—a)/2 ca,n) e R, where
K, are Bessel-Macdonald functions, see [8, 9]. From their asymptotics in the neighborhood of the
origin and at infinity, it follows the fulfillment of properties (4.8) with ®(r) =r*", r = |z| < R
and (4.10).

Theorem 4.1. In the notations and conditions (4.1)-(4.7), let the estimate
G(z) > do®(r), r=|z| € Ry (4.11)

be valid for some dy € Ry. Then, the pointwise covering takes place for cones (1.6), (2.9):
(A): K, a(T) < ME(T), (4.12)
with the covering constants (see (2.21))

co(A) = (1+e)dy', Ve >0; ¢ (A4)=0. (4.13)
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Proof. We follow the scheme of the second step of the proof of Theorem 2.16 in [5] (see there
rephrase formulae (3.12)-(3.26)), but we substantially weaken the conditions imposed there.
Let h € K(T) = K% (T)). There exists a function g € E*(0,T), such that

/ Lt g()dr gl < 0+ g () (4.14)
0

We set
flx)=dytg(Var™), r=lz] € Ry (4.15)

The function f > 0, is radially symmetric, decreasing and right continuous as a function of r.
Therefore, for its symmetric rearrangement f*(r) and decreasing rearrangement f*(¢) we have

fAr) =dytg(Ver™), reRy;  fH(t)=dy'gt), teR,. (4.16)
Therefore, 3
Ifle@y = 1"l a@.) = do 9l ze,) < 1+ )y prery(h); (4.17)
u=GxfeHZR"), |ullug < fle@) <A +e)dy pre(h). (4.18)
Then, from (1.6), (1.7) it follows that
h(t) == u*(t) € MS(T), (4.19)
purry(h) < Nullug < 1+ €)dg preery (h)- (4.20)

Let us estimate h(t) from below. Estimate (4.11) and the decreasing of ® imply
Gz —y) = do®(|z —yl) = do®(|z[ + [y]), ,y € R,

so that
uw) = [ Gl = )1y > do [ @(ls] + 1) W)y
R" R"
Now we take into account equality (4.15) and take the spherical coordinates in the integral.
Then

u(z) > ¢, / B(jz| + p)g(Vap™)o™ dp, (4.21)

where ¢, = 212 /I'(2) (see for example, [4, p. 403]). The function in the right-hand side of
(4.21) is radially symmetric, nonnegative and decreasing as a function of |z|. It coincides with
its symmetric rearrangement. Thus, for r € R, (4.21) implies

O(r+ p)g(Vup™) p" dp.

0\8

Further,
r+p < 2max{r, p} = O(r+p) = ®(2max{r, p});

s [e.e]

ui(r) > ¢y / ®(2r)g(V,p")p"Hdp + / ®(2p)g(Vop™)p" Hdp| =

0 r
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Vpr™ 00

nc‘r;n d(2r) / g(T)dr + / d (2 (%n) n) g(T)dr
0 Vaprn

Here ¢, = nV,, so that for t = V,,r™ we have

; 1
d(2r) = (2 (W) ) = p(2"); W (r) = ut(t), (4.22)

and arrived at the estimate
u*(t) > o(2™t) /g dT—l—/gp(Q" / (4.23)
0 t 0

(see (2.3)), so that h(t) > h(t), t € Ry, (see (4.14), (4.19)). As a result, for every h € K(T) we
find function h € Mg (T), such that estimate (4.20) holds with the constant co = (1 +e)dy ", Ve >
0 and h(t) > h(t), t € R,. It gives covering (4.12) with covering constants (4.13). O

Theorem 4.2. In the notation and assumptions (4.1) - (4.4), let R € (0,00], ® € I,,(R), d; €
R,.
1. If R = oo, we assume that

G#(r) < d,®(r), r € Ry, (4.24)

and that condition (2.17) is satisfied.
2. If R < oo, then in the decomposition

G = G% + G}%, G% = GXBR, G:}l% = GXR"\BRa (425)
we assume that

(GY#(r) < d1®(r), r € (0,R); G} € E'(R"). (4.26)

Then, there is a pointwise covering

(B) : Mg(T) < K, 5(T) (4.27)
with covering constants:
co(B) =di(1+¢), VYe>0: ¢ (B)=0, (4.28)
if T'= oo,
and
co(B)=di(1+¢), ; ci(B)=(1+¢)]| Gk |le®n, Ve >0, (4.29)
if T < .

Proof. Let h € M(T). Then, for £ > 0 there exists u = u. € HE(R"), such that
h(t) = u™(t),t € (0,T); || w lug < V14 epyyir(h)-

For u € HE(R") there exists f = f. € E(R"), such that
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u=Gxf; | flleey< vVite|uwlug< (1 +e)p(h).
Further,

feER™ = fr e EYRy); || £ @ =Il f lle@n< (14 €)pgr (h). (4.30)
Let g(7) = f*(7)x(0.1)(7). Then,

G EN0.T): 119 la@n S I ey S (L+€)psir(h)-
We define h = h. by formula

/ fo(t,7)g(r)dr € K(T). (4.31)
Then, 5
Py (M) <N dag | pw,y= di 1 9 | @y < di( 4+ €)pgrer) (h). (4.32)

To estimate the function h(t) = u*(t) = (G * f)*(t) from above we apply the O’Neil
inequality [10]

t t o)

1
h(t) < i /G*dT /f*dT +/G*f*d7', teR,. (4.33)
0 0 ¢
For R = oo (that is, T' = o0) it follows from (4.24) that for 7 € R,

G*(r) = G* ((%)) < dy® ((%)) = dip(7). (4.34)

Therefore, (4.33) implies that: for ¢t € Ry

wo<al(t] )| [ )+ /°° @f*dq

/ Fo(t.r)i(r)dr = h(t) (4.35)

(we took into account that f*(7) = g(7), 7 € R;). From (4.32) and (4.35) follows (4.27) with
covering constants (4.28).
Now let R < o0, i.e. T =V, R" = p(Br) < oo. Then, for ¢t € (0,7, estimate (4.33) gives

h(t) < % ( /O t G*dT) ( /0 t f*dT) + /t o Frdr + /T e (4.36)

For 7 € (0,T) we have r = ((VLn)%) € (0, R), so the first estimate in (4.26) is applicable to the
first two terms in (4.36), which gives inequality (4.34) for 7 € (0,7"). As a result, for t € (0,7,

instead of (4.35), we obtain

<d1/ fo(t,7)§ dr+/ G*f*dr = h /G* f*(r)dr. (4.37)

Finally, we have to estimate the second term in the right-hand side of (4.37). We show that
for>T
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G*(1) < (GR)* (T —1T). (4.38)
Decomposition (4.25) implies that

{r eR": |G(z)| >y} = {x € B : |GR(x)] >y} U{x € R"\Bg : |G%| > v},

so that for the distribution functions the following estimate holds

Aa(y) = p{z € R" 1 |G(2)] >y} < Ago () + Aar (y) < T+ A (),
since p(Br) = V,R" =T. Then, for 7 > T we have

Aan () ST=T=Xa(y) <7={y: A1 (y) <7 T} C{y: Ac(y) < 7}

Therefore,

G'(r)=infly>0: Aa(y) <7} <infly > 0: Aqy(y) <7-T} = (Gp)"(r = 1T),

which gives estimate (4.38). It follows that

/G%ﬂﬁUMTé/ﬂ%Yv—TﬁﬂﬂM

=/wwﬁvw+ﬂ%s/mwwﬂ@%

Hence, by Holder inequality we obtain

/G*(T)f*(T)dT <|| Gk @l f lle@n<Il Gk lle@y (1+€)pyya(h)
T

(in the last inequality we apply estimate (4.30)). We substitute this estimate in (4.37):

h(t) < R0+ (1+0) | Gl e piiery(h), £ € (0,T). (4.39)

Inequalities (4.32) and (4.39) prove covering (4.27) with covering constants (4.29).
Corollary 4.1 Suppose that in the assumptions of Theorem 4.2, R < oo, T = V,R", and in
(4.25)-(4.26) G = G% is the kernel with support in the ball Br. Then, covering (4.27) is valid
with covering constants (4.28). ]

5 Criteria for embeddings of potentials in RIS

5.1 Criteria of embedding for generalized Riesz potentials

Let us describe the application of the above obtained results to the generalized Riesz potentials.
We keep the notation and the conditions (4.1) - (4.5), given in Section 4, assuming that R = oo,
condition (2.17) is satisfied, and the following two-sided estimate holds with constant 0 < dy <
dy < 00:

do®(r) < G(z) < d1®(r), r=|z] € Ry. (5.1)
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Then, Theorems 4.1 and 4.2 imply the pointwise coverings of the cones (2.9), (1.6), (1.8),
and (2.10) with 7" = oo, namely
K (00) < M (00) < M (00) < K(o0). (5:2)
If additionally the condition A, < oo is fulfilled, then the chain of coverings (5.2) is completed
by means of the cone K (co) (see (2.8), (2.28), (2.29) with 7' = oo and Remark 2.6):
K(o0) < K(00) < K(00), (5.3)

so that all these cones are pointwise equivalent. In particular, when A, < oo

ME(00) 2 ME(00) = K (o0). (5.4)

From (5.4) and (1.10) we obtain the criterion for embedding of the space of generalized Riesz
potentials in the RIS X (R") :

HE(R™) € X(R") & K(o0) — X(Ry). (5.5)
Here X (R, ) is the Luxemburg representation for RIS X (R") (see (4.6)).

We show that the results of Sections 2-4 allow us to substantially weaken the requirement
A, < oo for obtaining criterion (5.5). Now let the condition A, < oo with 7" = oo be replaced
by the condition B, < oo (2.34). Then, by Theorem 2.7, the order coverings of the cones hold

K(o0) < K(00) < K(00), (5.6)
with respect to the order relation (2.23). In addition, the chain of pointwise coverings (5.2)
implies the corresponding chain of order coverings
K(00) < M§ < M§ < K(c0).

It is completed because of covering (5.6). So, when B, < oo (with 7" = 0o) there is order
equivalence

ME (00) & M (00) ~ K (o0) (5.7)

with respect to order relation (2.23). Since the norm in the RIS X (R") is correlated with order
relation (2.23), (see, for example, [1], Ch.2, Theorem 4.6), the embeddings of cones (5.7) in the
RIS X (R") are equivalent to each other, so that under condition B, < oo the validity of criterion
(5.5) follows from (1.10). These considerations yield the following result.

Theorem 5.1. Let R = oo in the conditions and notations (4.1)-(4.5), and assumptions (2.17),
(5.1) and (2.34) with T = oo be satisfied. Then criterion (5.5) holds for the embedding where
K(o0) is cone (2.8) with T = cc.

5.2 The embedding criterion for generalized Bessel potentials

Let E(R™) be an RIS, G be an admissible kernel, HS (R") be the space of potentials (1.1) - (1.3).
Moreover, we now assume that for R < oo

G% = Gxp, € Li(R") (5.8)

G}% = GXR”\BR € Ll(Rn> N E/(Rn), (59)
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where E'(R") is the associated RIS for E(R"). Along with HE(R™) we also consider the potential
space with "truncated kernels":

HE(R™) = HgH(R™) = {u= G+ | : | € ER")}, (5.10)
Il g = (I flp s f € BRY;  Ghx f = u}, (5.11)
For RIS X = X (R"), we examine the problem of the criteria for embedding
HE(R™) € X(R™). (5.12)
Remark 6. In [5, Section 1.2] it is shown that for embedding (5.12) it is necessary that
E(R™) N Lo (R") C X(R"). (5.13)

Theorem 5.2. Suppose that conditions (5.8), (5.9) and (5.13) are satisfied. Then, the embed-
ding (5.12) is equivalent to embedding

HS(R") ¢ X(R"). (5.14)

Proof. 1. We show that (5.14) = (5.12). For u € HE(R") for any € > 0 there exits f = f. €
E(R™), such that

u=Gxf, | flle <@ +e)lullngrn. (5.15)
We put
ug = G%* f,  u; = GgL* f. (5.16)
Then, uo € HS(R™),
luo [[pg<I[ f lle< (1 +€) | w [lug < oo. (5.17)

From embedding (5.14) it follows that uy € X(R")

[uo [[x<er [l uo lgg< (L +€)er || w g, (5.18)

where ¢; is the norm of the embedding operator (5.14). Further, condition (5.9) for the kernel
GL implies the estimate for u; = GL * f :

luillenre < NGrllpine | flle< (L 4e) || Gr e lullgg < oo

Hence embedding (5.13) implies that u; € X(R™) and

lur]|x < eollurllprre. < (1+e)e2l|Grllzine || w llmg, (5.19)
where ¢, is the norm of the embedding operator (5.13). Further,

u=G*f=G%*f+Gh*f=uy+u €XR")

and by virtue of (5.18), (5.19)

lullx < (1 +¢€)les + | Grllnrpllullng, Ve > 0.
Here u is independent of € > 0, so that for ¢ — +0 we get

lullx < o1+ ellGrllrelllullag,  Yu € HE(R™). (5.20)
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The embedding (5.12) with estimate (5.20) for the norm of the embedding operator is proved.
2. We show that (5.12) = (5.14). The reasoning is analogous to that in step 1. For
ug € HE(R"), Ve > 0 there exists fy € F(R") :

uy=G%* fo, |folle <(1 +5)||U0||Hg-

We put
u= G x* fy, u; = Gy * fo.

Then, u € HE,
lullzg < folle < (1 +€)Hu0||Hg < 00.

From embedding (5.12) it follows that u € X (R™), and

lullx < esllullpg < (1 +&)eslluoll gg, (5.21)

where ¢3 is the norm of the embedding operator (5.12). Further, similarly to (5.19), we get that
u; € X(R™) and

lurllx < (L +€)eal|GRllne lluoll g (5.22)
From (5.21) and (5.22) we obtain for uy = u — u; the estimate analogous to (5.20):
luollx < ullx + lluallx < [es + 2l Grllzine]lluol - (5.23)

Thus, embedding (5.14) is obtained with the estimate of the norm of the embedding operator
(5.23). O

Theorem 5.3. 1. Let R € (0,00), conditions (5.8), (5.9) and (5.13) be satisfied. Then,
embedding (5.12) is equivalent to embedding

My(T) — X(0,T). (5.24)

Here T'=V,R",
Mo(T) = {h(t) —u*(t), ue HS, te (o,T)}, (5.25)
paro(ry(h) = inf {||UHHg . we Hg; w(t)=h(t), te (O,T)} ; (5.26)

X(Ry) is the Luzemburg representation for RIS X (R™); X(0,T) is the restriction of X (R,) on
(0,7).

Proof. Theorem 5.2 is applicable here. Therefore, it suffices to show that (5.14) < (5.24).
1. First we show that (5.14) = (5.24). Let h € My(T). For any ¢ > 0 there is u = u. € HY,
such that

Mt = (1), te (O0,T); Jullyg < (1+)panr(h). (5.27)
Consider the function A(t) = u*(t), t & R,. Then, h € My(oo) and

Pitg(oo)(R) < lull g < (14 ) paso(ry (B).
Moreover, by virtue of (5.14), there exists ¢y € Ry such that

1Al e,y = llullx@n) < collullpg < (1+ &)coprr(r) (h)- (5.28)
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Here ¢ is the norm of the embedding operator (5.14). Then h € X(0,7) and
17l 200y = 17X 2 @s) < (1 +€)copanyr(h).
Here h does not depend on € > 0, so that when ¢ — +0 we get
1Pl %0,y < Copasory(h), V&€ Mo(T). (5.29)

This proves embedding (5.24).
2. Now we prove that (5.24) = (5.14).
Let uw € H§. For any € > 0, there exists f = f. € E(R") such that

Grxf=u |fle < (1+e)llullyg- (5.30)

We set h(t) = u*(t), t€ R,. Then, h € My(o0), hlor) € Mo(T) and pasy(ry(h) < ||u||Hg
(see (5.25), (5.26)). We denote by

ho(t) = u*(t)x01)(t), hi(t) =u"(t)Xreo)(t), tE€R;. (5.31)
According to (5.24), denoting by ¢; € R, the embedding constant, we have h|o ) € Mo(T) =
hlory € X(0,T); 1Ml 2.y < 1psp(ry (h). Then ho € X(Ry),

1ol 2,y = Al 0m) < crpan)(h) < allullgg

(in the last step, we take into account relation (5.26)). Further, embedding (5.13) is accompanied
by the estimate

0 x(T) = sup { [ Xroo) I x(eyy - ' € ERY); [u'llpe,) S 1 < o0 (5.32)
(see 3], and also [5, Section 4.2]). Therefore, for hy (5.31) we have hy € X (R,);
1l e,y < O x(D)llvll p, ) = 0p x(T)||ull2@n)- (5.33)
For u € HS from equality u = G%  f, where G% € L;(R"), it follows that

lullz < 1GRIL I fle < 1GRl (1 + &)l -

Substituting this estimate in (5.33), we obtain

1l 2,y < (1 +2)0p x (DGR lullg-

Here h; and u do not depend on e. As a result, when ¢ — +0, for h = hg + h; we get
h e X(R,) and

IRl 2 ey < lholl g,y + 1Pl 2@, ) < ler + 08 x (DGR lull -
So for any u € HS we get u* = h € X(R,) i.e.
lullx@ey = 1Pl g, ) < ler+ 05 x(TIGR L ]llull xg < oo. (5.34)

This proves embedding (5.14) and gives an estimate of the norm of the embedding operator.
Thus, we established, under the conditions of Theorem 5.3 that there is an equivalence of em-
beddings:

(5.12) & (5.14) < (5.24).
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Theorem 5.4. Let R € (0,00), the conditions (5.9) and (5.13) be satisfied, ® € I,,(R) (see
(4.1), (4.2)) and the estimate

do®(r) < G%(x) < d1®(r), r=|z| € (0,R) (5.35)

hold for some 0 < dy < dy < oco. Suppose further that B,(T) < oo (see (2.34)) for T =V, R".
Then, embedding (5.12) is equivalent to embedding

K, 5(T) = X(0,T), (5.36)

where K, 5(T) is cone (2.8); E(R,), X(R,) are Luzemburg representations for RIS E(R™),
and X (R™), respectively.

Proof. From estimate (5.35) it follows for ® € I,,(R) that G%(z) € L,(Bg), so that by Theorem
5.3 (5.12) < (5.24). We have to prove that (5.24) < (5.36) under condition B,(1T) < oco. For
this, we apply Corollaries 2.10 and 2.11 of Theorem 2.7 Relations (2.39) and (2.40) prove the
order equivalence of cones

K(T) ~ K(T) =~ K, 5(T) (5.37)

with respect to order relation (2.23).

Next, inequality (5.35) is extended to any values of r € R, since for r € [R, co) which sides
are equal to 0. Then, the left-inequality in (5.35) coincides with estimate (4.11) for G = GY%, so
that Theorem 4.1 gives a pointwise covering of cones (4.12), which for G = G% coincides with

K(T) < My(T). (5.38)

The right inequality (as left-inequality above) in (5.35) leads to an estimate for the symmetric
rearrangement (G%)#(r) < d,®(r), r € Ry, so that relations (4.26) hold with G = G%, G%L = 0.
By Theorem 4.2, this implies covering (4.27), which for G = G% gives

My(T) < K(T). (5.39)

Together with the obvious coverings My(T') < My(T). This gives a chain of pointwise covering
for the cones

K(T) < Mo(T) < Mo(T) < K(T), (5.40)
from which follow the order coverings
K(T) < My(T) < My(T) < K(T) (5.41)

with respect to the order relation (2.23). Together with (5.37), they show that all cones in chain
(5.41) are order-equivalent to the cone K, z(T).

Thus,
{My(T) ~ K, 5(T)} = {(5.24) & (5.36)} .
As a result, applying Theorem 5.3, we obtain (5.12) < (5.36). O
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